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In this paper, considering symmetric collapse mode for hybrid
tubes, and using Tsai-Hill fracture criterion to take into account
the off-axis strength of an orthotropic lamina, an analytical
model is extended and an expression is derived for mean
crushing load and fold lengths of circular hybrid tubes. In this
model, the influences of the geometrical dimensions including
diameter, thickness of metal and composite wall, fiber ply
orientation and material properties are studied on the mean
crushing load and fold lengths. The validation with the
previously published results provides reasonably good
agreement.
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1 Introduction

Nowadays, increasing speed of vehicles, studying the behavior of energy dissipating devices
has gained much more importance to improve crashworthiness characterizations of
transportation vehicles such as cars, ships, aircrafts, couches and etc [1]. Circular metal tubes
are one of the most widespread shapes of tubular energy dissipating structures that collapsein
symmetric or concertina, asymmetric or diamond and mixed modes under quasi-static and
dynamic axial loading [2]. In last decades a few methods have been suggested to improve
energy absorption capability of these structures like, using filler substances such as metal and
polymeric foams [3] and externally reinforcing by composite materials[4-12].

Reinforcing metal tubes by composite layers, hybrid tubes, is one of the most conventional
ways to improve their energy absorption and crashworthiness characteristics that was reported
by Wang et al. [4] for thefirst time. Experimental and numerical investigations [5-7] prove that
many different parameters such as metal and composite material properties, fiber ply
orientation, geometrical dimension of metal tube and composite wall thickness, affect the
energy absorption characteristics (specific energy, mean and peak |oad) of hybrid tubes.

Although, many experimental studies have been carried out in thefield of crushing of hybrid
tubes under axial loading, analytical models for axial collapse are restricted. Hanefi and
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Wierzbicki [8], based on Alexander's model [9] presented the first analytical model to predict
the mean crushing load of circular hybrid tubes that are reinforced with unidirectional fibersin
hoop direction. Wang and Lu [10], considering inward and outward folding pattern and using
Von Misses criterion instead of Tresca, developed the previous model. Also, they studied the
[+ «] stacking of composite layers, utilizing the stress and strain transformation analysis. Song

et a. [5] modified Hanefi's model [8] for dynamic loading by considering strain rate effects for
metal material. Shin et al. [11] investigated axial collapse of square hybrid tubes analytically
and proposed an expression for mean crushing load. The authors recently have presented a
mathematical model to predict mean crushing load and fold lengths of square hybrid tubeswith
arbitrary stacking sequence [12].

All reported experimental results show that circular hybrid tubes collapse in asymmetric
diamond mode, but since the amount of absorbed energy and mean crushing force for diamond
and concertina modes are approximately the same, in al presented analytica models, it is
assumed that hybrid tubes collapse in concertina mode.

In this paper, based on Alexander's model for collapse of bare metal tubes and using
Tsai-Hill criterion to predict fracture of composite layers, atheoretical expression isderived for
the mean crushing load and fold lengths of hybrid tubes. In this model, the influences of the
geometrical dimensions of metal tube including thickness and diameter, composite wall
thickness, fiber ply orientation and material properties on the crushing load have been studied.
In this model, equivalent bending moment of hybrid section is determined as bi-material
sections [13]. The validation with the previously reported numerical [14] reveals reasonably
good agreement.

2 Analytical model

Consider acircular metal tube with averageradiusof R, andthicknessof t_ whichisexternally
reinforced with N composite layers. Let t, is thickness of each composite layer and H be the

half fold length. Similar to Hanefi and Wierzbicki [8] and Wang and Lu [10], it's assumed that
circular hybrid tubes collapse in symmetric mode based on Alexander's model [9], Fig. 1. The
following assumptions are made in this analysis:

1- The folds form outward the tube.

2- The material of metal is regarded as rigid-perfectly plastic and obeys the Von Mises yield
criterion.

3- The behavior of composite material is regarded as elastic linear until fracture.

4- Meridian deformation of tube is neglected.
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2-1 Dissipated bending energiesin plastic hinges
The incremental dissipated bending energy in plastic hingesis given by:
dW, =47RM ,da +472M (R, + H sin@)d« D

Then, total dissipated bending energy during fold formation is obtained as:
W, = [ 2 dW, = 47M, (7R, + H) )
where, M, isthe fully plastic bending moment of hybrid section of tube that is calculated later.

2-2 Dissipated extensional energy in circumferential deformation

Dissipated extensional energy due to circumferential deformation of hybrid tube includes
dissipated energy in metal and composite wall, which are calculated below, respectively:
Incremental of dissipated extensional energy in metal wall, is obtained by:

dW,, = 47o,, t,, COSOcda'J.;SdS = 2704,t,H? cosada 3

wheresis dictance of each point between hinge 1 and 2 from hinge 1 and o, is flow stress of

metal wall. Thus, total dissipated extensiona energy in metal tube due to circumferential
extension is given by:

W,, =270, t H? (4)

It's assumed that composite material behaves elastically until fracture. Regarding 6 and 9
as circumferential strain and stress of ith layer of composite wall, respectively, dissipated
extensiona energy in all composite wall is calculated as:

1 N
W, = Ega""%d\/ (6)

According to linear relation between stress and strain in composite layers, we get :

o, =E,é&, (7)
where:
£ = % ®
substituting the values of o ; and s from Eq. 7 and Eq. 8 into Eq. 6 leads to:
W, = 2;:R§ZN1: jo E,e2tde, (13)

InEq. 13, 5(; isthe fracture strain of ith layer of composite in hoop direction. Considering equal
thickness for composite layers, t, , Eq. 13 can be rewritten as:
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N (Gf)S

W, == ﬂRoth .

where cr , 1S fracture stress of ith layer in hoop direction and calculated from Tsi-Hill
creterion.

(14)

2-3 Mean crushing load

Energy method is used to retrieve the mean crushing force, by equating the dissipated energies
during forming afold to external work, and we have:

P.2H =W, + W, + W, (15)

Putting the values of W, ,W,,,and W, from Eq. 2, Eq. 4 and Eq. 14 in Eq. 15, the mean crushing
load is defined as:
27°M

P =2M, +T°R0+7momth + Z (@, ) (16)

i=1

In Eg. 16, H is unknown and can be determined by minimizing the mean crushing load, thus:

3

27M th
dP O% ; E2
Tn_0=H = (17)
dH Ooml

m™m

2- 4 Equivalent bending moment of hybrid section of tube

Consider hybrid section of tube as Fig. 2 that 0 (1Si < N isfiber angle of ith composite layer
f

tothe axisof tubeand 7= isfracture strength of it in the direction of tube axisthat is calculated
from Tsai-Hill criterion asfollows:

4 _
S S VPPN L (19)
? Xt,c S t,c t,c
where X, and X_ are tension and compression strength of composite in the direction of fiber
and Y, and Y, are the same values perpendicular to the fiber directions and S is inplane shear
strength.

X

Neutral Axis Metal Wall

Figure 2 Cross section of circular hybrid tube
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Assume that section of hybrid tube is under bending as metal wall has reached full yielding and
each composite layer is at the fracture strength. The position of the plastic neutral axis, X, is
measured from the end of composite wall and can be defined by force balance on the section of
hybrid tube:

N
Oom(ty = X) = opm(X—1.) + Zajti (19)
i=1
Therefor:
N
SLLLS ! o4l (20)
2 2O-Om i=1

Whereti isthe thickness of ith layer of composite and t, =t +1

located at metal section, X>1 , equivalent bending moment of hybrid section isdefined to take
moment about the neutral axis:

Ileeq = O-Om(th - X) (th; ) + Om(x t )(X +20-2| i (21)

¢, Assuming the neutral axisis

where"i is distance of center of ith composite layer from the neutral axis and given by:
i-1
[=X—t,+ >t (22)
j=1
Now putting the values of xand r, form Eq. 20 and Eq. 22 in Eq. 21, we have:

Moeq 60m|:( )2+(_ZU )}+Z|: zfiti(tEm_

GOmI =1

ZGZkt +1 +Zt )} (23)

Omkl

Assuming constant thickness for al composite layers and Defining dimensionless ratios

K:O-Z' t =—¢

Pom and  'm, Eq. 23 can be rewritten as:

—t

MOeq O'Ozm{l+( ZkI)Z r2|:k|(2 2N %k]‘+4(l 05) )j|} (24)

On the other hand, according to the Von Mises criterion can be written:

2 t
MOeq = ﬁO’Oeq (Eh)z (25)
Finally, with substiuting the value of M., from Eq. 24 in Eq. 25, the equivalent strength of
hybrid section is detemined as:

V3 oy, t & oa
(%_75ﬂ+ﬁ{“+ﬁzk }ika z—Zk tﬁ} (26)

i=1

Which for particular case N=1, is same as derived expression for bi-material sectionin[13]:

V3 1+ 2kt, + 2kt? — k22

a7 (11t)2 Tom @0
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3 Comparison with previously reported results

To verify the presented model, the predicted values for mean crushing load are compared with
numerical results reported in [14]. For this goal, the simulated results by software LS DY NA
for circular hybrid tubes with three thicknesses under static crushing are compared with the
predicted results by Eq. 16. Two composite materias, including carbon/epoxy and
E-glass/epoxy are used to the better validation. The mechanical properties of metal and
composite materials were reported in reference [14]. The flow stress of metal is taken into
account aso,,, =0.950,, which o,is ultimate strength. The dimensions of metal tube are

R, =29mm, t =1mmandt, =0.5,0.8,1mm.

Table 1 Comparison of presented model with previously reported results

P (KN) Error (%)

t t, Ply Presented model Simulation [14]

(mm) (mm)  pattern Carbon/ Glass/

Carbon/Epoxy  Glass/Epoxy Carbon/Epoxy — Glass/Epoxy Epoxy Epoxy

1 05 [+90], 44.97 51.70 1301
1 0.8 [+90], 48.64 46.37 57.50 46.70 15.40 0.70
1 1 [£90], 51.43 63.90 19.51
1 0.8 [£75]5 48.13 42.18 58.40 45.80 17.58 7.90
1 0.8 [+60]4 47.75 46.14 50.20 45.70 4.88 0.90
1 0.8 [+45], 48.4 46.80 49.10 45.70 1.42 2.40
1 0.8 [£30]5 50.85 48.83 53.50 45.90 4.95 6.30
1 0.8 [£15]5 58.35 54.62 49.00 45,50 19.08 20

Table 1 reveals comparison between the analytical and numerical simulation results. These
results revea that presented model can predict the mean crushing load of multi angle circular
hybrid tubes with reasonable accuracy. Of course asit can be seen from Table 1, in some cases
the difference between experimental values with the predicted ones by the analytical model is
high that is because of two main reasons. The first one corresponds to using the Alexander's
model [9] that is a simple and not very precise model on crushing of cylindrical tubes and the
other one is because of not considering the deformation and fracture modes in composite layers
during crushing phenomenon. It should be noted that the Alexander's model is used because of
it's simplicity and to get a closed analytical expression for mean crushing load, similar to [8]
and [10]. But the most important advantage of thismodel isthat the possibility of predicting the
mean crushing load of circular hybrid tubes reinforced by composite layers in different angles
of orientation exist, while the previous models have not got this ability.

4 Conclusion

In the present paper, an analytical model is developed for axial collapse of circular hybrid tubes
based on Alexander's model and an expression is derived for the mean crushing load and fold
wave length in terms of geometrical dimensions of metal tube including thickness and diameter,
composite wall thickness, fiber orientation of each layer and also metal and composite material
properties. In this model, strength of each composite layer in the direction of tube axis is
calculated using Tsai-Hill criterion. To validate the model, predicted values are compared with
numerical results in literature that show reasonably good agreement. This model has an
important advantage over previous models that can predict mean crushing load of a circular
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tube reinforced by composite layersin different angles of orientation, also the effect of number
of composite layersis observed.
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Nomenclature

dv
dw,

~ ~ o~ o~
= —

3

~—

=

X X x = gé =

<

Element of volume

Incremental absorbed bending energy

Incremental absorbed extensiona energy in metal wall
Elasticity modulusin fiber direction

Elasticity modulus perpendicular to fiber direction
Elasticity modulus of ith composite layer in hoop direction

In-plane shear modulus

Half fold length

=0, 10oom

Length of tube

Equivalent bending moment of hybrid section

Number of composite layers

Mean crushing load

Maximum crushing load

Distance of center of ith composite layer to neutral axis

Average radius of metal tube

Distance

In-plane shear strength

Specific absorbed energy

Thickness of composite wall

Thickness of each composite layer

Thickness of hybrid tube

Thickness of metal wall

=t /t

Absorbed bending energy

absorbed extensional energy in metal wall
absorbed extensiona energy incomposite wall
Neutral axis

compressive strength in fibre direction

tensile strength in fibre direction

compressive strength in perpendicular to fibre
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Y, - tensile strength in perpendicular to fibre
Greek symbols
a . Rotation angle of fold
o, - Effective crushing length
&, - Strainof ith composite layer in hoop direction
g;i - Fracture strain of ith composite layer in hoop direction
e - Crush force uniformity factor
n: - Energy efficiency
0, - Angle of fiber orientation angle of ith composite layer to the tube axis
p : Density
Oom - flow stress of the metal tube
0 . Equivalent strength of hybrid section
o, - Ultimate strength of metal
o, - Strength of ith composite layer in the direction of tube axis
of 1 Fracture strength of ith composite layer in the direction of tube axis
o, - Fracture strength of ith composite layer in hoop direction

os ° Fracture strength of ith composite layer in hoop direction
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