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1 Introduction 

 

This paper presents an investigation on coupled thermoelasticity of functionallygraded 

cylindrical shell resting on elastic foundation. Shell structures under thermal shock loads are 

frequently encountered in the structural design problems. Free vibrations of a cylindrical shell 

partially resting on elastic foundation is reported in [1]. Paliwal[2] presented the free 

vibrations of a cylindrical shell on an elastic foundation. These articles deal with the effect of 

elastic foundation on the vibration behavior of the cylindrical shells.  

                                                                                                                                                                                     
*Ph.D. Candidate, Department of Mechanical Engineering, Shahid Rajaee Teacher Training University, Tehran, 

Iran, h.elyasi.m@gmail.com 

†Corresponding author, Associate Professor, Department of Mechanical Engineering, Shahid Rajaee Teacher 

Training University, Tehran, Iran, g.payganeh@sru.ac.ir 

‡Associate Professor, Department of Mechanical Engineering, Shahid Rajaee Teacher Training University, 

Tehran, Iran, majid.shahgholi@sru.ac.ir  
§Professor, Department of Mechanical Engineering, Amirkabir University of Technology, Tehran, Iran, 

eslami@aut.ac.ir  
 

Received: 2023/03/19, Revised: 2023/05/11, Accepted: 2023/09/23       

Nonlinear Coupled Thermoelasticity 

of Cylindrical Shells Resting on 

Elastic Foundation 
Kinematically nonlinear coupled thermoelasticity of the FGM 

cylindrical shell resting on elastic foundations is investigated under 

heat shock. The energy and equations of motion are solved 

simultaneously as a system of equations for an FG cylindrical shell. 

It is assumed that the shell is resting on the nonlinear Winkler 

elastic foundation. The classical theory of coupled thermoelasticity 

along with the first order shear deformation shell theory are used to 

solve the problem. The finite element method is employed to 

numerically solve the problem in the space domain and the 

Newmark method in time domain. Temperature distribution across 

the shell thickness is considered to be linear. The radial 

displacement distributions for different values of the power law 

index and the Winkler coefficients are plotted in terms of time. 
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Sofiev[3] presented large amplitude vibrations of FGM orthotropic cylindrical shells 

interacting with the nonlinear Winkler elastic foundation. The study intends to investigate the 

large amplitude vibration of functionally graded material cylindrical shells interacting with 

the nonlinear Winkler elastic foundation in the framework of Donnell’s shell theory. 

For extremely small thermal shock load periods, the coupled thermoelasticity theory is 

recommended to be considered [4]. Coupled thermoelasticity of cylindrical shells made of 

homogeneous, functionally graded materials, and composite materials based on the classical 

coupled thermoelasticity theory are reported in [5-10]. Coupled thermoelasticity of circular 

plates made of functionally graded materials under lateral thermal shock load is reported by 

Jafarinezhad and Eslami [11].  

The generalized thermoelasticity of orthotropic cylindrical shells using the perturbation 

method is reported by Wu et al [12]. Eliasi and Eslami presented coupled thermoelasticity of 

FGM truncated conical shells [13]. Free vibration analysis of FGM cylindrical shells 

surrounded by Pasternak elastic foundation in thermal environment, considering fluid-

structure interaction, is reported in [14]. Alibeigloo [15] has studied the coupled 

thermoelasticity of carbon nano tube reinforced composite rectangular plate under thermal 

shock load. 

The present article deals with the nonlinear classical thermoelasticity problem of a Titanium–-

Zirconia functionally graded thin cylindrical shell resting on elastic foundation under 

impulsive thermal shock load, where the kinematical relations are assumed to be nonlinear. 

The material properties are graded across the thickness direction according to a volume 

fraction power law distribution. The governing equations are based on the Sanders theory for 

nonlinear strain-displacement relations. The Galerkin finite element method is used to solve 

the nonlinear governing equations. The Newmark method for the nonlinear equations is used 

to obtain the solution in time domain. The solution is verified with the known data in 

literature for the linear coupled thermoelasticity of thin cylindrical shells and nonlinear 

coupled thermoelasticity of thin cylindrical shell. The effect of elastic foundation on lateral 

displacement of cylindrical shell is investigated in this article. The numerical results are 

obtained for the lateral displacement component under several types of thermal shocks and 

several power law indices. 

 
2 Analysis 
  

The material properties of the functionally graded shell, such as Young’s modules 𝐸(𝑧), 
thermal expansion coefficient 𝛼(𝑧), thermal conduction coefficient 𝑘(𝑧), specific heat 

conduction 𝑐(𝑧), and density 𝜌(𝑧) are described across the shell thickness using the power 

law distribution, where 𝑧 is the thickness coordinate (−
ℎ

2
≤ 𝑧 ≤

ℎ

2
), and ℎ is thickness of the 

shell. We assume that the functionally graded shell is made of metal-phase and ceramic-

phase. It is assume that 𝑉𝑚 and 𝑉𝑐 represent the volumes of metal and ceramic phases, 

respectively, and the volume fraction of each constituent material is denoted by 
 

 𝑓𝑚 =
𝑉𝑚

𝑉𝑚 + 𝑉𝑐
𝑓𝑐 =

𝑉𝑐
𝑉𝑚 + 𝑉𝑐

 (1)
 

 𝑓𝑚 + 𝑓𝑐 = 1 
 

(2) 
 

The volume fraction is assumed to follow a power law function as 
 
 

 𝑓𝑚 = (
2𝑧 + ℎ

2ℎ
)
𝑖

,        𝑓𝑐 = 1 − 𝑓𝑚          𝑖 ≥ 0 (3)
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where 𝑖 represents the power law index and its variation represents the material variation 

through the shell thickness. When value of 𝑖 equals to zero, it represents a fully metal and 

when infinity it represents a fully ceramic shell. It is assumed that Poisson’s ratio is constant 

across the shell thickness due to its small variations for the constituent materials. 

 

 

𝐸(𝑧) = 𝐸𝑐 + 𝐸𝑚𝑐𝑓𝑚
𝛼(𝑧) = 𝛼𝑐 + 𝛼𝑚𝑐𝑓𝑚
𝐾(𝑧) = 𝑘𝑐 + 𝑘𝑚𝑐𝑓𝑚
𝜌(𝑧) = 𝜌𝑐 + 𝜌𝑚𝑐𝑓𝑚
𝑐(𝑧) = 𝑐𝑐 + 𝑐𝑚𝑐𝑓𝑚

 (4)
 

 

where 
 

 

𝐸𝑚𝑐 = 𝐸𝑚 − 𝐸𝑐
𝛼𝑚𝑐 = 𝛼𝑚 − 𝛼𝑐
𝐾𝑚𝑐 = 𝐾𝑚 − 𝐾𝑐
𝜌𝑚𝑐 = 𝜌𝑚 − 𝜌𝑐
𝑐𝑚𝑐 = 𝑐𝑚 − 𝑐𝑐

 (5)
 

 
 

In this article, the FG cylindrical shell resting on the nonlinear Winkler elastic foundation is 

considered. The reaction–-deflection relation of mechanical model for elastic foundation is 

assumed to be 
 

 𝑁𝑤 = 𝐿𝐿𝑤0 + 𝐾𝑁𝐿𝑤0
3 (6)

 

 
where 𝑁𝑤 is the density of reaction force of the elastic foundation, 𝐾𝐿 and 𝐾𝑁𝐿 are the linear 

and nonlinear Winkler elastic foundation coefficients, respectively, and 𝑤 is the displacement 

components in the 𝑧-direction. 

 
2.1 Strain-displacement relations 

 

Consider a thin FGM cylindrical shell with length 𝐿, thickness ℎ, and mid-thickness radius 𝑅. 

The cylindrical coordinates (𝑥, 𝜃, 𝑧) are considered along the axial, circumferential, and radial 

directions, respectively, as shown in Fig. (1). 
 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
 

 
 

 
 

 

Figure 1 Cylindrical shell resting on elastic foundation with displacement fields 
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It is assumed that the thermal shock load is axisymmetric. Considering the first-order shear 

deformation theory, the displacement components in terms of the mid-plane displacements are 

 

 
𝑢(𝑥, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑧𝜑𝑥(𝑥, 𝑡)

𝑤(𝑥, 𝑧, 𝑡) = 𝑤0(𝑥, 𝑡)
 (7)

 

 

Where 𝑢0 and 𝑤0 present the displacement components of the middle surface of the 

shell and 𝜑𝑥 is the rotation of tangent line to the middle plane about the 𝑥-axis. 
Normal and shear strains at any point across the thickness of the cylindrical shell at a distance 

𝑧 away from the middle plane according to the nonlinear Sanders assumption are 
 
 

 

𝜀𝑥 =
∂𝑢∘
∂𝑥

+ 𝑧
∂𝜑𝑥
∂𝑥

+
1

2
(
∂𝑤0
∂𝑥

)
2

𝜀𝜃 =
𝑤0
𝑟

𝛾𝑥𝑧 = 𝜑𝑥 +
∂𝑤0
∂𝑥

 

 

(8)
 

 
 

2.2 Stress-strain relations 

 

According to Hooke’s law, the stress-strain relationship is 

 

 {

𝜎𝑥
𝜎𝜃
𝜏𝑥𝑧
} = [

𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄55

] {
𝜀𝑥 − 𝛼𝛥𝑇
𝜀𝜃 − 𝛼𝛥𝑇
𝛾𝑥𝑧

} (9) 

 

 

where 
 
 
 

 𝑄11 = 𝑄22 =
𝐸(𝑧)

1 − 𝜈2
,  𝑄12 =

𝜈𝐸(𝑧)

1 − 𝜈2
,  𝑄55 =

𝐸(𝑧)

2(1 + 𝜈)
 (10) 

 

 

Using Eqs. (8) through (9a) the force and bending moment resultants are 

 

 

{
 
 

 
 
𝑁𝑥𝑥
𝑁𝜃𝜃
𝑀𝑥𝑥

𝑀𝜃𝜃

𝑄𝑥𝑧}
 
 

 
 

=

[
 
 
 
 
𝐴11 𝐴12 𝐵11 𝐵12 0
𝐴12 𝐴22 𝐵12 𝐵22 0
𝐵11 𝐵12 𝐷11 𝐷12 0
𝐵12 𝐵22 𝐷12 𝐷22 0
0 0 0 0 𝐴55]

 
 
 
 

{
 
 
 
 

 
 
 
 
∂𝑢0
∂𝑥

+
1

2
(
∂𝑤0
∂𝑥

)
2

𝑤0
𝑅
∂𝜑𝑥
∂𝑥
0

∂𝑤0
∂𝑥

+ 𝜑𝑥 }
 
 
 
 

 
 
 
 

−

{
 
 

 
 
𝑁𝑇

𝑁𝑇

𝑀𝑇

𝑀𝑇

0 }
 
 

 
 

 

 

(11) 

where 𝐴𝑖𝑗, 𝐵𝑖𝑗, and 𝐷𝑖𝑗 are defined in the Appendix. The thermal force and bending moment 

resultants are defined as 
 
 

 𝑁𝑇 = ∫
𝐸(𝑧)𝛼(𝑧)

1 − 𝜈2
𝛥𝑇𝑑𝑧

ℎ

2

−
ℎ

2

 (12) 
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𝑀𝑇 = ∫
𝐸(𝑧)𝛼(𝑧)

1 − 𝜈2
𝛥𝑇𝑧𝑑𝑧

ℎ

2

−
ℎ

2

 

 

Substituting the strain-displacement and stress-strain relations in the above relations, provides 

the force and bending moment resultants in terms of the displacement components and 

temperature for the cylindrical shell. 

 
2.3 Equations of motion and boundary conditions 

 
The Hamilton principle is used to obtain the equations of motion of a thin cylindrical shell 

resting on elastic foundation. According to Hamilton’s principle, the equations of motion are 

derived through the following variational equation. The kinetic and potential energies and the 

density of reaction force of the elastic foundation are placed in Hamilton’s relation 

 

 ∫(𝛿𝐾 − 𝛿𝐻 + 𝛿𝑊)𝑑𝑡 = 0

𝑡

0

 (13) 

 

where 𝐾, 𝐻, and 𝑊 are the kinetic energy, strain energy, and the work done by the applied 

loads of the FG cylindrical shell, including the work done by foundation reaction. 

The nonlinear equations of motion of the assumed thin cylindrical shell resting on elastic 

foundation are then derived as  

 

 

𝑁𝑥𝑥,𝑥 − 𝐼1𝑢̈∘ − 𝐼2𝜑̈𝑥 = 0 

𝑁𝑥𝑥,𝑥(𝑤0,𝑥) − 𝑁𝑥𝑥(𝑤0,𝑥𝑥) +
𝑁𝜃𝜃
𝑅
− 𝑄𝑥𝑧,𝑥 − 𝐼1𝑤̈0 − 𝐾𝐿ℎ𝑤0 − 𝐾𝑁𝐿ℎ𝑤0

3 = 0 

𝑀𝑥𝑥,𝑥 + 𝑄𝑥𝑧 − 𝐼2𝑢̈∘ − 𝐼3𝜑̈𝑥 = 0 

(14) 

 

where 
 

 

𝐼1 = ∫ 𝜌(𝑧)𝑑𝑧 

𝐼2 = ∫ 𝜌(𝑧)𝑧𝑑𝑧 

𝐼3 = ∫ 𝜌(𝑧)𝑧2𝑑𝑧 

(15) 

 
Using Hamilton’s principle, the force and kinematical natural boundaryconditions are derived 

as 

  

 

N𝑥𝑥(𝛿𝑢0) = 𝑁𝑥𝑥𝑜𝑟𝑢0 = 𝑢̅0 

V𝑥(𝛿𝑤0) = 𝑄̅𝑥 + 𝑁𝑥𝑥𝑤̅0,𝑥𝑜𝑟𝑤0 = 𝑤̅0 

𝑀𝑥𝑥(𝛿𝜑𝑥) = 𝑀̅𝑥𝑥𝑜𝑟𝜑𝑥 = 𝜑̅𝑥  

(16) 

 

The barred symbols here represent the known values of the parameters. Using the force and 

bending moment resultants and substituting into the equations of motion, the equations are 

obtained in terms of the displacement components as 
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First equation of motion 
 
 

 
−𝐴11

𝜕2𝑢0
𝜕𝑥2

− 𝐴11.
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

− 𝐴12
1

𝑟

𝜕𝑤0
𝜕𝑥

− 𝐵11. (
𝜕2𝜑𝑥
𝜕𝑥2

) + (𝑅1 + 𝑅12)
𝜕𝑇0
𝜕𝑥

+ (𝑅2 + 𝑅22)
𝜕𝑇1
𝜕𝑥

− 𝐼1
𝜕𝑢0
𝜕𝑡2

− 𝐼2
𝜕𝜑𝑥
𝜕𝑡2

= 0 

(17) 

 

Second equation of motion 
 

 
−𝐴11

𝜕2𝑢0
𝜕𝑥2

(
𝜕𝑤0
𝜕𝑥

) − 𝐴11 (
𝜕𝑤0
𝜕𝑥

)
2

(
𝜕2𝑤0
𝜕𝑥2

) − 𝐴12
1

𝑟
(
𝜕𝑤0
𝜕𝑥

)
2

− 𝐵11. (
𝜕2𝜑𝑥
𝜕𝑥2

)(
𝜕𝑤0
𝜕𝑥

) + (𝑅1 + 𝑅12)
𝜕𝑇0
𝜕𝑥

(
𝜕𝑤0
𝜕𝑥

)

+ (𝑅2 + 𝑅22)
𝜕𝑇1
𝜕𝑥

(
𝜕𝑤0
𝜕𝑥

)−𝐴11
𝜕𝑢0
𝜕𝑥

(
𝜕2𝑤0
𝜕𝑥2

)

− 𝐴11
1

2
(
𝜕𝑤0
𝜕𝑥

)
2

(
𝜕2𝑤0
𝜕𝑥2

) − 𝐴12
1

𝑟
𝑤0 (

𝜕2𝑤0
𝜕𝑥2

)

− 𝐵11 (
𝜕2𝑤0
𝜕𝑥2

)(
𝜕𝜑𝑥
𝜕𝑥

) + (𝑅1 + 𝑅12)𝑇0 (
𝜕2𝑤0
𝜕𝑥2

)

+ (𝑅2 + 𝑅22)𝑇1 (
𝜕2𝑤0
𝜕𝑥2

) + 𝐴12
1

𝑟

𝜕𝑢0
𝜕𝑥

+ 𝐴12
1

𝑟

1

2
(
𝜕𝑤0
𝜕𝑥

)
2

+ 𝐴22
1

𝑟2
𝑤0 + 𝐵12

1

𝑟
(
𝜕𝜑𝑥
𝜕𝑥

) − (𝑅1 + 𝑅12)
1

𝑟
𝑇0 − (𝑅2 + 𝑅22)

1

𝑟
𝑇1

− 𝐴55. (
𝜕2𝑤0
𝜕𝑥2

+
𝜕𝜑𝑥
𝜕𝑥

) − 𝐼1
𝜕2𝑤0
𝜕𝑡2

− 𝐾𝐿ℎ𝑤0 − 𝐾𝑁𝐿ℎ𝑤0
3 = 0 

(18) 

 

Third equation of motion 
 
 

 

−𝐵11.
∂2𝑢0
∂𝑥2

− 𝐵11 (
∂2𝑤0
∂𝑥2

) (
∂𝑤0
∂𝑥

) −
𝐵12
𝑟
(
∂𝑤0
∂𝑥

) − 𝐷11 (
∂2𝜑𝑥
∂𝑥2

) + (𝑅2 + 𝑅22) (
∂𝑇0
∂𝑥
)

+(𝑅3 + 𝑅33) (
∂𝑇1
∂𝑥
) + 𝐴55 (

∂𝑤0
∂𝑥

+ 𝜑𝑥) − 𝐼2
∂2𝑢0
∂𝑡2

− 𝐼3
∂2𝜑𝑥
∂𝑡2

= 0

 (19) 

 
2.4 Energy equations 

 
The classical theory of coupled thermoelasticity for the FG cylindrical shell is considered as [4] 
 

 𝜌𝑐𝜀𝑇̇ + 𝛽𝑇𝑎𝜀𝑖̇𝑖 = (𝑘𝑇,𝑖),𝑖 (20) 
 

Where 𝜌 is the mass density, 𝑐𝜖 is the specific heat at constant strain, 𝛽 = 𝛼(3𝜆 + 2𝜇), 𝑇𝑎 is 

the reference temperature, 𝑘 is the heat conduction coefficient. This equation may be written 

in expanded form for the assumed conditions. We move all terms of the equation to the left 

side of the equation and calling it the residue 𝑅(𝑇). The resulting residue 𝑅(𝑇) is made 

orthogonal with respect to 1 and 𝑧. This yields two independent equations for 𝑇0 and 𝑇1, as it 

is made orthogonal with respect to 1 and 𝑧 for 𝑇0 and 𝑇1 . Temperature distribution may be 

considered linear across the shell thickness as 
 
 

 𝑇(𝑥, 𝜃, 𝑧, 𝑡) − 𝑇𝑎 = 𝑇0(𝑥, 𝜃, 𝑡) + 𝑧𝑇1(𝑥, 𝜃, 𝑡) (21) 
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The assumed temperature distribution is substituted into the energy equation [22] and the 

resulting residue 𝑅𝑒(𝑇, 𝑧) is made orthogonal with respect to 1 and 𝑧. This yields two 

independent equations for 𝑇0 and 𝑇1 as 

 
 

 
∫ 𝑅𝑒. 𝑑𝑧 = 0

∫ 𝑅𝑒. 𝑧. 𝑑𝑧 = 0
 (22) 

  
The boundary conditions for energy equation are considered as 

 

 𝑘(−ℎ/2)
𝜕𝑇

𝜕𝑧
|
−
ℎ

2

= 𝑄𝑖 ,             𝑧 = −
ℎ

2
 

 

(23) 

 𝑘(ℎ/2)
𝜕𝑇

𝜕𝑧
|

ℎ

2

= 𝑄𝑜,                𝑧 =
ℎ

2
 

 

(24) 

 𝑘
𝜕𝑇

𝜕𝑥
|
0
= 0,                               𝑥 = 0 

 

(25) 

 𝑘
𝜕𝑇

𝜕𝑥
|
𝐿

= 0,                                 𝑥 = 𝐿 

 

(26) 

 

where 𝐿 is the cylinder length and 𝑄𝑖 and 𝑄𝑜 are the heat flux applied to the inside and outside 

shell surfaces, respectively. The two energy equations in terms of the displacement 

components are written as follow. The coefficients are given in the Appendix. 
 

First: 
 
 
 

 
[𝑇𝑎(𝑅1 + 𝑅12) (

∂2

∂𝑥 ∂𝑡
)] 𝑢0 +

1

2
[𝑇𝑎(𝑅1 + 𝑅12) (

∂

∂𝑡
)] (𝑤0,𝑥)

2

+ [𝑇𝑎(𝑅1 + 𝑅12)
1

𝑟
(
∂

∂𝑡
)]𝑤0 + [𝑇𝑎(𝑅2 + 𝑅22) (

∂2

∂𝑥 ∂𝑡
)]𝜑𝑥

+ [𝐶11. (
∂

∂𝑡
) − 𝐾1.

∂2

∂𝑥2
] 𝑇0 + [𝐶22. (

∂

∂𝑡
) − 𝐾2.

∂2

∂𝑥2
] 𝑇1

= 𝑄𝑜 − 𝑄𝑖

 (27) 

 

 

Second: 
 
 

 

 
[𝑇𝑎(𝑅2 + 𝑅22) (

∂2

∂𝑥 ∂𝑡
)] 𝑢0 +

1

2
[𝑇𝑎(𝑅2 + 𝑅22) (

∂

∂𝑡
)] (𝑤0,𝑥)

2

+[𝑇𝑎(𝑅2 + 𝑅22)
1

𝑟
(
∂

∂𝑡
)]𝑤0 + [𝑇𝑎(𝑅3 + 𝑅32) (

∂2

∂𝑥 ∂𝑡
)]𝜑𝑥

+[𝐶22. (
∂

∂𝑡
) − 𝐾2.

∂2

∂𝑥2
] 𝑇0 + [𝐶33 (

∂

∂𝑡
) − 𝐾3.

∂2

∂𝑥2
+𝐾1] 𝑇1

=
ℎ

2
(𝑄𝑜 + 𝑄𝑖)

 (28) 
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The resulting energy equations, as given by Eqs, [26] and [27], are nonlinear due to the 

assumed nonlinear kinematical relation. 

The simultaneous solution of the nonlinear equations of motion and nonlinear energy 

equations provide a system of equations to be used to determine the vibrations of the shell 

under the applied thermal shock load and with elastic foundation. This system of equations 

involves five unknown functions 𝑢0, 𝑤0, 𝜑𝑥, 𝑇0, and 𝑇1 as functions of time for the coupled 

thermoelasticity problem of functionally graded cylindrical shell. 

A numerical technique is used to solve the governing equations in time domain and the 

Galerkin finite element method employed to obtain the solution in the space domain. Before 

solving the problem, the governing equations are made dimensionless. For this purpose, the 

following dimensionless parameters are defined [4] 

dimensionless length: 

 
 
 

 x̅ =
𝑥

𝐿
 (29) 

 

 

dimensionless time: 
 
 
 

 𝑡‾0 =
𝑡0𝐶1

𝐿
,    𝑡‾ =

𝑡𝐶1

𝐿
 (30) 

 
 

 

dimensionless temperature: 
 
 

 
 

 ΔT̅ =
𝑇 − 𝑇𝑎
𝑇𝑎

𝑇̅0 =
𝑇0
𝑇𝑎
𝑇̅1 =

𝐿𝑇1
𝑇𝑎

 (31) 
 

 

 

dimensionless displacement field: 
 
 
 
 

 𝑢‾0 =
(𝜆𝑚 + 2𝜇𝑚)𝑢0

𝐿𝛾𝑚𝑇𝑎
, 𝑤‾ 0 =

(𝜆𝑚 + 2𝜇𝑚)𝑤0
𝐿𝛾𝑚𝑇𝑎

, 𝜑‾𝑥 =
(𝜆𝑚 + 2𝜇𝑚)𝜑𝑥

𝛾𝑚𝑇𝑎
 (32) 

 

 
 

 

dimensionless stress: 
 
 

 

 𝜎‾𝑖𝑗 =
𝜎𝑖𝑗

𝛾𝑚𝑇𝑎
 (33) 

 

 
 

 

Where 
 
 

 

L =
km

𝜌𝑚𝐶𝑚𝐶1
 (34) 

 

𝐶1 = √
𝜆𝑚 + 2𝜇𝑚

𝜌𝑚
 (35) 

 
 

 

 

and 𝛾𝑚,  𝜆𝑚,  𝜇𝑚,  𝜌𝑚,  𝑐𝑚,  𝑘𝑚, and 𝜐 are the metal physical constants. 
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2.5 Finite Element Method 

  
The dimensionless equations of motion and energy are solved with the Galerkin method in 

space domain and Newmark method in time domain. The linear shape function is employed to 

model the finite element equations. Proper explanations for the accuracy and convergence of 

this model is provide by Hetnarski and Eslami in reference.  

Due to the assumed symmetric thermal loading condition, only the longitudinal element is 

required. Calling the element function 𝜙(𝑒) along the longitudinal direction, the variation in 

the base element (𝑒) is 
 
 
 

 
 

 
 

 𝜙(𝑒) = 𝑁𝑖𝜙𝑖 + 𝑁𝑗𝜙𝑗 (36) 

 
and the shape functions in terms of the local coordinate 𝜉 are 
 

 
 

 

{𝑁} = {
𝑁𝑖
𝑁𝑗
} = {

1

2
(1 − 𝜉)

1

2
(1 + 𝜉)

}  

 

 

The variations of the unknown functions involved in the governing equations in the base 

element (𝑒) are 
 

 

𝑢‾0(𝑥, 𝑡) =< 𝑁𝑢0𝑖    𝑁𝑢0𝑗 > {
𝑈0𝑖(𝑡)

𝑈0𝑗(𝑡)
} 

𝑤‾ 0(𝑥, 𝑡) =< 𝑁𝑤0𝑖      𝑁𝑤0𝑗 > {
𝑊0𝑖(𝑡)

𝑊0𝑗(𝑡)
} 

𝜑̅𝑥(𝑥, 𝑡) =< 𝑁𝜑𝑥𝑖     𝑁𝜑𝑥𝑗 > {
𝜙𝑥𝑖(𝑡)

𝜙𝑥𝑗(𝑡)
} 

𝑇0(𝑥, 𝑡) =< 𝑁𝑇0𝑖     𝑁𝑇0𝑗 > {
𝑇𝑇0𝑖(𝑡)

𝑇𝑇0𝑗(𝑡)
} 

𝑇̅1(𝑥, 𝑡) =< 𝑁𝑇1𝑖    𝑁𝑇1𝑗 > {
𝑇𝑇1𝑖(𝑡)

𝑇𝑇1𝑗(𝑡)
} 

 

 

The dimensionless nonlinear equations of motion and energy, employing the assumed shape 

functions given above and proper weak formulations for the coupled problem [22], are written as 

 
 

 

 

∫(
2𝐴11

(𝜆𝑚 + 2𝜇𝑚)𝐿

∂𝑁𝑢0𝑙
∂𝜉

1

−1

∂𝑁𝑢0
∂𝜉

𝑈0(𝑡) +
2𝛾𝑚𝑇𝑎𝐴11

(𝜆𝑚 + 2𝜇𝑚)2𝐿

∂𝑁𝑢0𝑙
∂𝜉

∂𝑁𝑤0
∂𝜉

𝑊0(𝑡)
∂𝑁𝑤0
∂𝜉

𝑊0(𝑡)

+
𝐴12

(𝜆𝑚 + 2𝜇𝑚)𝑟

∂𝑁𝑢0𝑙
∂𝜉

𝑁𝑤0𝑊0(𝑡) +
2𝐵11

(𝜆𝑚 + 2𝜇𝑚)𝐿2
∂𝑁𝑢0𝑙
∂𝜉

∂𝑁𝜑𝑥

∂𝜉
𝜙𝑥(𝑡)

−
(𝑅1 + 𝑅12)

𝛾𝑚𝐿

∂𝑁𝑢0𝑙
∂𝜉

𝑁𝑇0𝑇𝑇0(𝑡) −
(𝑅2 + 𝑅22)

𝛾𝑚𝐿2
∂𝑁𝑢0𝑙
∂𝜉

𝑁𝑇1𝑇𝑇1(𝑡)

+
𝐼1

2𝜌𝑚𝐿
𝑁𝑢0𝑙𝑁𝑢0

∂2𝑈0(𝑡)

∂𝑡‾2
+

𝐼2
2𝜌𝑚𝐿2

𝑁𝑢0𝑙𝑁𝜑𝑥
∂2𝜙𝑥(𝑡)

∂𝑡‾2
)𝑑𝜉 = −𝑁𝑢0𝑙𝑁‾𝑥𝑥|−1

1

 

 

(37) 
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∫(
𝐴12

(𝜆𝑚 + 2𝜇𝑚)𝑟2
𝜕𝑁𝑤0𝑙
𝜕𝜉

𝑁𝑢0𝑈0(𝑡) +
4𝛾𝑚𝑇𝑎𝐴11

(𝜆𝑚 + 2𝜇𝑚)2𝐿

𝜕𝑁𝑤0𝑙
𝜕𝜉

𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)
𝜕𝑁𝑢0
𝜕𝜉

𝑈0(𝑡)

1

−1

+
2𝛾𝑚𝑇𝑎𝐴12

(𝜆𝑚 + 2𝜇𝑚)2𝑟
×
𝜕𝑁𝑤0𝑙
𝜕𝜉

𝑁𝑤0𝑊0(𝑡)
𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)

+
𝛾𝑚𝑇𝑎𝐴12

(𝜆𝑚 + 2𝜇𝑚)2𝑟
𝑁𝑤0𝑙

𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)
𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)

+
2𝐴55

(𝜆𝑚 + 2𝜇𝑚)𝐿

𝜕𝑁𝑤0𝑙
𝜕𝜉

𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡) +
𝐴22𝐿

2(𝜆𝑚 + 2𝜇𝑚)𝑟2
𝑁𝑤0𝑙𝑁𝑤0𝑊0(𝑡)

+
4𝐴11(𝛾𝑚𝑇𝑎)

2

(𝜆𝑚 + 2𝜇𝑚)3𝐿

𝜕𝑁𝑤0𝑙
𝜕𝜉

𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)
𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)
𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)

+
4𝐵11𝛾𝑚𝑇𝑎

(𝜆𝑚 + 2𝜇𝑚)2𝐿2
𝜕𝑁𝑤0𝑙
𝜕𝜉

𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡)
𝜕𝑁𝜑𝑥

𝜕𝜉
𝜙𝑥(𝑡)

+
𝐴55

(𝜆𝑚 + 2𝜇𝑚)𝐿

𝜕𝑁𝑤0𝑙
𝜕𝜉

𝑁𝜑𝑥𝜙𝑥(𝑡) +
𝐵12

(𝜆𝑚 + 2𝜇𝑚)𝑟𝐿
𝑁𝑤0𝑙

𝜕𝑁𝜑𝑥

𝜕𝜉
𝜙𝑥(𝑡)

−
(𝑅1 + 𝑅12)

2𝛾𝑚𝑟
𝑁𝑤0𝑙𝑁𝑇0𝑇𝑇0(𝑡) −

(𝑅2 + 𝑅22)

2𝛾𝑚𝑟𝐿
𝑁𝑤0𝑙𝑁𝑇1𝑇𝑇1(𝑡)

−
𝐼1

2𝜌𝑚𝐿
𝑁𝑤0𝑙𝑁𝑤0

𝜕2𝑊0(𝑡)

∂𝑡‾2
− 𝐾𝐿

ℎ

2(𝜆𝑚 + 2𝜇𝑚)
𝑁𝑤0𝑙𝑁𝑤0𝑊0(𝑡)

− 𝐾𝑁𝐿
𝐿2𝛾𝑚

2𝑇𝑎
2ℎ

(𝜆𝑚 + 2𝜇𝑚)3
𝑁𝑤0𝑙𝑁𝑤0𝑊0(𝑡)𝑁𝑤0𝑊0(𝑡)𝑁𝑤0𝑊0(𝑡))  𝑑𝜉

= −𝑁𝑤0𝑙𝑄 ‾𝑥|−1
1
−(

2𝛾𝑚𝑇𝑎
(𝜆𝑚 + 2𝜇𝑚)

)𝑁𝑤0𝑙
𝜕𝑁𝑤0
𝜕𝜉

𝑊0(𝑡). 𝑁 ‾𝑥𝑥|
−1

1

 

 

(38) 

 

∫(
2𝐵11

(𝜆𝑚 + 2𝜇𝑚)𝐿2
∂𝑁𝑥𝜑𝑙

∂𝜉

∂𝑁𝑢0
∂𝜉

𝑈0(𝑡)

1

−1

+
2𝛾𝑚𝑇𝑎𝐵11

(𝜆𝑚 + 2𝜇𝑚)2𝐿2
∂𝑁𝜑𝑥𝑙

∂𝜉

∂𝑁𝑤0
∂𝜉

𝑊0(𝑡)
∂𝑁𝑤0
∂𝜉

𝑊0(𝑡)

+
𝐵12

(𝜆𝑚 + 2𝜇𝑚)𝐿𝑟

∂𝑁𝜑𝑥𝑙

∂𝜉
𝑁𝑤0𝑊0(𝑡) +

𝐴55
(𝜆𝑚 + 2𝜇𝑚)𝐿

𝑁𝜑𝑥𝑙
∂𝑁𝑤0
∂𝜉

𝑊0(𝑡)

+
2𝐷11

(𝜆𝑚 + 2𝜇𝑚)𝐿3
∂𝑁𝜑𝑥𝑙

∂𝜉

∂𝑁𝜑𝑥

∂𝜉
𝜙𝑥(𝑡) +

𝐴55
2(𝜆𝑚 + 2𝜇𝑚)𝐿

𝑁𝜑𝑥𝑙𝑁𝜑𝑥𝜙𝑥(𝑡)

−
(𝑅2 + 𝑅22)

𝛾𝑚𝐿2
∂𝑁𝜑𝑥𝑙

∂𝜉
𝑁𝑇0𝑇𝑇0(𝑡) −

(𝑅3 + 𝑅32)

𝛾𝑚𝐿3
∂𝑁𝜑𝑥𝑙

∂𝜉
𝑁𝑇1𝑇𝑇1(𝑡)

+
𝐼2

2𝜌𝑚𝐿2
𝑁𝜑𝑥𝑙𝑁𝑢0

∂2𝑈0(𝑡)

∂𝑡‾2
+

𝐼3
2𝜌𝑚𝐿3

𝑁𝜑𝑥𝑙𝑁𝜑𝑥
∂2𝜙𝑥(𝑡)

∂𝑡‾2
)𝑑𝜉

= −𝑁𝜑𝑥𝑙𝑀 ‾𝑥𝑥|−1
1

 

(39) 
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∫

1

−1

(𝑅1 + 𝑅12)𝑇𝑎
(𝜆𝑚 + 2𝜇𝑚)𝐿2

𝑁𝑇0𝑙
∂𝑁𝑢0
∂𝜉

∂𝑈0(𝑡)

∂𝑡‾

+
(𝑅1 + 𝑅12)2𝑇𝑎

2𝛾𝑚
(𝜆𝑚 + 2𝜇𝑚)2𝐿2

𝑁𝑇0𝑙
∂𝑁𝑤0
∂𝜉

𝑊0(𝑡)
∂𝑁𝑤0
∂𝜉

∂𝑊0(𝑡)

∂𝑡‾

+
(𝑅1 + 𝑅12)𝑇𝑎
(𝜆𝑚 + 2𝜇𝑚)2𝑟

𝑁𝑇0𝑙𝑁𝑤0
∂𝑊0(𝑡)

∂𝑡‾
+
(𝑅2 + 𝑅22)𝑇𝑎
(𝜆𝑚 + 2𝜇𝑚)𝐿2

𝑁𝑇0𝑙
∂𝑁𝜑𝑥

∂𝜉

∂𝜙𝑥(𝑡)

∂𝑡‾

+
𝐶11
𝛾𝑚

1

2𝐿
𝑁𝑇0𝑙𝑁𝑇0

∂𝑇𝑇0(𝑡)

∂𝑡‾
+
𝐶22
𝛾𝑚

1

2𝐿2
𝑁𝑇0𝑙𝑁𝑇1

∂𝑇𝑇1(𝑡)

∂𝑡‾

+
2𝐾2

𝛾𝑚𝐶1𝐿2
∂𝑁𝑇0𝑙
∂𝜉

∂𝑁𝑇0
∂𝜉

𝑇𝑇0(𝑡) +
2𝐾1

𝛾𝑚𝐶1𝐿3
∂𝑁𝑇0𝑙
∂𝜉

∂𝑁𝑇1
∂𝜉

𝑇𝑇1(𝑡))𝑑𝜉

=
1

𝛾𝑚𝑇𝑎𝐿2𝐶1
( ∫𝑁𝑇0𝑙(𝑄𝑜 − 𝑄𝑖)

𝐿

2

1

−1

𝑑𝜉 + 𝑁𝑇0𝑙 (∫ 𝐾(𝑧)
∂𝑇

∂𝜉
𝑑𝑧)|

−1

1

)) 

 

 

(40) 

 

∫

1

−1

(𝑅2 + 𝑅22)𝑇𝑎
(𝜆𝑚 + 2𝜇𝑚)𝐿2

𝑁𝑇1𝑙
∂𝑁𝑢0
∂𝜉

∂𝑈0(𝑡)

∂𝑡‾

+
(𝑅2 + 𝑅22)2𝑇𝑎

2𝛾𝑚
(𝜆𝑚 + 2𝜇𝑚)2𝐿2

𝑁𝑇1𝑙
∂𝑁𝑤0
∂𝜉

𝑊0(𝑡)
∂𝑁𝑤0
∂𝜉

∂𝑊0(𝑡)

∂𝑡‾

+
(𝑅2 + 𝑅22)𝑇𝑎
(𝜆𝑚 + 2𝜇𝑚)2𝐿𝑟

𝑁𝑇1𝑙𝑁𝑤0
∂𝑊0(𝑡)

∂𝑡‾

+
(𝑅3 + 𝑅32)𝑇𝑎
(𝜆𝑚 + 2𝜇𝑚)𝐿3

𝑁𝑇1𝑙
∂𝑁𝜑𝑥

∂𝜉

∂𝜙𝑥(𝑡)

∂𝑡‾
+
𝐶22
𝛾𝑚

1

2𝐿2
𝑁𝑇1𝑙𝑁𝑇0

∂𝑇𝑇0(𝑡)

∂𝑡‾

+
𝐶33
𝛾𝑚

1

2𝐿3
𝑁𝑇1𝑙𝑁𝑇1

∂𝑇𝑇1(𝑡)

∂𝑡‾
+

2𝐾2
𝛾𝑚𝐶1𝐿2

∂𝑁𝑇1𝑙
∂𝜉

∂𝑁𝑇0
∂𝜉

𝑇𝑇0(𝑡)

+
2𝐾3

𝛾𝑚𝐶1𝐿3
∂𝑁𝑇1𝑙
∂𝜉

∂𝑁𝑇1
∂𝜉

𝑇𝑇1(𝑡))𝑑𝜉

=
1

𝛾𝑚𝑇𝑎𝐿2𝐶1
( ∫𝑁𝑇1𝑙. (𝑄𝑜 − 𝑄𝑖)

ℎ𝐿

4

1

−1

𝑑𝜉 + 𝑁𝑇1𝑙 (∫ 𝐾(𝑧)𝑧
∂𝑇

∂𝜉
𝑑𝑧)|

−1

1

)) 

(41) 

 

 

where l = I, j. Note that in the above equations the following matrix notations are considered. 

Here, 𝑄𝑖 and 𝑄𝑜 are the inner and outer non-dimension applied heat flux and 𝐾𝐿 and 𝐾{𝑁𝐿} are 

winkler coefficients. 
 
 
 

𝑈0(𝑡) = {
𝑈0𝑖(𝑡)

𝑈0𝑗(𝑡)
}  
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𝑊0(𝑡) = {
𝑊0𝑖(𝑡)

𝑊0𝑗(𝑡)
} 

𝜙𝑥(𝑡) = {
𝜙𝑥𝑖(𝑡)

𝜙𝑥𝑗(𝑡)
} 

𝑇𝑇0(𝑡) = {
𝑇𝑇0𝑖(𝑡)

𝑇𝑇0𝑗(𝑡)
} 

𝑇𝑇1(𝑡) = {
𝑇𝑇1𝑖(𝑡)

𝑇𝑇1𝑗(𝑡)
} 

 

and 
 
 

 𝑁{𝑢𝑜} =< 𝑁{𝑢0𝑖}   𝑁{𝑢0𝑗} > 

𝑁{𝑤𝑜} =< 𝑁{𝑤0𝑖}   𝑁{𝑤0𝑗} > 

𝑁{𝜑𝑥} =< 𝑁{𝜑𝑥𝑖}   𝑁{𝜑𝑥𝑗} > 

𝑁{𝑇0} =< 𝑁{𝑇0𝑖}   𝑁{𝑇0𝑗} > 

𝑁{𝑇1} =< 𝑁{𝑇1𝑖}   𝑁{𝑇1𝑗} > 

(42) 

 

The set of equations given by Eqs. [37] to [41] for the base element \left(𝑒\right) with nodes 

i and j are assembled for all elements in the solution domain to receive at the following 

general nonlinear finite element equation. 

 

 [𝑀]{𝑋̈} + [𝐶(𝑋)]{𝑋̇} + [𝐾(𝑋)]{X} = {F(𝑡)} (43) 

 

It is noted that due to the nonlinear nature of the governing finite element equations, 

capacitance, and stiffness matrices [𝐶], and [𝐾] are variable dependent 

 
2.6 Numerical method 

 

Due to the nonlinearity of the governing equations and coupling of the displacement terms 

and their derivatives in these equations, an incremental solution method is adopted to check 

the thermal stability of the shell. 

The nonlinear finite element equation (43) is solved by time marching method assuming that 

the initial conditions𝑋̇0and 𝑋0 are given [23, 24]. The force function {F} is the assumed 

thermal shock load known in terms of time and is given at any step time. The numerical 

solution is accomplished through the following steps [25]. 
 

 Step 1. The cylindrical shell is discretized into a number of elements along the axial 

direction with axisymmetric assumption. 

 Step 2. The initial values of the middle surface displacement components, rotation, and 

temperatures 𝑇0 and 𝑇1 in the unknown matrix {𝑋0} are set to zero. The initial first time 

rate of these functions, 𝑋̇0, are also set equal to zero. 

 Step 3. The mass, stiffness, and capacitance matrices are calculated using the initial values 

of mid-plane displacement components give in step 2. 

 Step 4. The matrix {Ẍ0} is calculated from Eq. (43) using the mass, stiffness, and 

capacitance matrices with the given {Ẋ0} and  𝑋0. 

 

 [𝑀]{𝑋̈} + [𝐶(𝑋)]{𝑋̇} + [𝐾(𝑋)]{X} = {F(𝑡)} (44) 
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 Step 5. Time is incremented. Choosing Δ𝑡and calculating 𝑡{𝑛+1} = Δt + 𝑡𝑛, where n is the 

step time counter. 

 Step 6. Calculating the Newmark integration constants according to the following 

equations. Two parameters γ and 𝛽 are selected. The parameter γ =
1

2
 ensures second order 

accuracy and β =
1

4
 makes the algorithm implicit and equivalent to the trapezoidal rule 

[22]. 

 

 

𝑎1 =
[𝑀]

𝛽Δ𝑡2
+ 𝛾

[𝐶]

𝛽Δ𝑡
 

𝑎2 =
[𝑀]

𝛽Δ𝑡
+ (

𝛾

𝛽
− 1) [𝐶] 

𝑎3 = (
1

2𝛽
− 1) [𝑀] + Δ𝑡 (

𝛾

2𝛽
− 1) [𝐶] 

[𝐾̃] = [𝐾] + 𝑎1 

(45) 

 

 Step 7. Calculating the equivalent stiffness and force matrices ]K̃] and ]F̃] and predicting 

with assumption {X}{𝑛+1} = {X}𝑛. 

 
 

 {𝐹̃}n+1 = {F}n+1 + 𝑎1 × {X}𝑛 + 𝑎2 ×
∂{x}n
∂t

+ 𝑎3 ×
{∂𝑛
2{𝑋}}

{∂𝑡2}
 (46) 

 [K̃]
n+1

= 𝐾{𝑛+1} + 𝑎1 (47) 

 

 Step 8. Calculate the residual vector 

 

 {R̃}
𝑛+1

= {𝐹̃}𝑛+1 − [𝐾(𝑋𝑛+1)]{𝑋}𝑛+1 − 𝑎1 × {𝑋}𝑛+1 (48) 

 

 Step 9. Solve the term Δ{X} from the equation 

 

 
Δ{x} =

{R̃𝑛+1}

[𝐾]
𝑛+1

 (49) 

   

 Step 10. If |Δ{X}| ≤ {η}, {𝜂} being the convergence parameter vector, calculate the 

velocity and acceleration vectors from the next step. 

 Step 11. Calculate the nodes velocity {𝑋̇} and acceleration {𝑋̈}from the following 

equations and enter them into the next time step. 
 

 
d{X}n+1
𝑑𝑡

= 𝛾
{𝑋}𝑛+1 − {𝑋}𝑛

𝛽Δ𝑡
+ (1 −

𝛾

𝛽
)
𝑑{𝑋}𝑛
𝑑𝑡

+ Δ𝑡 (1 −
𝛾

2𝛽
)
𝑑2{𝑋}𝑛
𝑑𝑡2

 (46) 

 
d2{𝑋}𝑛+1
𝑑𝑡2

=
{𝑋}𝑛+1 − {𝑋}𝑛

𝛽Δ𝑡2
+
1

𝛽Δ

𝑑{𝑋}𝑛
𝑑𝑡

+ Δ𝑡 (1 −
𝛾

2𝛽
)
𝑑2{𝑋}𝑛
𝑑𝑡2

 (47) 
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 Step 12. If|Δ{𝑋}| > {𝜂}, we consider Δ{X}𝑚 instead ofΔ{X}, where m is the iteration 

counter and 
 

Δ{X}𝑚 = {X}{𝑛+1}
{𝑚+1} − {X}{𝑛+1}

𝑚  

 

 Step 13. Calculate {X}{𝑛+1}
{𝑚+1}

 from the above equation, where {X}{𝑛+1}
𝑚  at the first iteration is 

equal to {X}{𝑛+1}
1  or {X}{𝑛+1} predicted in step 7. 

 Step 14. Recalculate {R̃}{𝑛+1} and [K̃]
𝑛+1

with {X}{𝑛+1}
{𝑚+1}

. 

 Step 15. Calculate Δ{X} with new {R̃}
𝑛+1

and [𝐾̃]
𝑛+1

and check the convergence. If 

converged, go to step 11 otherwise go to step 12 for the next iteration 𝑚. 

 
3 Results 

 

The formulations and method of solution derived in this research are validated with those 

reported byBahtui and Eslami. For the comparison with this reference, the displacement fields 

are calculated based on the linear coupled thermoelasticity of the FG cylindrical shell by 

eliminating the nonlinear terms in the strain-displacement relations. The dimensions of the 

cylindrical shell, material, boundary conditions, thermal shock, and dimensionless methods 

are selected similar to those used in Behtui and Eslamiarticle.  

The radial displacement versus time at the middle length of the functionally graded cylindrical 

shell is presented in Fig. (2) The material is Ti6Al4V/Zr𝑂2 and the power law index is 

selected equal to zero. Similar to reference, the clamped cylindrical shell under inside 

impulsive thermal shock load is considered. The ratio of length of shell to radius is equal to 5 

and the ratio 
R

h
 is 10, where h and R are the thickness and radius of the shell, respectively. The 

equation of thermal shock similar to reference is: 
 

T(𝑡) = 2201.85 × 𝑎T𝑒{−13100𝑏𝑡} + 298.15 
 

wherea and b are selected such that the impulsive shock period becomes {10}{−6} s and T(𝑡) 

is the time dependent temperature. This equation generates a convective heat flux equal to 

2201.85 ×
ℎ{𝑖𝑛}\times𝑊

𝑚2  in 0.5\𝑚𝑢𝑠. The thermal boundary conditions at the ends of the shell 

are assumed to be insulated. The coefficient of thermal convection of the ceramic-rich inside 

surface is (ℎ{𝑖𝑛} = 10,000 
W

𝑚2 K) and that of the metal rich outside surface is (ℎ{𝑜𝑢𝑡} = 200 
W

𝑚2 

K). The comparison shown in Fig. (2) is well justified. 
 

 
Figure 2 Comparison between the radial displacement of middle length of the shell versus time with that 

reported in [5]. 
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Table 1 Material properties of FGM 
 

Metal  Ceramics  

E(𝐺𝑝𝑎) 66.2 E 117 

𝜐 0.327 𝜐 0.327 

𝛼(1/𝐾) 7.11 ∗ {10}{−6} α 18.48 ∗ {10}{−6} 

𝜌(kg/m3) 8.9 ∗ {10}3 ρ 2.37 ∗ {10}3 

K(W/mK) 6.08 K 1.775 

c (𝐽/𝑘𝑔𝐾) 625 c 529 

 

The aim of this research is to check the effect of elastic foundation around shells under an 

applied thermal shock load and check the vibrations of shell with several thickness to radius 

ratios and length to shell diameter ratios. 

Now, consider a simply supported functionally graded cylindrical shell under the outside 

impulsive thermal shock. The ratio of the length to cylinder diameter is assumed to be 2, and 

the ratio 
R

h
 is considered to be 15. The functionally graded shell is assumed to be made of 

combination of metal (Ti–6Al–4V) and ceramic (ZrO2), at the initial temperature 298.15 K, 

with the material properties given in Table (1) . The shell is ceramic-rich in inside and metal-

rich at outside surfaces, respectively. The same boundary conditions at both ends of the 

cylindrical shell are considered. 

Consider the linear and nonlinear winkleer elastic foundation coefficients 𝐾𝐿and 𝐾{𝑁𝐿}. Here, 

the dimensionless coefficients are 𝐾‾𝐿and 𝐾‾𝑁𝐿. The functionally graded shell is studied for the 

power law indices of i = 0 and i=10, for a metal or almost pure ceramic shell. The plots of 

radial displacement versus time for different values of the Winkler coefficients are presented 

in the following figures. The response of the shell for thermal shock condition with several 

thickness to radius ratios and length to shell diameter ratios are studied. The thermal shock 

load is considered in form of Q = A𝑡‾3𝑒−𝐵𝑡‾ heat flux applied to the outside surface of the 

shell, where A and B are some constant parameters. The thermal shock load, calling Q, is 

selected with values A=960 and B=0.55. The time period of Q is less than the lowest natural 

frequency of the shell. 

Figure (3) shows the radial displacement of middle length of the shell versus time (150 

dimensionless time) with several Winkler coefficients under the shock load Q, when the 

power law index (i) is equal to 10 with the assumption of nonlinear strain-displacement 

relations. Radial response of the shell is stable, vibratory, with small time periods, and follows 

a long range vibrations as time advances. 

 

 
Figure 3 Radial displacement of middle length of the shell versus time with several Winkler coefficients, 

considering the nonlinear strain-displacement relations and i =10. 
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Figure 4 Radial displacement of middle length of the shell versus time under the shock Q and power law 
indices 0 and 10, considering the nonlinear strain-displacement relations 

 
The amplitudes for lower Winkler coefficients is larger compared to larger coefficients, where 

𝐾{𝐿1} = 𝐾𝑁𝐿1 = 0, 𝐾L2  = 2 × 107 𝑁/𝑚3, 𝐾𝑁𝐿2 = 7.5 × 10
11 𝑁/𝑚5, and 𝐾𝐿3 = 2 ×

108 𝑁/𝑚3, 𝐾𝑁𝐿3 = 7.5 × 1012 𝑁/𝑚5. Here the power law index is equal to i = 10 which 

shows that the shell is almost pure ceramic. When the Winkler coefficient increases, the 

stiffness of the foundation increases and the shell becomes more resistant to deformations. In 

the first curve, the linear and nonlinear Winkler coefficients are considered to be zero (𝐾𝑁1 =
𝐾𝑁𝐿1 = 0). In the second curve, non-zero Winkler coefficients are considered, and are 

assumed to be 𝐾𝑁3/𝐾𝑁2  = 𝐾𝑁𝐿3/𝐾𝑁𝐿2  = 10. In the third curve, the Winkler coefficients are 

considered 10 times larger than the second case. 

Figure (4) shows the radial displacement of middle length of the shell versus time (150 

dimensionless time) under the shock load Q, when the power law index (i)is equal to zero and 

10 with the assumption of nonlinear strain-displacement relations, where the Winkler 

coefficients are equal to 𝐾𝐿 = 2 × 107 𝑁\/𝑚3and 𝐾𝑁𝐿 = 7.5 × 10
11 𝑁/𝑚5 . The problem is 

solved with these coefficients and is shown in the second curve of Figure (3). Radial response 

of the shell is stable, vibratory, with small time periods and follow a long-range vibration as 

time advances. The amplitudes for the power law index i = 0 is larger compared to i = 10, as 

the power law index i = 0 represents pure metal with lower modulus of elasticity compared to 

the ceramic for larger power law indices of the FGM shell. As the power law index increases, 

the material changes from metal state to a combination of ceramic and metal.  

 

 
Figure 5 Radial displacement of middle length of the shell versus time for different R/h ratios and i=10. 
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Figure 6 Radial displacement of middle length of the shell versus time for different L/D ratios and i=10. 

 

In this condition and under the same thermal shock load, the amplitude of vibrations decrease 

and the frequency of vibrations increase with the increase of the power law index. Here, the 

radius to thickness of shell ratio is equal to 15 and length to diameter ratio is equal to 2. 

Figure (5) shows the radial displacement of middle length of the shell versus time under the 

thermal shock load. This figure shows the radial displacement for different ratios of radius to 

shell thickness. The figure indicates that when ratio of radius to shell thickness increases the 

amplitude of vibrations increase too for different Winkler coefficients. This figure shows that 

there is a possibility of buckling as a result of reducing the thickness to radius ratio. 

Figure (6) shows the radial displacement of middle length of the shell versus time under the 

thermal shock load. This figure shows the radial displacement for different ratios of shell 

length to shell thickness. The figure indicates that when ratio of shell length to shell diameter 

increases the amplitude of vibrations increase too for different Winkler coefficients. This 

figure shows that there is a possibility of buckling too as a result of increasing the shell length 

to shell diameter. 

 
4 Conclusion 

 

The coupled thermoelasticity theory is formulated employing the nonlinear strain-

displacement relations. When the coupled assumption is considered, all the governing 

equations, including the energy equation, become nonlinear where the solution of which is 

complicated. The analysis presented in this article provides a method to handle the 

mathematical complexity of the problem. 

The article presents the analysis of cylindrical shell resting on elastic foundation under 

impulsive thermal shock load. When the Winkler coefficients increase, the radial 

displacement of cylindrical shell decreases. In this condition, the stiffness of shell increases. 

Here, a comparison is made between the results of the several shell geometrical dimensions. 

The amplitude of vibrations decrease and the frequency of vibrations increase with the 

increase of the power law index. The amplitude of vibrations increase with the increase of 

shell length to shell diameter ratios. The amplitude of vibrations increase with the decrease of 

shell thickness to shell radius ratios too. How about the Winkler effectthe main issue in this 

paper is the effect of elastic foundation 
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Appendix 

 

 𝐴11 = 𝐴22 = ∫ 𝐸(𝑧)𝑑𝑧 

𝐴12 = ∫ 𝐸├ (𝑧)𝜐𝑑𝑧 

𝐴55 =
∫ 𝐸(𝑧)

2(1 + 𝜐)𝑑𝑧
 

𝐵11 = 𝐵22 = ∫ 𝐸(𝑧)𝑧𝑑𝑧 

𝐵12 = ∫ 𝐸(𝑧)𝑧𝜐𝑑𝑧 

𝐷11 = 𝐷{22} = ∫ 𝐸(𝑧)𝑧
2𝑑𝑧 

𝐷12 = ∫ 𝐸(𝑧)𝑧2𝜐𝑑𝑧 

𝑅1 = ∫ 𝐸(𝑧)𝛼(𝑧)𝑑𝑧 

𝑅12 = ∫ 𝐸(𝑧)𝛼(𝑧)𝜐𝑑𝑧 

𝑅2 = ∫ 𝐸(𝑧)𝛼(𝑧)𝑧𝑑𝑧 

𝑅22 = ∫ 𝐸(𝑧)𝛼(𝑧)𝑧𝜐𝑑𝑧 

𝑅3 = ∫ 𝐸(𝑧)𝛼(𝑧)𝑧
2𝑑𝑧 

𝑅32 = ∫ 𝐸(𝑧)𝛼(𝑧)𝑧
2𝜐𝑑𝑧 

𝐶11 = ∫ 𝜌(𝑧)𝑐(𝑧)𝑑𝑧 

𝐶22 = ∫ 𝜌(𝑧)𝑐(𝑧)𝑧𝑑𝑧 

𝐶33 = ∫ 𝜌(𝑧)𝑐(𝑧)𝑧
2𝑑𝑧 

𝐾1 = ∫𝐾(𝑧)𝑑𝑧 

𝐾2 = ∫𝐾(𝑧)𝑧𝑑𝑧 

𝐾3 = ∫𝐾(z)𝑧
2𝑑𝑧 
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