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Transient Response of a Functionally
Graded Piezoelectric Rectangular
Plane with Multiple Cracks under
Electromechanical Impacts

The analytical method is developed to examine the fracture
behavior of a functionally graded piezoelectric rectangular plane
(FGPRP) with finite geometry under impact loads. The material
properties of the FGPRP vary continuously in the transverse
direction. Two different types of boundary conditions are examined
and discussed in the analyses. The finite Fourier cosine and Laplace
transforms are employed to obtain stress and electric displacement
fields in the finite plane containing -electro-elastic screw
dislocation. Based on the distributed dislocation technique, a set of
integral equations for the finite plane is weakened by multiple
parallel cracks under electromechanical impact loads. By solving
numerically, the resulting singular integral equation, the dynamic
stress intensity factor (DSIF) is obtained for the electrically
impermeable case. The new results are provided to show the
applicability of the proposed solution. The effects of the geometric
parameters including plate length, width, crack position, crack
length, loading parameter, and FG exponent on the dynamic stress
intensity factors are shown graphically and discussed.

Keywords: Transient response, Multiple cracks, Functionally graded material, Piezoelectric
rectangular plane, Dynamic stress intensity factors

1 Introduction

The problems in engineering always contain some cracks and a closed solution cannot be
obtained easily. Hence, Green’s functions are necessary for these complex problems.
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Furthermore, with the increasing usage of non-homogeneous piezoelectric materials as actuating
and sensing devices in smart structures with finite geometry, much attention has been paid to
their fracture behavior. To improve the performance of the piezoelectric materials, the
functionally graded piezoelectric materials (FGPMSs) as a new class of advanced composites
have been introduced.

In order to predict the reliable service life of ceramic piezoelectric components, it is necessary
to analyze theoretically the damage and fracture processes taking place in piezoelectric materials
with consideration of the coupled effects of mechanics and electrics. There are several
investigations on fracture analysis of functionally graded piezoelectric materials with infinite or
semi-infinite domains under static load. Among a lot of significant efforts in this area, there are
limited numbers of investigations dealing with fracture problems in finite domains.

Chang [1] obtained the stress intensity factor of a rectangular orthotropic plate containing a
central crack under anti-plane shear by using the Fourier transform and series. The problem of
an edge crack in a rectangular sheet subjected to anti-plane shear was examined by Zhang [2].
The problem of an eccentric crack at the interface between two dissimilar layers in a finite
rectangular sheet under arbitrary anti-plane shear stress was treated by Zhang and Zhang [3].
The article by Ma [4] dealt with the general solution of the stress intensity factor in a rectangular
sheet weakened by a central crack of mode I1I, where its boundary is constrained. In another
paper, Zhang [5] obtained the stress intensity factor of an interface central crack between two
orthotropic rectangular sheets. The stress analysis in a nonhomogeneous rectangular sheet with
shear modulus varying in the x-direction was accomplished by Zhang and Ban [6]. The dynamic
stress intensity factor of a pair of edge cracks in the finite rectangular plate subjected to a normal
anti-plane shear wave was analyzed by Zhang [7]. The solution to an eccentric crack problem
in a rectangular sheet under anti-plane deformation was the subject of study by Ma and Zhang
[8]. Stress intensity factors of an interfacial crack between two dissimilar orthotropic rectangular
media were analyzed by Li and Duan [9]. The problem was solved for four types of boundary
conditions and the effects of the material properties on stress intensity factors were examined.
An orthotropic rectangular plane with various boundary conditions, containing multiple defects
was solved by Faal, Daliri, and Milani [10]. In this work, the solution to the anti-plane crack
problem was obtained using distributed dislocation technique. They computed the stress
intensity factors of crack tips and the dimensionless hoop stresses on the boundary of each
cavity. The stress analysis of FGM rectangular planes with several arbitrary smooth cracks was
investigated by Faal and Dehgan [11]. In this study, the effects of material properties, crack
spacing, and cracks length on the SIF of cracks were investigated. The problem of the cracked
rectangular piezoelectric ceramic body under anti-plane mechanical and in-plane electrical loads
in the framework of linear piezoelectricity was the subject of an investigation by Kwon and Lee
[12]. The paper by Li and Lee [13] was concerned with a crack at an arbitrary position in a
rectangular piezoelectric ceramic. The energy release rate was computed and the effect of the
crack length on these factors was investigated. An analytical model for a piezoelectric
rectangular plane containing multiple cracks and cavities, was treated by Abazadeh and
Darafshani [14]. These authors employed the distributed dislocation technique to determine
electric displacement, stress intensity factors, and hoop stress around cavities in the piezoelectric
rectangular plane. The solution procedures devised in all the above studies are not capable of
handling multiple cracks in FGPRP with finite geometry and various boundary conditions under
impact electromechanical loads. In general, transient analysis of cracked finite smart structures
under dynamic loads is complicated and only those with simple geometries may be handled
analytically.

In the present article, we employ the distributed dislocation technique to analyze multiple
parallel cracks in an FGPRP with different boundary conditions and subjected to impact loads.
By using the finite Fourier cosine and Laplace transforms, the stress and electric displacement
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fields in the FGPRP containing screw dislocation were obtained. The dislocation solutions are
then used to construct singular integral equations for the FGPRP containing multiple cracks.
Two different boundary conditions are examined in the analyses namely, a free-clamped-free
clamped case (F-C-F-C) and a clamped-free-free-free case (C-F-F-F). Parametric analyses are
carried out to examine the effects of the gradient and loading parameters, crack length, and
geometry of the FGPRP on the dynamic stress intensity factors.

2 Formulation of the Problem

We consider a finite rectangular plane made up of functionally graded piezoelectric materials,
where the material properties vary continuously in the thickness direction. Under conditions of
anti-plane displacement and the in-plane electric fields, the electro-elastic boundary value
problem is simplified considerably. The constitutive relations of the non-homogeneous
piezoelectric materials are

_e (™ % —e. )™ %
GZX (X'Y’t) - C44(Y) 8)( +815(Y) aX 4 Gzy (X'Y't) C44_(Y) 5 +e15(Y) ay
ow 0 ow 0 @
_ _ P _ _ P
DX(X’Y’t) - e15(Y) 8)( Sll(y) 8){ ) Dy(XJY’t) e15(Y) 5 811(Y) 3

where c,,, €. and ¢, are the elastic stiffness, the piezoelectric constant, and the dielectric

constant of piezoelectric material, respectively. To overcome the complexity of mathematics,
the present work employs exponential functions to describe the continuous variations of material
properties,

[c,,(¥),e5(¥),8,(¥),P(Y)]=[Cuyr€150,8110-P, 1€ )

The governing equations for piezoelectric materials can be expressed as follows

862){ aGZy 82W
—Z+——=p(Y)—
[0):¢ oy ot
©)
ob. oD
X + _ ¥y — 0
ox 0oy
Substitution of Egs. (1) and (2) into Eq. (3) yield the governing equations
ow oQ o’w
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where V2 =3%/ox? +8%/oy? is the two-dimensional Laplacian operator in the variables x and
y. To solve the present problem, we introduce a new function

P =Q—aw ()

where a =e,, / &,,, the constitutive equations can be expressed in terms of new variables as
follows:

o, (x,y,t) =ke™ ;ﬂx +e,e” % o, (xy,t)=ke™ o, e, e" %
* * (6)
0 o
D (x,y,t) =&, " = DEyD= €, o

The coefficient k=c,,, +(e,)*/&,, IS the piezoelectric constant. Under the above
consideration, the governing equations can be simplified to the following form:

2
V2W+2y@=%8 vzv
oy ¢, ot

(7)
Vi + Zy% =0

where C, = ,/k/po denotes the shear wave velocity in the piezoelectric material. To obtain the

desired electroelastic field, for convenience it is necessary to impose that the FGP rectangular

plane is initially at rest. Namely, the piezoelectric material is subjected to the vanishing initial
conditions

w(x,y,0)=0, W’t(x,y,O) =0,

(8)
(P(X,y,O) = 01 (P,t (X.Y,O) = 0;

The solution of the governing equations (7) is obtained by using the Fourier cosine, and Laplace
transforms technique. The finite Fourier cosine transform f(x,y,t), O<x<a is defined as
follows:

F(ny,t)= I:f(x,y,t)cos(%x)dx (9)
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Moreover, the inverse finite Fourier cosine transform read as:

F(0,y,t ©
f(x,y,t)= % +§ZFC(n,y,t)cos(%x) (10)
n=1

The Laplace transform of a function with respect to tis defined by
W(x,y,s) = I:W(X,y,t)e_“dt (11)

where the bar denotes the Laplace transform. Applying finite Fourier cosine and Laplace
transforms to Eq. (7) gives

d*W.(n,y,s) 2y dW (n,y,s) w1 dW(@,y,s)  dw(0,y,s)

~(1,)'W(ny,s)=(-1)

dy® dy dx dx
(12)
d’® (ny,s) , d® (n,y,s) . e d9(a,y,s)  de(0,y,s
c - +2,Y c —(BH)ZQC(H;Y;S):(—D 1 (P( y )_ (P( y ),
dy dy dx dx
Where
nrw
=—, A = +(s/c)?,
B,="" A, =B +(s/c) -
It may be shown that the solution to the problem is obtained as follows:
W,(0,y,5)=€ | A, cosh(u,y)+B,_ sinh(uy) |,
W.(ny,s)=e™|A_ cosh(uy)+B, sinh(uy)]
®.(0,y,s)=C,,+D, e™, k=1,2 (14)

@ (n,y,s)=e*”[C, cosh(8 y)+D, sinh(8y)], k=1,2 n=1,2,.

The index k =1,2 refers to the regions n<y<h and 0<y <z, respectively. In the above
equations, the new variable is defined as follows:
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TN AR N e )

The expressions for A |,B, ,,C, and D, k=12 n=0,12,...are unknown functions, which

will be obtained from the boundary conditions. With the aid of constitutive equations (6) and
(14), it is not difficult to obtain the expressions for the components of stress and electrical
displacement in the Laplace transform domain.

G, (1,y,5)=e" kA, [1,sinh(u, )~y cosh(,y)]
+kB, [n,cosh(u,y)—ysinh(u,y)]
+e,,C, [0 sinh(6 y)—ycosh(o y)]

150 " 1,n
+ ‘915001,”[5” cosh(o y)- 7sinh(5ny)]}
(16)

D, (n,y,s)=—e"¢, {C, [3 sinh(8 y)—ycosh(3 y)]
+D, [, cosh(d y)—ysinh(5 y)I}, C<y<h

and

G, (1,,5)=e” (kA [1,sinh(u, )~ ycosh(y, y)]
+k B, [u,cosh(u,y)—ysinh(u, y)]
+e,,C,,[0,sinh(5, y)—ycosh(s,y)]

+e.,D, [5 cosh(S,y)—ysinh(S,y)]}

1507 2,n

(17)

ﬁy (n,y,s)=-¢"¢, {C, [6 sinh(5 y)-ycosh(o, y)]
+D, [0, cosh(6,y)—ysinh(6, y)]} 0<y<g

In this paper, two types of boundary conditions are considered. There are other possible
boundary conditions for rectangular planes that are not analyzed in this work. Furthermore, the
crack faces are assumed to be not in contact such that the cracks are electrically nonconductive.
Therefore, the impermeable condition was adopted. To investigate the transient behavior of
cracked FGPRP, we first obtain the dislocation solution of the problem. Using this solution as a
Green’s function, the desired field quantities may easily be obtained.

2.1 The plane is free on two opposite edges and fixed on the other edges (Problem I)

Consider an electro-elastic dislocation located at an arbitrary position (77,&) in a functionally
graded rectangular piezoelectric plate with length a and widthh . (Fig. 1).
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Figure 1 Schematic view of the FGPRP with a screw dislocation (C-F-C-F).

Referring to Fig. 1, the boundary and traction-free conditions of the problem may be expressed
as follows:

c,(0y,t)=c,_(a,y,t)=0 O<y<h

D (0,y,t)=D (a,y,t)=0 O<y<h

(18)
w(x,0,t)=w(x,h,t)=0 O<x<a

o(x,0,t) =(x,h,t)=0 O<x<a

The continuity conditions for the FGPRP together with equations representing electro-elastic
dislocation are represented by:

o, (% D=0, (x50
D, (%, ) =D, (%, ,t)
(19)
W(xE", ) -W(xE D) =b_ (OH(x-1)

o(x,8",)-e(x,5,t)=b  (OH(x—m)

where H(.) is the Heaviside step function and b,,,b , are the Burgers vectors. Based on the
Egs. (5) and (19), it can be seen that:
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W(X' C_>+ 't) - W(X' C_ ’ t) = bWZ (t)H(X - T])
(20)

o(x,C7,0-B(x,6 7,0 =| b, () -ab,, (1) [Hx-n)

The finite Fourier cosine transform of Egs. (20), in view of continuity conditions in Eq. (19)
reduce to:

W08 9)-W0 g )= Dsinp

(21)

@c(n,atsycﬁc(n,g,s)=_b@z<s>;)abwz<s>

sin(B, )

dW. (n,¢",s) dW.(n,C,s)
dy - dy

d® (n,(",s) d® (0, ,s)
dy  dy

After some relatively straight manipulations, we could find the unknown functions in Eq. (14)
which are defined in Appendix A. The corresponding stress and electric displacement
components may be obtained with the help of Egs. (16) and (17):

2y,

——b_(s)+kne" [, cosh[p, (h—&)]+ysinh[u (h-&)]]
a(l-e ™)

5, (X,,5)=—
[Ho cosh(pyy) —ysinh(pey)]
ap, sinh(p, C)sinh(u h)

2kb Y(C+y) o
| 2kb, (s)e ZFZn (v ,h—Q)E, (n,y)sin(Bn)cos(B x)

2ye 5N
—== Db (s
a(l_e—2yh) cpz( )

w(S)F

T

B 2e150abwz (S)ev(€+y) ®

ZFZH(Sn,h —0JE,, (8,,y)sin(B n)cos(B,x)

T

(S)ev(Cﬂ') w .
Zan(5n ,h=0)E, (6_,y)sin(B_n)cos(B x) O<y<(

elSObq)Z

T
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_ nye,ab, (5) : .
G, (xy,s)=- " 115_°e_2yh) +kne [, cosh(u,C)-ysinh(u,0)]
 (ycoshp, (h-y)]+ysinhfp, (h-y)[}b,,(5) 2nye b, (s) 22)

ap, sinh(p,C)sinh(ph) a(l-e?™™)

Zkb (S) e!(y+8) o

Z 2(1, O, (w, h=y)sin(B n)cos(p,x)

ZOLb (s)e v(y+C) o

n1so Zpln(sn,g)]z (8 h—y)sin(B n)cos(B x)

2b (S)ewo Y(Y 0 » |
L LF 0,0, B, h-ysinBeos(Bx) - <y <h

and
D _ 2ye;nb,,(5) Zyglloan)z(s)
,(Xy,8)=—— == - — =
a(l-e")  a(l-e™")
2¢ b (S)ev(Cﬂ/) s
L+ %o wzn ZFZH(ESH,h—Q)EZH(6n,y)sin(Bnn)cos(an)
n=1
(S) Y(C+Y) o
- (pzn Zan(Sn»h—C)EZH(SH,Y)Sin(Bnn)cos(an) 0<y<(
n=1
]_)y (x,7,5)= 2ye,5,Mb,,,(8) 212,,Mb,,(3)

a(l-e™™)  a(l-e™™)

. 26150 WZ(S)eY(C+y)

Z .(0,,h=y)E, (8,,5)sin(B,n)cos (B, x) (23)

T

(&) o
110 (oA (S)ey

T

Z .(0,,h=y)E, (5,,&)sin(B n)cos(B,x) ~ C<y<h
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Where

ysinh(p,p,)-p,cosh(p,p,)
np,sinh(p, h)

F.(p,,p,)=

E, (q,,9,)=ysinh(q,q,)+q, cosh(q,q,)
(24)

vsmh(p .p,)+p, cosh(p,p,)
p, sinh(p,h)

E, (p,,p,)=

Ezn (q1 'qz) = q1 COSh(q1q2) _ySinh(qlqz)]

From (22) and (23), it is seen that large values of n the series solutions converge slowly and a
large number of terms are required to obtain accurate results. To circumvent this difficulty, the
series in (22) and (23) should be performed differently. To this end, we consider the following

relation

ZFln(lin,()Eln(un,h -y)sin(B, n)cos(B x) =

iun(sm B,(x+m]-sin[B,x-mD 00

- 4n(1-e*"")
Yzisln(ﬁ ncos(Bx) @y
= 2np (1-e™")

(25)

+Z¥:(Y +2yp -(u ) )sin( n)cos(B x) o )
2np_(1- e

_i( ) Sln(B n)COS(B X) QHn (20 H+)
n=1 2np (1- e h)

+i(y +2YH (Zl;ll()l)?;l(hi n)COS(B X) NG £<y<h

For a large value of n, By using the following relation
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. 0.5sin[ "~ (x—1)]
Qe Isin[B, (x-m)] = ———F—— (26)
i cosh[_(y =&)]—cos|_(x—m)]

After some algebra, Eq. (25) can be expressed in a more suitable form as

S, (4, E,, (4, h-y)sin (B, meos(B,X) = (2o)
" “(X'T])]

a

sin|

{
Cosh[m] _cos [M]
a a

sin[ "),

COSh[T[(y-E)] [T[(X‘H])]}

1, (y-%)
—Z e Teh09)(sin[B, (x+m)]-sin[B, (x-m)])
n 1 n(l ) a (27)

2 sin(B_n)cos(B x) @)
= 2np (1-e™")

+§(y +2yp, -(,)*)sin(B n)cos(B,x) )
2np (1-e™")

-i(y " )? sin(B,n)cos(B x) o C204L49)
n=1 2np (1- ezuh)

by 072, @) )sin(BmeosB) o oy oy
- 2n(1-e™")

It is obvious that the relations appearing in (27) converge sufficiently rapidly for a large value
n, which makes the summations susceptible to numerical evaluation. A procedure analogous
to relation (25) is used to obtain suitable forms for other similar terms in the field components.
In all the problems discussed here, it is not difficult to show the singularity of field quantities.
Also, It can be shown that the first term of Eq. (27) has a Cauchy-type singularity as

X—n, y— & . Faal and Dehgan [11].
2.2 The rectangular plane is fixed on one edge and free on all other edges (Problem 1)

To solve the present problem, the jumps of the displacement and the electric potential across the
dislocation line are held, and the edge conditions can be defined as follows:
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c,(0y,t)=0, o (ayt)=0, 0O<y<h

D (0,y,t)=0, D (a,y,t)=0, 0O<y<h

(28)
o, (xht)=0, D (x,ht)=0, O<x<a

w(x,0,t)=0, ¢(x,0,t)=0, 0O<x<a

Applying the finite Fourier cosine and Laplace transforms to Egs. (28), in view of continuity
conditions, the stress and electric field components for this problem are obtained as follows:

kne'®*(s/c_)sinh(, (h-)][w, cosh(u,y) - ysinh(py)Ib, (5)
a[yp, sinh(p;h)-p,* cosh(ph)]

5, (%,9,5)=-

2kb (S)eY(M) % .
n=1

1(740)
2900 Svgen (5, h-2E, (5,7 )sin(Beos(B)

n=1

_|_

zelsob Z(S)EY(Y+C) ® |
— Y BEE, (5,h-OE, (5,y)sin(Bmeos(Bx)  0<y<C

T n=1

Y

a ’l
Figure 2 Functionally graded piezoelectric rectangular plate with a screw dislocation (C-F-F-F).
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knise™”*9 sinh[y, (h-y)][1t, cosh(u, &)~ ysinh(u, )b, (8
ac u,[ysinh(p h)—p, cosh(u h)]

62y (X’Y’S) ==

2kb 1(y+6) w
— WZ(S)e in}gn (“n’h_Y)E3n(“n’g)Sin(Bnn)COS(BnX)

n n=
1 (29)

2e, ab_(s)eV™ &

ZBn E, (0, h=y)E, (8,,8)sin(B n)cos(B x)

150 (pz(s) Y(Y+C)

ZBn E,(0,,h=y)E, (8,,5)sin(B n)cos(B,x)  C<y<h

and

_ 150 (S)ev(y+C) .
Dy(X,y,S)=— g ZBn E,,(6,,h-0)E, (8,,y)sin(B n)cos(B x)

5+ o
Zb(PZ(s)a e’

S, (6, h-B)E, (6, Wsin(Beos(B)  0<y <

(30)

. 2 b Y(y+0)
e SE, 5,38, 6, E)sin(p.meos

2b_(s)e,, e & |
+— n ZBH E,,(8,,h-y)E; (,,8)sin(B n)cos(p,x) C<y<h

and the functions F,, and E,, are given by

F3n (pl 'pz) = Sinh(plpz)

. (31)
q, cosh(u,q,) —ysinh(u q,)

nq1 (ySIHh(qlh) - q1 COSh(qlh))

E;.(q,,9,)=

Similar to the previous problems, it is not difficult to obtain suitable expressions for the
components of the stress and electric displacement in the Laplace transform domain for a large
value n . This task is taken up as follows:

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 24, No. 1, 2023



Mojtaba Ayatollahi et al. 53

ZM E,(u, h=OE, (u,,y)sin(B,n)cos(B x)=

Tp(=e ™ (+e ™) —y(1-e ™))

>

32
S g fy-e M) (Lre P 2
xe" P (sin[B, (x+n)]-sin[B, (x—n)])
after a somewhat lengthy but routine analysis, the following result was obtained:
. T
ZM E, (n,,h=C)E, (n ,y)sin(B n)cos(P x)= %
. T . T
Sm[g(x*‘n)] sm[g(X—ﬂ)]

[ - ] (33)

cosh[;‘(y—@]—cos[;“(xm)] cosh[j(y—&)}—cos[j(x—n)]

i[kz (1 _e—zun(h—y))(un(l n e—zunc)_y(l _e—zunf;))e*un(yf&) . T -Myeg)
— —e a
np [y(1-e™")—p (1+e )] a

X(sin[B, (x+mn)]=sin[B,(x-1)])

Proceeding the same way for other similar terms in Egs. (29) and (30), one can derive similar
suitable forms for the summation terms which are appeared in the field components. Since the
resulting infinite series could be summed in closed form. Hence, it is not difficult to study the
singular behavior of the kernels. functionally graded rectangular plane.

It is possible to verify the stress components for the case of functionally graded rectangular
plane with no piezoelectric effect. In the particular case of an isotropic elastic rectangular plane,

by applying e, =0, and &, =0, the stress components (22) reduce to

2b, nc,,ye’"

o, (Xy)=

( th 1)
Zb C e[v(y+€)] o
e a0 > G H, [ysinh(6,(h—y))+6_cosh(6 (h- y))]cos(—)
T n=1

2b ¢ e[Y(yHé)] o
o (xy)=——2 44; Y "nG H, sinh(0 (h- y))sm(—) 0<y<(

n=1
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waanMO’Ye2Yh
a(e2yh _ 1)
2b [v(y+8)] o
wCe” NG H, [~ysinh(6,y)+0_ cosh(d y)]cos(Zx)
d

n n=1

G, (xy)=

2b c e+l «
o, (xy)=——02 ZnG H, sinh(0_ y)sm(—) C<y<h (34)
a

n=1

where
sm(mm)
" no, sinh(enh) |
H, =ysinh(0 £)—-0 cosh(0 &),
H, =ysinh[0 (h—&)]+0_cosh[0 (h-&)]
and

0,= ,/vz +(%)2 (39)

The results are coincident with those reported in the article of Faal and Dehgan [11].

3 Multiple cracks formulation

The integral equations of the problems can then be derived by using the dislocation solution as
Green’s function. Thus, the dislocation solution may be utilized for analyzing the
aforementioned cracked structures subject to impact loads. The geometry of a crack may be
described in parametric form, as

(36)

where (X,;,Yy;) is the location of the center and L, is the half-length of the crack. The
components of traction and electric displacements on the boundary of the ith crack caused by
the continuous distribution of dislocations with density B, (q,S), k e{w,¢} are given, from

(22), (23),(29), and (30), by
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_ N o
5, (x@.y,(P).9)=2[ [K'(®asB (0.9 +K (p.a5)B,(q5)]Ldg
=1

N (37)
D, (x,(P).y,()8) =2 [K[(p.a,9B,,(d +K(p.a,9 B, (@)]Ldg

where L;(q) = \/[x} (@] +Y; (@) . The left-hand side of equations (37), with opposite signs, is

the traction and electric displacement induced by the external load on the presumed crack
surfaces in the intact FGPRP. For the internal cracks, the displacement and electric potential
discontinuity across the jth crack are:

p
W, (p,5)~W, (p.s)= [B,,(a.9)Ldq
-1
p (38)
3, (p,5)-3;(p,5) = [ B, (a,5)Ldq
-1

The sides' conditions are required to render the problem determinate. In this case, the single-
valuedness condition becomes

1
j B, (q,5)L,dq =0 k e {wz, ¢} (39)
-1

It may be shown that the kernel of integral equations (37) has only Cauchy-type singularity.
Hence, the dislocation densities on the surface of cracks are taken as

8(a,5)

B (q,8)=———=, -1<q<1, k ,
(@9)=T—, 15as1, kewng) w0

The unknown functions g,;(q,s) are bounded. Substitution of Eq. (40) into Egs. (39) and (37)

and carrying out the numerical technique for the solution of Cauchy singular integral equations
leads to the Laplace transform of the dislocation density function devised by Erdogan et al. [15].
The stress intensity factors at the tips of an embedded crack become:

L(-1)
e 6,08, L) +e (3,8, (-19)]

JL_ 1
KRi(S):_¥

KLi (S) =
(41)

[ (V)8 (Ls)+e (v,)8,(1,5)]
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For brevity, the details of the derivation of stress intensity factors are not given here. The inverse
Laplace transform of DSIFs is accomplished numerically by Stehfest’s method Cohen [16].

4 Numerical results and discussion

The validity of formulation is examined by considering the problem of a functionally graded
rectangular plane containing a vertical central crack under the static point load, Figure 3a, which
is solved by Faal and Dehghan [11] is re-examined and the results are shown in Figures (3b and
3b). As it may be observed, the agreement of the results in the above examples is reasonable.
Furthermore, the results for the static case are compared with those presented for the problem
by Faal and Dehghan [11].

U ‘
i
Y% . h
e 0.5a .
0.5h 1 W
i :
X
le |

a

Figure 3a A functionally graded rectangular plane with a vertical crack under point load.
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Figure 3b Variations of stress intensity factor with crack location for a functionally graded rectangular plane
weakened by a vertical crack under point load.
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Figure 3c Variations of stress intensity factor with X, / a for a functionally graded rectangular plane weakened
by a vertical crack under point load.

Tablel Stress intensity factors for a =h.

d/h 2L/h=01  2L/h=02  2L/h=03 2L/h=04
0.05 Present Study 1.099 1.285 1.542 1.914

' Ref. [11] 1.097 1.284 1.531 1.913
0.9 Present Study 1.035 1.130 1.272 1.489

' Ref. [11] 1.033 1.128 1.272 1.487
0.75 Present Study 1.010 1.059 1.136 1.268

' Ref. [11] 1.011 1.059 1.136 1.269
05 Present Study 1.007 1.049 1.123 1.243

' Ref. [11] 1.009 1.048 1.120 1.242

The values of SIFs, are given in Table (1) for various crack locations and lengths in an elastic
rectangular finite plane. The results are in excellent agreement with those obtained by Faal and
Dehghan. Therefore, the validity of the present crack formulation is confirmed.

This section deals with the results of several numerical examples that may have some physical
importance and will be discussed. The FGPRP is subjected to uniform electromechanical impact
loadings o,, =7,H (t) and D, =D,H (t) which are applied at crack faces. To reflect the

combination between the mechanical impact and electric impact, the electromechanical
coupling factor is introduced Ay =D g5, / 7y&4 -
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In this paper, impermeable conditions prevail and unless otherwise stated, the geometry of the
rectangular plane and electromechanical coupling factor in the ensuing examples, are identified
as a=0.02(m), h=0.01(m) and A, =1.0, respectively. Furthermore, DSIFs are normalized

by K,=7,/</L, where L is the half-length of the crack. The numerical example to be

considered here is a PZT-4 rectangular plane. Wang et al. [17]. The material constants for PZT-
4 are

N C o5 C kg
C44O :2.56X1010¥,e :12.7F,8 =6.4634x10 9@, p:7SOOF (42)

110

In the first example, a central crack with three different FG exponents yh =0.5, yh =1.0and
yh =2.0 is considered for both types of boundary conditions (Figures 4a, 4b).
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Figure 4 A central crack in functionally graded piezoelectric rectangular plane (FGPRP): (a) C-F-C-F case and
(b) C-F-F-F case.
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Figure 5 Variation of stress dynamic stress intensity factor of a crack in a FGPRP with different FG parameter:
(a) C-F-C-F case and C-F-F-F case.

The variations of normalized DSIFs for a crack are depicted in Figures 5a. and 5b. The results
in Figures 5a. and 5b indicate that the value of the DSIF increases quickly with time, reaches a
peak value, and then decreases oscillating around the corresponding static value. The peak value
of the DSIF will increase as the FG exponent yh increases for both types of boundary
conditions. Moreover, the FG exponent does not alter the time of the maxima of DSIFs in the
C-F-C-F case. Furthermore, the boundary effect is significant, and for the C-F-C-F case, the
peak values of the DSIFs are larger than that of the C-F-F-F case. In the case of C-F-F-F, the
time of occurrence of the maxima of DSIFs increases gradually with increase yh .

The variations of DSIFs of a crack with length 2L/h =0.6 located at three different locations,
from the lower boundary, are shown, in Figures 6a and 6b. It is seen that the increase y,/h

results in an increase in the DSIF for the C-F-C-F case whereas, it tends to decrease for the C-
F-F-F case.
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Figure 6 Variation of stress dynamic stress intensity factor of a crack in a FGPRP at three different locations: (a)

C-F-C-F case and C-F-F-F case.

Nevertheless, the effect of crack location on values of the maxima of DSIFs is not significant
for the C-F-F-F case (Figure 6b).

The variations of the DSIFs under the various value a/L are plotted for a central crack under
impact electromechanical load (Figure7a and 7b). It can be seen that the boundary effect is
significant. For both two cases, the peak value DSIFs decreases as the length of the FGPRP
increases, and the crack becomes harder to propagate. A much longer time elapses for DSIF to
reach its static value for the C-F-F-F case to the C-F-C-F case. From these figures, we can
observe the presence of the dynamic overshoot phenomenon. Moreover, the phenomenon is
intensified with the decrease a/L .
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Figure 7 Variation of stress dynamic stress intensity factor of a crack in a FGPRP with different plane length: (a)
C-F-C-F case and C-F-F-F case.

The variations of the normalized DSIF with the normalized time for two types of boundary
conditions at different values of electromechanical coupling factor are plotted in Figures 8a and
8b. All the curves reach a maximum and then oscillate with decreasing peaks. For both types of

boundary conditions, the effect of the coupling factor A, is more significant. This implies that

the large value of the electromechanical coupling factor will enhance the crack initiation, while
the small value will retard the crack initiation for the C-F-C-F and C-F-F-F cases.
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Figure 8 Variation of stress dynamic stress intensity factor of a crack in a FGPRP with different
electromechanical coupling factor: (a) C-F-C-F case and C-F-F-F case.

The formulation may be employed for the analysis of FGPRP containing multiple cracks. To
this end, the study of the interaction between two collinear cracks is taken up, Figures 9a and
9b. Referring to Figures 10a and 10b, the DSIF increases rapidly from zero to a peak value well

above its corresponding static value and then oscillates about it. The cracks distance d/L was
selected to be 1/3,1/6 and 1/12 to ensure that interaction effects exist between these central

cracks. We observe that interaction between cracks enhances the DSIFs of crack which is more
pronounced at R, and L, because it is closer to the other crack.

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 24, No. 1, 2023



Mojtaba Ayatollahi et al.

63

Ay I 9 o
;x Yy
— y
3
L L R
Lo — h
3 le N
2L 2L
»
I v
a
(b)
Figure 9 Two collinear cracks in functionally graded piezoelectric rectangular plane: (a) C-F-C-F case and C-F-
F-F case.
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Figure 10 Variation of stress dynamic stress intensity factors of two collinear cracks for different crack distances:
(a) C-F-C-F case and C-F-F-F case.

2L
! |
[ |
I R,
I R
2L l
X
f— ey |
(@)
2L T
. >
s R,
———
i | | h
v e
g i
™ 2 L 1
;'x -y
. |
‘ a
(b)

Figure 11 Two parallel off-center cracks in functionally graded piezoelectric rectangular plane: (a) C-F-C-F case
and C-F-F-F case.
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Two off-center equal-length cracks which are parallel to the FGPRP edges are shown in Figures
11a and 11b. The lengths of cracks remain fixed while the crack distances from the lower
boundary are changed.

The variations of dimensionless DSIFs versus dimensionless time t/t, are depicted in Figures
12a and 12b. For the C-F-C-F case, two peaks of the curve of dynamic stress intensity factor
become greater as Y, /h rises.
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Figure 12 Variation of stress dynamic stress intensity factors of two off-center cracks for different crack
distances: (a) C-F-C-F case and C-F-F-F case.
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5 Conclusions

In this paper, the transient response of a cracked functionally graded piezoelectric rectangular
plane subjected to dynamic electromechanical loads is investigated. Fourier and Laplace
transform technique is implemented to obtain a new analytical transient solution for electro-
elastic dislocation in the rectangular plane. The solution obtained in this study could be
considered to be a Green function for the cracked problem. Hence, this solution is utilized to
construct integral equations for the cracked FGPRP under different boundary conditions. The
effect of boundary conditions of the rectangular plane on the DSIFs is considered and discussed.
Furthermore, the formulation can be extended to analyze more complicated problems involving
several parallel cracks with any patterns. The numerical results also showed that it is possible to
impede the crack propagation by decreasing the FG exponent.

The authors report there are no competing interests to declare.
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Appendix A:

The unknown functions in Eq. (14) for C-F-C-F case:
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2,0
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A-3

=0, A-5

1n
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Appendix B:
The unknown functions in Eq. (14) for the C-F-F-F case are:
_ : Y
o, = Lacosh(O)-1sinh OB e, g o

2,0

Ho
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A - s Cosh(unC)—finh(luné)]bwz(S)eyC sin(B.n), A, =0 B-6
' M |
g __lK,sinh(u h)—ycosh(u, h)]lp, cosh(u,§)—ysinh(p,O)b,,(s)e" sin(B.m) B-7
1n u B [ysinh(u h)—p cosh(p h)] '
oM sir.lh[un(h—C)]bwz(S)eyg sin(B.1) B-8
20~ B [ysinh(u_h)—p_cosh(p h)] !
§ cosh( £)—ysinh(8 b _(s)-b i
1B, cosh@,)-sin %“5@][& OO . ¢, =0 B-9
_[3,sinh(8 h)—ycosh(5 h)][6, cosh(5 C)- ysinh(éng)]evé sin(B.m)
B,3,[ySinh(3, ) -5, cosh(3 ] S
x[ab  (s)- b(PZ (s)]
B.[ab_ (s)-b_(s)]sinh[8 (h-L)le™
_ ¢ sin(B,n) B-11

Zn 5 [ysinh(3 h)—5_cosh( h)]
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