An Exact Elastodynamic Solution for
Functionally Graded Thick-Walled Cylinders Subjected to Dynamic Pressures
In the present paper, an exact solution for transient response of
an infinitely long functionally graded thick-walled cylinder subjected to dynamic pressures at the boundary surfaces is presented for arbitrary initial conditions. The cylinder is assumed
to have a plane-strain condition and the dynamic pressures are
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1. Introduction
The main advantage of utilizing functionally graded materials (FGMs) is the capability to monitor variations of the volume fraction of the reinforcement phases within the microstructure of
the mechanical components at the macroscopic or continuum scale. Therefore, functionally
graded materials with arbitrary distributions (one dimensional, two dimensional, or even three
dimensional distributions) of the constituent materials may be achieved based on the thermal,
toughness, and strength requirements. Thick cylinders fabricated from functionally graded materials which are especially mixtures of ceramics and metals with continuous variations of the
microstructure are commonly used. For FGM cylinders subjected to dynamic loads that may be
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utilized in aerospace, nuclear, automobile, and other industries, analyzing the transient response is a vital stage.
Many of the well-known stress analyses performed so far for thick FGM cylinders are restricted to steady state thermoelastic analyses [1-3]. Some of these researches have been accomplished based on the multi-layer discretization approximation [4-6]. Limited researches
have been presented for transient stress analysis of the FGM cylinders. Some researchers have
investigated the transient thermal stresses using the classical thermal stress theory [4-13].
Eslami et al. have developed analytical solutions for thick isotropic cylinders and spheres [14].
They also have investigated the thermoelastic wave propagation in an FGM disc [15] that may
be considered as a representative longitudinal portion of an infinitely long thick cylinder. Hosseini et al. [16] investigated the thermoelastic wave propagation phenomenon in thick-walled
FGM cylinders with material properties that follow an exponential law, analytically.
Limited works have been developed in stress wave propagation analysis for the thick FGM
cylinders. Heyliger and Jilania [17] adopted a variational method to study the frequency response of inhomogeneous cylinders and spheres. Han et al. [18] presented a hybrid numerical
method for the analysis of transient waves in an FGM cylinder. The displacement responses
were determined by employing the Fourier transformations. El-Raheb [19] studied effects of
the circumferential and the radial inhomogeneities on the transient waves of a hollow cylinder.
The cylinder is divided into isotropic subcylinders. The static-dynamic superposition method is
employed to determine the transient response. Ponnusamy [20] discussed the wave propagation
in a generalized thermoelastic isotropic solid cylinder with arbitrary cross-section. Shakeri et
al. [21,22] studied vibration and transient behaviors of FGM thick hollow cylinders subjected
to axisymmetric dynamic loads using a first order Galerkin finite element method. Hosseini
[23] solved the mentioned problem analytically. As references [21] and [22], the functionally
graded cylinder was divided into isotropic subcylinders. Although the idea of dividing the
FGM cylinder into some isotropic sub-cylinders is commonly used, it may induce successive
reflections and may affect the results. Bruck [24] and Samadhiya et al. [25] have proved that
the elastic wave propagation in discretely layered FGMs is somewhat different. The transmitted wave and the reflected waves from each sharp interface between the discrete layers, may
affect the stress distribution. Moreover, presence of the interfacial pressures and satisfying the
continuity conditions in a multilayered circular cylinder or sphere cause additional difficulties
in deriving the mathematical formulations of the analytical solutions. Recently, Shariyat [26]
has proposed a nonlinear Hermitian transfinite element method for transient behavior analysis
of hollow functionally gradad cylinders with temperature-dependent materials under thermomechanical loads.
Majority of the recent analytical studies have been carried out for FGM cylinders experiencing steady-state conditions. For instance, Tutuncu [27] developed an analytical solution
for determination of the stress distributions in thick-walled FGM cylinders with exponentially
varying properties. Transient plane-strain response of multilayered elastic cylinders subjected
to axisymmetric impulse has been analyzed by Yue and Yin [28], using the expansion of transient wave functions in a series of eigenfunctions and Lamé’s static solution. An analytical
elastodynamic solution for spherically symmetric multilayered hollow spheres was presented
by Ding et al. [29]. Recently, Tang and Cheng [30] studied elastodynamic response of an isotropic solid cylinder with mixed boundary surfaces analytically using the eigenfunction expansion method.
In the present paper, an analytical solution is presented to investigate the transient response of an infinitely long FGM thick-walled cylinder subjected to uniformly distributed dynamic pressures at the boundaries. To achieve this exact solution, a direct approach which
leads to an Euler-type governing equation and expansion of the transient wave functions in a
series in terms of the eigenfunctions is employed. In contrast to works performed so far, the
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thick FGM cylinder is not divided into isotropic subcylinders. In the mentioned direct method
the continuity conditions are satisfied automatically and in comparison to other techniques (e.g.
the FEM and the transformation techniques), the computational time decreases remarkably.
The present solution technique consists of decomposition of the radial displacement solution of
the FGM cylinder into quasi-static and dynamic parts where for each part, an analytical solution is presented.
2. The governing equations
Consider an infinitely long thick-walled FGM cylinder with inner radius a and outer radius b.
It is assumed that the cylinder is subjected to uniformly distributed dynamic pressures at the
inner and outer boundary surfaces. Material properties of the cylinder are assumed to vary
through the thickness according to the following power law function:
r
P = P0 ( ) n
(1)
b
where P0 is the reference property defined at the outer surface and n is a non-negative exponent of the power law function. In this paper, Young’s modulus and the mass density are assumed to vary through the thickness according to Eq. (1), but Poisson’s ratio assumed to be
constant. To monitor the mechanical properties of the FGM cylinder through the thickness, the
exponents of the power law function for Young’s modulus and the mass density are considered
to be distinct, so that:
n

n

⎛r⎞ 2
⎛r⎞ 1
(2)
E = E0 ⎜ ⎟
,
ρ = ρ 0⎜ ⎟
⎝b⎠
⎝b⎠
For a plane-strain condition and an axisymmetric loading, in the absence of the body forces,
the equation of motion is:
dσ r σ r − σ θ
∂ 2 u (r , t )
(3)
+
= ρ (r )
∂t 2
dr
r
where u(r,t) is the radial displacement component. For the mentioned axisymmetric problem, the
strain-displacement relations are:
du
u
εr =
,
εθ =
(4)
dr
r
The stress-strain equations have the following form:
σ r = c1ε r + c2ε θ
(5)
σ θ = c2ε r + c1ε θ
where, for the plane-strain conditions, c1 and c2 are:
E (r ).(1 −ν )
c1 =
(1 + ν )(1 − 2ν )
(6)
νE ( r )
c2 =
(1 + ν )(1 − 2ν )
Substituting Eqs. (4) into Eqs. (5) and substituting the resulted equations in Eq. (3), lead to
the Navier’s equation of motion in terms of the radial displacement component:
∂c2
∂c1 1 ∂u (r , t )
1
1 ∂ 2 u (r , t )
∂ 2 u (r , t )
u
r
t
(
)
(
)
(
,
)
−
=
+
+
+
(7)
c1∂r r
rc1∂r r 2
∂r
c 2 ∂t 2
∂r 2
c is the radial velocity of the stress wave (through the thickness) and is calculated according to
the following equation:
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n1 − n2

c
c (r )
2
(8)
c= 1
= 10 r
ρ (r )
ρ0
where c10 and ρ0 are the reference elastic coefficient and mass density of the outer surface, respectively. By substitution of Eqs. (2), (6) and (8) in Eq. (7), one has:
ρ0 n2 −n1 ∂ 2u (r , t )
∂ 2u (r , t ) n1 + 1 ∂u (r , t ) ξ n1 − 1
(
)
(
)
u
(
r
,
t
)
r
+
+
=
(9)
r
r2
c10
∂r 2
∂r
∂t 2
c
ν
where ξ = 20 =
= const. and a ≤ r ≤ b.
c10 1 − ν
Boundary and initial conditions of the FGM thick-walled cylinder which is subjected to uniformly distributed dynamic pressures at its inner and outer surfaces are expressed as follows:
σ r (a, t ) = − p1 (t )

σ r (b, t ) = − p2 (t )

(10)

u (r ,0) = u 0 (r )

v(r ,0) = v0 (r )
where σr(r,t), u0(r) and v0(r) are the radial stress, the initial radial displacement, and the initial
radial velocity, respectively.
3. The proposed analytical solution

To find an exact solution for Eq. (9) based on the boundary and the initial conditions defined
in Eq. (10), solution of the dynamic radial displacement u(r,t) is divided into quasi-static ust(r,t)
and dynamic udy(r,t) parts. The quasi-static part ust(r,t) satisfies the static (steady state) equilibrium equation and the imposed boundary tractions. The dynamic part udy(r,t) satisfies the motion equation and the stress-free boundary conditions (to some extent, it is the transient response). Finally, the dynamic radial displacement is expressed in a series of the eigenfunctions
as follows [31,32]:
∞

u (r , t ) = u st ( r , t ) + u dy ( r , t ) = u (r , t ) + ∑U i ( r )Ψ i (t )
st

(11)

i =1

where Ui(r) is the ith wave mode of the FGM thick-walled cylinder and Ψi(t) is the unknown
time-dependent coefficient associated with the Ui(r) function. In order to obtain an exact solution of the whole dynamic radial displacement expression u(r,t), it is necessary to find both the
quasi-static and the dynamic parts.
3.1. The quasi-static part
The quasi-static radial displacement may be obtained by solving the following steady-state
equilibrium equation and the relevant boundary conditions:
∂ 2 u st (r , t ) n1 + 1 ∂u st (r , t ) ξ n1 − 1
(12)
+(
)
+(
)u st (r , t ) = 0
∂r
r
∂r 2
r2
σ r (a, t ) = − p1 (t ) ,
σ r (b, t ) = − p 2 (t )
(13)

The above equation is Euler’s equation with constant coefficients and may be solved easily as
follows:
u st ( r , t ) = Ar η
(14)
By substitution Eq. (14) into Eq. (12), a characteristic equation is obtained whose roots are ex-
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ponents of Eq. (14):

η 2 + n1η + (ξ n1 − 1) = 0
(15)

2

η1 ,η 2 =

− n1 ± n1 − 4ξ n1 + 4

2
Hence, the quasi-static part of the whole radial displacement expression is obtained as follows:
η
η
u (r , t ) = A(t ) r 1 + B (t ) r 2
(16)
st

A(t) and B(t) are the unknown time-dependent coefficients that may be obtained based on the
boundary conditions (13).
3.2. The dynamic part
In order to obtain the dynamic part of the whole radial displacement solution, it is necessary
to find the governing equations of the wave modes and the unknown time-dependent coefficients, and satisfying the orthogonality conditions of the wave modes. The wave modes Ui(r)
are governed by the following eigenvalue equation:
ρ 0ω 2 n2 −n1
d 2U (r ) n1 + 1 dU (r ) ξ n1 − 1
+
(
)
+
(
)
U
(
r
)
=
−
r
U (r )
(17)
dr 2
r
dr
r2
c10
By definition of the following parameter:

k2 =

ρ 0ω 2

(18)

c10

Equation (17) becomes:
n2 − n
d 2U (r ) n1 + 1 dU (r )
2
1 + ξ n1 − 1)U (r ) = 0
(19)
k
r
(
)
(
+
+
2
dr
r
dr
r2
where boundary conditions relevant to Eq. (19) are chosen corresponding to stress-free boundary surfaces:
σ r ( a, ω ) = 0
,
σ r (b, ω ) = 0
(20)
2
It may readily be shown that the eigenvalue ω is a real non-negative number [33]. The general solution of (16) according to Bessel’s equations is [34]:
U (r ) = Dε α (λr q )
(21)
where:

ε α (λ r ) = r
q

−

n1
2

( β1 J α (λr q ) + β 2Yα (λr q ))
2 + n2 − n1
q=
2
2k
λ=
2 + n2 − n1

(22)

n1 − 4ξ n1 + 4
2

α=

2 + n2 − n1
Jα(λr ) and Yα(λr ) are Bessel’s functions of the first and the second kinds of the αth order, respectively. β1 and β2 are unknown coefficients that are obtained by incorporation of the stressfree boundary conditions (20). Indeed, based on Eqs. (4) to (6) and (21), one may write:
n
n
− 1 ∂ ⎞
− (1+ 1 ) ⎤
⎛ − n − (1+ n21 )
U (r ,ω ) ⎡
∂U ( r , ω )
⎟ + c2 (r )r 2 ⎥
σ r ( r , ω ) = c1 ( r )
+ c2
= ⎢c1 ( r )⎜⎜ 1 r
+r 2
r
∂r
∂r ⎟⎠
(23)
⎢⎣
⎥⎦
⎝ 2
. β 1 J α (λ r q ) + β 2Yα (λ r q )
q

q

[

]
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It may be easily verified that [34]:
α
∂
⎡
J α λr q = ⎢ J α −1 λr q − q J α λr q
∂r
λr
⎣

[ ( )]

( )

( )⎤⎥λqr

q −1

⎦

α
∂
⎡
⎤
Yα λr q = ⎢Yα −1 λr q − q Yα λr q ⎥ λqr q −1
∂r
λr
⎣
⎦
Substituting Eq. (24) into Eq. (23), leads to the following result:
n
⎡
⎤ − (1+ 1 )
⎞
⎛−n
σ r ( r , ω ) = ⎢c1 ( r )⎜ 1 − α q ⎟ + c 2 ( r ) ⎥ r 2 β 1 J α ( λ r q ) + β 2Yα (λ r q )
⎠
⎝ 2
⎣
⎦

[ ( )]

( )

( )

[

+ c1λ q ( r ) r

q−

n1
−1
2

[β J
1

α −1

(24)

(λ r q ) + β 2Yα −1 ( λ r q )

]
(25)

]

or:

σ r ( r , ω ) = β 1 Λ1 ( r ) + β 2 Λ2 ( r )
(26)
By substitution of Eq. (26) into the stress-free boundary conditions (20), a set of linear algebraic equations may be obtained:
⎡Λ1 ( a, ω ) Λ2 ( a, ω ) ⎤ ⎧ β1 ⎫ ⎧0⎫
(27)
⎢Λ (b, ω ) Λ (b, ω ) ⎥ ⎨β ⎬ = ⎨0⎬
⎣ 1
⎦⎩ 2 ⎭ ⎩ ⎭
2
Eq. (27) may be written in the following compact form:
[Λ ]{β }= {0}
(28)
where {β }is an eigenvector. Existence of the nontrivial solutions requires that the determinant
of the [Λ ] matrix becomes zero:
Λ =0
(29)
Eq. (29) gives a transcendental equation that is the characteristic equation (or frequency equation) of the axisymmetric plane-strain radial vibration of the infinitely long FGM thick-walled
cylinder. Rao [32] has shown that an elastic body has infinite positive characteristic values, so
that the characteristic equation of the FGM cylinder has infinite number of positive roots. The
positive roots of the mentioned equation provides the values of ωi (i=1,2,3,…) which represent
the circular frequencies or the eigenvalues of the cylinder. The circular frequencies may be determined accurately from the characteristic or frequency Eq. (29) by numerical methods such
as Newton-Raphson method.
The ith vibrational mode of the FGM thick-walled cylinder Ui(r) associated with the ith circular frequency ωi may be expressed by the following equation:
U i ( r ) = Di ε α ( λ i r q )
n
(30)
− 1
ε α (λi r q ) = r 2 β1i J α (λi r q ) + β 2iYα (λi r q )
where β1i and β2i are unknown coefficients associated with circular frequency ωi and may be
determined by using Eq. (27).
The wave modes Ui(r) form an orthogonal set. This set is derived directly from Eqs. (15) and
(16) based on the following orthogonality condition that may be proved by using Eq. (19) and
the stress-free boundary conditions:

[

b

∫ ρ ( r )U i ( r )U j ( r ) 2πr dr = δ ij

]

(31)

a

where δij is the Kronecker delta function.
The coefficient Di in Eq. (30) is obtained based on the orthogonality condition (31) as follows:
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Di

−2

b

2

= ∫ ρ (r ) ε α (λi r q ) 2πr dr

(32)

a

Substituting Eq. (11) into Eq. (9) and employing the ust(r,t)and udy(r,t) expressions, lead to
the following equation [31]:
2
∞ ⎛ 2
⎞
⎜ d Ψi (t ) + ω 2 Ψ (t ) ⎟ U (r ) = − d u st (r , t )
(33)
∑
i
i
⎜ dt2
⎟ i
dt2
i =1 ⎝
⎠
The ordinary differential equations governing Ψi(t) are obtained by using the orthogonality
condition (31) as:
d 2Ψ i (t )
d 2Φ i (t )
2
(
)
+
=
t
ω
Ψ
i
i
dt2
dt2
(34)
b
Φ i (t ) = − ∫ ρ (r ) u st (r , t ) U i (r ) 2πr dr
a

It is now necessary to determine the initial conditions of Ψi(t) in terms of the given initial
conditions (10). It follows from Eq. (11) that:
∞

u 0 (r ) = u st (r ,0) + ∑U i (r )Ψ i (0)
i =1

d u (r ,0) ∞
dΨ (0)
v0 (r ) = st
+ ∑ U i (r ) i
dt
dt
i =1
Substituting the orthogonality condition (31) into Eq. (33) leads to:

(35)

b

Ψ i (0) = ∫ ρ (r ) u 0 (r )U i (r ) 2πr dr + Φ i (0)
a

(36)
dΨ i (0) b
d Φ i ( 0)
= ∫ ρ (r ) v0 (r ) U i (r ) 2πr dr +
dt
dt
a
Hence solution of Eq. (34) based on the initial conditions (35) using the Laplace transform
becomes:
1 d Ψi ( 0 )
1 t d 2 Φ i (τ )
Ψi (t ) = Ψi ( 0 ) cos ω i t +
sin ω i t +
sin ω i (t − τ ) d τ
(37)
∫
ωi
dt
ω i 0 dτ 2
4. The solution procedure

Determination of the radial displacement and stress components using the presented elastodynamic solution may be accomplished according to the following steps:
1- The quasi-static radial displacement can be determined by using Eq. (16).
2- The circular resonant frequencies are calculated numerically by utilizing Eq. (29).
3- The corresponding coefficients and wave modes are determined based on Eqs. (27), (30) and
(32).
4- The time-dependent functions Ψi ( t ) are determined using Eq. (37).
5- The dynamic radial displacements are determined according to Eq. (11).
6- The stress components are obtained using Eqs. (4) and (5).
It is an evident that the numerical calculations have to be accomplished for a finite number of
the wave modes (m). Therefore, Eq. (11) may be rewritten in the following form, for the mentioned purpose:
m

u (r , t ) = u st (r , t ) + u dy (r , t ) = u (r , t ) + ∑ U i ( r ) Ψi (t )
st

m=50 is adopted to extract results of the present paper.

i =1

(38)
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5. Numerical Results
Example 1: As a first stage, an example of reference [26] is reexamined, for validation purposes. An infinitely long thick hollow FGM cylinder with inner radius a=1[m] and outer radius
b=1.2[m] is considered. The reference modulus of elasticity and the reference mass density of
the outermost layer are E0=380 GPa and ρ0=3800 kg/m3 (mechanical properties of the alumina
materials), respectively. The inner surface of the FGM cylinder is subjected to a uniformly distributed short-time pressure that increases linearly with time to a specified pressure [26]:
p1 (t ) = p *t
, 0 ≤ t ≤ t0
(39)
where p* and t0 are adopted as 4 (GPa/s) and 0.005 (s), respectively. Fig.1 shows the distribution
of the radial stress through the thickness of the FGM cylinder at t=0.004 (s), for n1=n2=0.5 and
b/a=1.2 along with results of the numerical method presented by Shariyat [26]. It is observed that
good agreement between the results of the two methods is achieved.
Example 2: The FGM cylinder of example 1 is considered to be subjected to an exponential
dynamic pressure imposed uniformly on the inner boundary surface. Therefore, the time histories of the pressures imposed on the inner and outer boundary surfaces may be expressed as:
p1 (t ) = p0 (1 − e − c0t )
(40)
p2 (t ) = 0
where p0 and c0 are constants and are supposed to be 10 (MPa/s) and 1000 (s-1), respectively.
Tables 1, 2, and 3 show the first six eigenvalues or natural frequencies of the infinitely long
thick hollow FGM cylinders for various outer to inner radius ratios (b/a) and n1=n2=n. It may be
easily seen that for the various values of the power law exponents, the eigenvalues decreases as
the b/a ratio increases. Based on Eqs. (2), when the thickness of the hollow cylinder increases,
values of the material properties of the innermost layer and subsequently the mean stiffness and
the mass density through the thickness decrease and in overall, the resonant frequencies decrease. Furthermore, for a constant thickness, mean values of the stiffness and the mass density
through the thickness decrease by an increase in the power law exponents, and therefore the
fundamental natural frequency of the cylinder decreases.
Example 3: In the present example, sensitivity analyses are performed. An infinitely long thick
hollow FGM cylinder with inner radius a=1m is considered and the results are extracted for
various b/a ratios. The elastodynamic solutions of the FGM cylinders are determined for two
distinct cases. In the first case, the exponents n1 and n2 are assumed to be identical. In the second
case, it is assumed that the outer surface of cylinder is made of pure alumina (EAl2O3=380 GPa
and ρAl2O3=3800 kg/m3) whereas the inner surface of cylinder is made of pure aluminium (EAl=70
GPa and ρAl=2707 kg/m3) and the properties are graded through the thickness from the inner
surface to the outer one according to Eqs. (2). Therefore, in the latter case the exponents of the
power law function for Young’s modulus and the mass density vary with the radius ratio (e.g. for
a thickness with ratios of b/a=1.2, it is noticed that n1=9.2875 and n2=1.86 and for a b/a=2 ratio,
it is obtained that n1=2.4406 and n2=0.4893). Fig. 2 shows the distribution of the radial displacement through the thickness for various values of the power law exponents at time t=0.001 s,
for b/a=1.2. The value of the power law exponent influences the amplitude of the radial displacement, directly. It is observed that the hollow cylinder made of alumina-aluminium FGM
(n1=9.2875 and n2=1.86) has the greatest amplitude of the radial displacement. Fig. 3 illustrates
time history of the radial displacement of the middle point of thick hollow FGM cylinder for
various values of the power law exponents, b/a=1.2. The distribution of the radial displacement
through the thickness of the FGM cylinder for various values of the power law exponents at time
t=0.001 s, is shown in Fig. 4 for (b/a=2). It was mentioned that the material properties of the
inner surface of FGM hollow cylinder decreases by increasing the thickness. Therefore, by
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comparing curves of the Figs. 2 and 4 it is observed that by increasing the thickness, the amplitude of the radial displacement at the inner surface of the FGM cylinder increases. From Fig. 4
it may be noticed that the amplitude of the radial displacement of the alumina-aluminium FGM
cylinder (n1=2.4406 and n2=0.4893) is less than that of FGM cylinder with n1=n2=5. Fig. 5
represents the time history of the radial displacement at the middle point of thick hollow FGM
cylinder for various values of the power law exponents, for b/a=2.
Fig. 6 compares the time histories of the radial stress for different points of the hollow FGM
cylinder along the thickness in a certain power law exponent (n=n1=n2=5), for b/a=1.2. It is
observed that the radial stress on the inner and outer surfaces are equal to the imposed dynamic
pressures p1(t) and p2(t), respectively. Fig. 7 represents the distribution of the radial stress across
the thickness of the FGM cylinder for various values of the power law exponents at time t=0.001
s, for b/a=1.2. It can be seen that the values of the power law exponents have direct effect on the
amplitude of the radial stress at the points across the thickness between boundary surfaces. The
greatest amplitude of the radial stress belong to the hollow cylinder made of alumina-aluminium
FGM (n1=9.2875 and n2=1.86).
Fig. 8 illustrates the time history of the radial stress at the middle point of the thick hollow
FGM cylinder for various values of the power law exponents, b/a=1.2. As mentioned before, the
value of the power law exponents influences directly on the amplitude of the radial stress at the
middle point of the hollow FGM cylinders. A comparison between the time histories of the radial
stress at different points of the hollow FGM cylinder across the thickness in a certain power law
exponent (n=n1=n2=5), for b/a=2, is shown in Fig. 9. As for the FGM cylinders with thickness
b/a=1.2, the radial stress on the inner and outer surfaces are equal to the imposed dynamic
pressures p1(t) and p2(t), respectively. The time histories of the radial stress of the middle point of
the thick hollow FGM cylinder are shown in Fig. 10for various values of the power law exponents (b/a=2). The direct effect of the value of the power law exponents on the amplitude of the
radial stress at the middle point of the hollow FGM cylinders is clearly observed. Figs. 11 and 12
show the time histories of the hoop stress at the middle point of the thick hollow FGM cylinder
for various values of the power law exponents and b/a=1.2 and b/a=2, respectively.
Since only internal pressure is exerted in the present example, the resulted radial and hoop
stresses are negative and positive for all radii, respectively. Since the outer boundaries of the
cylinders are free to move outward, positive radial displacements are generated. This conclusion is in agreement with results of Lame’s equation for the corresponding static loading.
In the present example, the FGM cylinder experiences a forced vibration under an internal
pressure that varies exponentially to converge to a specified pressure (p0). Therefore, the vibration response is considerably affected by the particular or steady state response. For this reason,
the overall amplitude of the vibration (i.e. the magnitude of the radial displacement and the
magnitude of the radial and hoop stresses) as the imposed internal pressure increases with time
exponentially to converge to the steady state response (Figs.3, 5, 6, and 8 to 10). Since the system is considered to be conservative, the amplitude of the transient response does not decrease
with time. Therefore, after a certain time, e.g. 5(ms), the transient oscillations are the dominant
ones.
The transient response that is combined with the particular or quasi-static response is mainly
composed of vibrations that are performed with the fundamental natural frequency of the FGM
cylinder. In Figs. 6 and 8 t 10, effects of the higher vibration modes are also noticeable. So
that, beat-type vibration is observed.
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6. Conclusions

In the present paper, an exact elastodynamic solution is developed for the an infinitely long
thick-walled FGM cylinder experiences plane-strain conditions, subjected to uniformly distributed dynamic pressures at the boundary surfaces. It is assumed that the material properties
vary through the thickness according to a power law function. The presented analytical solution
has the following advantages:
(1) In contrast to the previous works (e.g. references [28,29]), the thick-walled FGM cylinder is
not divided into isotropic sub-cylinders. Therefore, the stress continuity condition is satisfied
automatically through the proposed solution procedure. Hence, more accurate results will be
obtained. Discontinuity of the radial stress component is almost exists in all finite element
models proposed so far unless Hermitian elements are employed (Shariyat, 2008).
(2) For each of the quasi-static and the dynamic parts of the solution, analytical solutions are
presented separately that make the problem to be solved easily. Therefore, the steady state
response or the particular solution may be distinguished from the transient response.
(3) The proposed method is suitable for hollow plane-strain FGM cylinders with arbitrary
thickness and arbitrary initial conditions, subjected to arbitrary forms of axisymmetric dynamic loads at the boundary surfaces.
(4) In the traditional finite element models, the cylinder is discretized to considerable degrees of
freedom. Furthermore, time history of the variations of the displacement and stress components requires division of the time domain into many time steeps that are much less than
the period time of the fundamental natural frequency of the cylinder [35] (usually of an order
that varies between 10-6 and 10-5 (s) for the FGM cylinders, as results of tables 1 to 3 imply).
Hence, the governing equations of the entire finite element model should be solved for a very
large number of time steps. Therefore, in comparison to the traditional finite element methods, less computational time and memory allocation are required for the present solution
procedure. Moreover, the traditional time integration methods induce numerical damping or
numerical instability and may lead to considerable accumulated errors.
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Nomenclature
a
A,B
b
c1 , c2
D
E, E0
k
J
m
n, n1, n2
p1, p2
p*
P, P0
q
r
t,t0
u, u0
ust,udy
Ui
v,v0
Y

inner radius of the cylinder
time-dependent coefficient
outer radius of the cylinder
elastic coefficients
coefficient
Young’s modulus, reference, Young’s modulus
dimensionless natural frequency
Bessel’s function of the first kind
number of the wave modes
exponents of the power law functions
internal, external pressures
pressure amplitude
property, the reference property defined at the outer surface
power
radius
time, final time
radial displacement, initial value of the radial displacement
quasi-static, dynamic parts of the radial displacement expression
the ith wave mode
radial velocity, initial radial velocity
Bessel’s function of the 2nd kind

Greek symbols
α
β
ε
εr,εθ
Φ
η
λ
Λ1,Λ2
ν

ρ, ρ0

σr,σθ
ξ
ω
Ψ

an expression
element of the eigenvector
an expression of Bessel functions
radial, circumferential strains
a function
root of the characteristic equation
coefficient
expressions of Bessel’s functions
Poison’s ratio
the mass density, reference mass density
radial, hoop stresses
ratio of the reference elastic coefficients
frequency
time-dependent coefficient
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Figures

Figure. 1 Distribution of the radial stresses of a FGM thick cylinder subjected to an internal

pressure that varies linearly with time, for (n1=n2=0.5, b/a=1.2, and t=0.004s).

Figure. 2 Distribution of the radial displacement for different values of the power law exponent

(b/a=1.2 and t=0.001s)
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Figure. 3 Time history of the radial displacement of the middle point of the thickness of the FGM

cylinder for various values of the power law exponent (b/a=1.2).

Figure. 4 Distribution of the radial displacement for different values of the power law exponent

(b/a=2 and t=0.001s)
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Figure. 5 Time history of the radial displacement of the middle point of the thickness of the FGM

cylinder for various values of the power law exponent (b/a=2).

Figure. 6 Time histories of the radial stress for different points of the thickness of the FGM cy-

linder (n1=n2=5 and b/a=1.2)
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Figurre. 7 Distribution of the radial stress of the FGM cylinder for various values of the power law

exponent at t=0.01s (b/a=1.2).

Figure. 8 Time history of the radial displacement of the middle point of the thickness of the FGM

cylinder for various values of the power law exponent (b/a=1.2).
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Figure. 9 Time histories of the radial stress of different points of the thickness of the FGM cy-

linder for n1=n2=5 (b/a=2).

Figure. 10 Time histories of the radial stress of the middle point of the thickness of the FGM cy-

linder for various values of the power law exponent (b/a=2).
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Figure. 11 Time histories of the hoop stress of the middle point of the thickness of the FGM cy-

linder for various values of the power law exponent (b/a=1.2).

Figure 12 Time histories of the hoop stress of the middle point of the thickness of the FGM cy-

linder for various values of the power law exponent (b/a=2).
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Tables

Table 1 The first six frequencies of FGM hollow cylinder for b/a=1.2.

Frequency(Hz)

n=0.5

n=1

n=2

ω1
ω2
ω3
ω4
ω5
ω6

9552
182632
364691
546870
729095
911326

9539
182777
364763
546925
729131
911355

9513
183181
364966
547061
729233
911436

n=5
9436
185293
366034
547774
729768
911864

Table 2 The first six frequencies of FGM hollow cylinder for b/a=1.5.

Frequency(Hz)

n=0.5

n=1

n=2

ω1
ω2
ω3
ω4
ω5
ω6

8481
73671
146183
218955
291791
364653

8424
73955
146328
219052
291864
364711

8312
74740
146731
219322
292066
364873

n=5
8013
78722
148835
220740
293133
365728

Table 3 The first six frequencies of FGM hollow cylinder for b/a=2.

Frequency(Hz)

n=0.5

n=1

n=2

n=5

ω1
ω2
ω3
ω4
ω5
ω6

7204
37624
73478
109733
146087
182479

7066
38028
73692
109878
146196
182566

6810
39116
74286
110278
146499
182809

6236
44303
77333
112374
148085
184085
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ﭼﮑﻴﺪﻩ
ﺩﺭ ﻣﻘﺎﻟﻪ ﮐﻨﻮﻧﻲ ،ﺣﻞ ﺩﻗﻴﻘﻲ ﺑﺮﺍﻱ ﭘﺎﺳﺦ ﮔﺬﺭﺍﻱ ﺍﺳﺘﻮﺍﻧﻪ ﺟﺪﺍﺭ ﺿﺨﻴﻢ ﺩﺍﺭﺍﻱ ﻃﻮﻝ ﻧﺎﻣﺤﺪﻭﺩ ﺳﺎﺧﺘﻪ ﺷﺪﻩ ﺍﺯ ﻣﻮﺍﺩ
 ،FGMﺩﺭ ﻣﻌﺮﺽ ﻓﺸﺎﺭﻫﺎﻱ ﺩﻳﻨﺎﻣﻴﮑﻲ ﺩﺭ ﺳﻄﻮﺡ ﻣﺮﺯﻱ ،ﺑﺮﺍﻱ ﺷﺮﺍﻳﻂ ﺍﻭﻟﻴﻪ ﺩﻟﺨﻮﺍﻩ ﺍﺭﺍﺋﻪ ﺷﺪﻩ ﺍﺳﺖ .ﻓﺮﺽ ﺷﺪﻩ
ﺍﺳﺖ ﮐﻪ ﺍﺳﺘﻮﺍﻧﻪ ،ﺩﺍﺭﺍﻱ ﺷﺮﺍﻳﻂ ﮐﺮﻧﺶ ﺻﻔﺤﻪﺍﻱ ﺑﻮﺩﻩ ﻭ ﻓﺸﺎﺭﻫﺎﻱ ﺩﻳﻨﺎﻣﻴﮑﻲ ﺑﻪ ﻃﻮﺭ ﻳﮑﻨﻮﺍﺧﺖ ﻭ ﻣﺘﻘﺎﺭﻥ ﺑﺮ ﻣﺮﺯﻫﺎﻱ
ﺍﺳﺘﻮﺍﻧﻪ ﻭﺍﺭﺩ ﺁﻳﻨﺪ .ﻫﻤﭽﻨﻴﻦ ﻓﺮﺽ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ ﺧﻮﺍﺹ ﻣﻮﺍﺩ ﺩﺭ ﺍﻣﺘﺪﺍﺩ ﺿﺨﺎﻣﺖ ،ﺑﺮ ﭘﺎﻳﻪ ﻳﮏ ﺗﺎﺑﻊ ﺗﻮﺍﻧﻲ ﺗﻐﻴﻴﺮ
ﻧﻤﺎﻳﻨﺪ .ﺑﺮ ﺧﻼﻑ ﺑﺴﻴﺎﺭﻱ ﺍﺯ ﭘﮋﻭﻫﺸﻬﺎﻱ ﭘﻴﺸﻴﻦ ،ﺍﺳﺘﻮﺍﻧﻪ  FGMﺑﻪ ﺍﺳﺘﻮﺍﻧﻪﻫﺎﻱ ﺟﺰﺀ ﺍﻳﺰﻭﺗﺮﻭﭘﻴﮏ ﺗﺠﺰﻳﻪ ﻧﺸﺪﻩ ﺍﺳﺖ.
ﺍﺯ ﻓﺮﺍﻳﻨﺪ ﺣﻠﻲ ﻣﺒﺘﻨﻲ ﺑﺮ ﺑﺴﻂ ﺗﻮﺍﺑﻊ ﮔﺬﺭﺍﻱ ﻣﻮﺝ ﺑﺮ ﺣﺴﺐ ﺗﻮﺍﺑﻊ ﻭﻳﮋﻩ ،ﺑﻬﺮﻩ ﮔﺮﻓﺘﻪ ﺷﺪﻩ ﺍﺳﺖ .ﻋﺒﺎﺭﺕ ﺟﺎﺑﺠﺎﻳﻲ
ﺷﻌﺎﻋﻲ ﺩﻳﻨﺎﻣﻴﮑﻲ ﺑﻪ ﺑﺨﺸﻬﺎﻱ ﺷﺒﻪ ﺍﺳﺘﺎﺗﻴﮑﻲ ﻭ ﺩﻳﻨﺎﻣﻴﮑﻲ ﺗﺠﺰﻳﻪ ﺷﺪﻩ ﻭ ﺑﺮﺍﻱ ﻳﺎﻓﺘﻦ ﻫﺮ ﻳﮏ ﺍﺯ ﺑﺨﺸﻬﺎﻱ ﻳﺎﺩ ﺷﺪﻩ،
ﺭﻭﺷﻲ ﺗﺤﻠﻴﻠﻲ ﺍﺭﺍﺋﻪ ﺷﺪﻩ ﺍﺳﺖ .ﺑﺮ ﺍﻳﻦ ﭘﺎﻳﻪ ،ﺗﻮﺯﻳﻌﻬﺎﻱ ﺟﺎﺑﺠﺎﻳﻲ ﺷﻌﺎﻋﻲ ﻭ ﻣﻮﻟﻔﻪﻫﺎﻱ ﺗﻨﺶ ﺩﺭ ﺍﺳﺘﻮﺍﻧﻪﻫﺎﻱ ﺟﺪﺍﺭ
ﺿﺨﻴﻢ ﺑﺮﺍﻱ ﻣﻘﺎﺩﻳﺮ ﻣﺨﺘﻠﻔﻲ ﺍﺯ ﺗﻮﺍﻥ ﺗﺎﺑﻊ ﺍﺧﺘﻼﻁ ﻣﻮﺍﺩ ،ﻧﺴﺒﺘﻬﺎﻱ ﻣﺘﻔﺎﻭﺗﻲ ﺍﺯ ﺷﻌﺎﻋﻬﺎﻱ ﺧﺎﺭﺟﻲ ﻭ ﺩﺍﺧﻠﻲ ﻭ ﺑﺎﺭﻫﺎﻱ
ﺩﻳﻨﺎﻣﻴﮑﻲ ﮔﻮﻧﺎﮔﻮﻥ ،ﺑﺪﺳﺖ ﺁﻣﺪﻩﺍﻧﺪ .ﺩﺭ ﭘﺎﻳﺎﻥ ،ﺑﺮﺗﺮﻳﻬﺎﻱ ﺭﻭﺵ ﭘﻴﺸﻨﻬﺎﺩﻱ ﻣﻮﺭﺩ ﺑﺮﺭﺳﻲ ﻗﺮﺍﺭ ﮔﺮﻓﺘﻪﺍﻧﺪ.

