The Iranian Journal of Mechanical Engineering Transactions of ISME
Journal homepage: https://jmee.isme.ir/
Vol. 25, No. 1, 2024, pp. 21-40

Research Paper
DOI: https://doi.org/10.30506/jmee.2024.2014704.1328

ISME

Viscoelastic Analysis of Malignant
Breast Tumors using Fractional
Derivative Model and in Vitro Test Data

Examining the breast mechanical behavior helps with early
diagnosis and successful treatment. Identification of tumor
malignancy by evaluating its mechanical behavior can significantly
facilitate early detection task. In the present study, using a precise
viscoelastic model based on time-dependent tissue behavior, the
breast mechanical behavior has been investigated to distinguish
malignant from benign tumors. For this purpose, benign and
malignant samples have been collected, and in vitro ramp-relaxation
test has been performed. The Kelvin-Voight fractional derivative
model has been fitted to experimental data with an accuracy of 0.97
) and the model parameters have been well estimated. For malignant
Afsaneh Mojra’ | samples, the mean of elasticity, fluidity, and time constant are equal
Associate Professor @ tg 70MPa, 0.22, and 180s, respectively. It has been concluded that
malignant and benign samples significantly differ in the value of
viscoelastic parameters. The findings have been evaluated based on
pathology images and results demonstrate a positive correlation
between the mechanical characteristics and density of cancer cells.
Furthermore, it emphasizes the importance of understanding this
correlation in order to enhance the accuracy and effectiveness of

breast cancer diagnosis by medical professionals.
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1 Introduction

There is a high incidence of and mortality rate associated with breast cancer among women
throughout the world [1-5].
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According to the latest statistics of the World Health Organization (WHO), breast cancer is the
most common type of cancer in the world, with more than 2.26 million new cases and about
685000 deaths [6,7].

Generally, breast cancer is divided into non-invasive and invasive types. Non-invasive breast
cancer is limited to the tissue ducts, while the invasive type breaks through the ducts and lobular
walls and attacks the breast fat and connective tissues [8-10]. Ductal carcinoma in situ (DCIS)
is the most prevalent type of non-invasive breast cancer that is limited to the ducts of the breast.
The phrase "in situ" denotes cancer that has not metastasized from its original site of
development, and invasive ductal carcinoma (IDC) is the most aggressive type. IDC originates
in the milk ducts of the breast and infiltrates the duct wall and the adipose tissue of the breast
and spreads to other areas of the body [9,11]. The most critical point for the best prognosis is
to recognize cancer cells at the early stages. There are standard diagnostic methods, including
mammography, ultrasound, and breast MRI (magnetic resonance imaging). However, these
methods have limitations, which can be considered expensive, time-consuming, and
inappropriate for young women [12,13].

In recent years, alternative methods have been proposed instead of common diagnostic
modalities. Mechanical diagnosis based on the measurement of soft tissue mechanical behavior
Is a suitable alternative, and its potential has been explored by many researchers [14,15]. It has
been shown that the cancerous tissues’ mechanical properties have a correlation with their
pathology and cancer progression [16]. Accordingly, the identification of mechanical properties
of breast tissue has valuable applications in various medical fields, such as breast cancer
diagnosis, preoperative surgical planning, and postoperative surgical outcome prediction
[17,18].

Breast tissue has a complex structure that changes with the emergence of tumors [19]. The
mechanical properties of the breast are a complex combination of elastic and viscous behaviors,
and tissue deformation is controlled by both elastic and viscous components. The focus of many
primary studies has been on the elastic properties, and healthy tissue was distinguished from
the cancerous one by measuring the elastic modulus [15,19,20]. However, when subjected to
an external load, breast tissue has a nonlinear and time-dependent response. To address the time
dependence, viscoelastic material models are used [21,22]. Among various models, the Kelvin-
Voigt fractional derivative (KVFD) model has been recently introduced with high accuracy in
fitting the experimental mechanical test data. The KVFD can adequately describe the elastic
behavior and time-dependent viscosity of soft matter with three model parameters. The
viscoelastic properties of fluidity and elasticity, based on the Kelvin- VVoigt fractional derivative
(KVFD) model, are capable of distinguishing normal, benign, and malignant breast biopsy
tissues. In addition, the histopathological characteristics can be understood by interpreting the
parameters of this model. Therefore, the mechanical properties of breast cancer tissue can be
studied using the KVFD model [21,23-26]. In research by Zhang et al. [23], the breast
phantoms’ mechanical properties were investigated using the ramp-hold relaxation test and the
KVFD and double Maxwell-arm Wiechert (DMW) models to interpolate experimental data. In
another study by Mojra and Hooman [11], some viscoelastic parameters were proposed to
identify the mechanical behavior of IDC using a ramp-relaxation test. For this purpose, the
generalized Maxwell model was employed. The correlation between viscoelastic parameters
and tissue porosity and magnesium-to-calcium ratio was suggested as the tissue malignancy
index.

As described, different models have been used to evaluate the breast tissue behavior and its
mechanical properties because as cancer progresses, the loss of biomechanical homeostasis of
cells leads to significant changes in the mechanical phenotypes of cells and tissues [21].
However, the lack of accurate material models has been the disadvantage of most related
studies. In contrast, in some limited studies, although the material model has been improved,
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there is still grave concern about using natural biological tissue samples. Accordingly, in the
present study, biopsied and natural cancerous samples are used, and mechanical testing is
performed. The KVFD model is fitted to the computerized test data to evaluate the mechanical
behavior of breast cancer tissue.

In the following, section 2 presents the methodology, including the biological sample
preparation, the experimental test, and the material model. In section 3, the model validation
and the results are analyzed and discussed. Finally, in section 4, all the conclusions are provided.

2 Material and methods

In this research, actual biological samples of cancerous breast tissue are examined, and a
mechanical test is performed to characterize their viscoelastic response. In this regard, this
section presents the steps taken for sample preparation and their specifications. Then, the
procedure of mechanical testing is elaborated. Eventually, the governing equations of the
KVFD model and the fitting of experimental data to the numerical model are provided.

2.1 Sample preparation

Biopsied tissue samples from human breast masses were obtained from Ayatollah Kashani
Hospital, Tehran. The specimens were stored in histology containers biopsy pots containing
10% formalin solution at 25°C. The strong structure of these containers can protect the tissue
against difficult transportation conditions and years of storage [27].

Based on the pathology reports, the samples were divided into two groups: benign and
malignant masses. One example of a malignant sample (sample #2) and one example of a
benign legion (sample #3) are shown in Figure (1). The age of donors, the mass types, and the
information obtained from the pathology reports and dimensions of each sample are provided
in Table (2).

(@ (b)

Figure 1 (a) One example of a malignant sample (sample #2) and (b) one example of a benign legion (sample
#3); the samples are cut into rectangular cube shapes to be placed between the plates of the measuring mechanical
testing device, the dimensions are obtained using the Digitizer software, and the scale is shown.

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 25, No. 1, March 2024



24 Arisa Monshizade & Afsaneh Mojra

Table 1 Age of donors, descriptions of pathology reports, and dimensions of each biological specimen; h, is the
initial height, and A is the cross-section of the samples. Three of the samples are benign masses, and the rest are
malignant masses. Sample #3 is large enough to be divided into two parts (samples #3-1 and #3-2) to check the
results’ consistency.

Sample No. Age  hy(1073m) A(x10°°m?) Pathology description
#1 40-50 5.39 11.0 X 9.25 Benign tumor: Fibrocystic
#2 40-50 4.40 15.00 x 14.12  Cancerous and malignant

Benign tumor:

#3-1 25-35 3.88 13.28 x 11.0 Gynecomastia
#3-2 25-35 3.85 13.20 x 11.0 2‘;’;‘]'3:0:;12?';
W wm o as o msoom oo
s s e 2toxiso Mt
#6 48 7.00 21.0 X 19.0 Malignant and invasive:

Ductal carcinoma

2.2 Ramp-relaxation test procedure

In this research, experimental data was collected using the ramp-relaxation test. This test is
suitable for evaluating the elastic behavior of the tissue during the ramp phase. Meanwhile, it
can be used to assess the viscous behavior during the hold phase. The samples were cut into
rectangular cube shapes. Each piece was placed between two movable and fixed flat plates of
the mechanical testing device. Before the test, a slight pressure was applied to the upper surface
of the samples by moving the plate at a deficient speed so that the two surfaces of the piece
became utterly parallel. Then, the force was applied to the sample by the moving plate until the
thickness of the sample was reduced by 1 mm. At this time, the force was removed. The loading

period was 180 seconds, and the speed of the moving plate was 0.667 % and 1 ms—m in the ramp
phase.

ey |
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Figure 2 Ramp-hold diagram of testing procedure; the test duration is 180 seconds. T, is the ramp time when the
maximum force is applied to the specimen, and the tissue thickness reduces by 1mm.

o
o
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The device provides hold phase data that shows how much force has been removed from the
tissue since the ramp time, so at the beginning of the test, when the force is applied to the sample
to reduce its thickness by 1 mm, it should be noted how much the applied force increases. The
increased maximum force gives the maximum ramp force. The force data obtained from the
device in the hold phase is added to the maximum force. The time data in the hold phase is
given in the same way as the ramp data. Figure (2) represents a schematic of the ramp-hold
diagram. As seen, T, is the ramp time at which the maximum force is applied to the specimen.
The loading force and ramp time for the samples are given in Table (2).

The device used for the experiments is STM-1 (SANTAM universal testing machine, Iran),
which is shown in Figure (3). This device has a load cell with a capacity of 25 kg. This load
cell belongs to class C3, and its model is H3-C3-25Kg-3B D55. This device has two movable
and fixed plates whose diameter is 7 cm.

Table 2 The ramp time and maximum force in the ramp phase for different specimens

Sample No. Maximum force (N) T, (min)
#1 0.66 0.0003
#2 24.7 0.0003
#3-1 17.57 0.0003
#3-2 18.18 0.0003
#4 27.15 0.0005
#5 0.68 0.0003
#6 0.76 0.0003

R L0 T R
M2L0

13936

Figure 3 Device for the compression test (STM-1); the upper and lower plates are moving and fixed,
respectively. The specimen is located on the fixed plate, and a uniaxial compression is applied to the sample with
a controlled velocity.
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2.3 Kelvin-Voigt Fractional Derivative (KVFD) viscoelastic model

The time-dependent relaxation behavior of breast tissue is described using the Kelvin-Voigt
fractional derivative (KVFD) model. Due to its high flexibility, this model can explain the
material properties by three distinct parameters, including the elasticity (E,), a time constant
(t), and the derivative order (a) [28,29]. The KVFD model comprises a damper with a
fractional element representing the tissue viscosity and a spring representing the elastic
behavior [23,30,31]. The constitutive equation for strain (t) and stress o (t) for the KVFD
model is defined as Eq. (1):

d%e(t)
dt«

o(t) = Eqe(t) +1 1)

Where 7 is defined as:

n=Eyt® )
Here, n represents a viscous coefficient with time constant t(s), and E, defines the elastic
modulus (Pa). a expresses a unitless actual number between (0,1), and indicates the derivative

order [32]. According to the relaxation modulus, G, of the material, which is time-dependent,
the stress o from the applied strain ¢ is calculated by the Boltzmann superposition integral [23]:

t
o(t) = j G(t— 1) d‘;(:) dr 3)
The Laplace transform of Egs. (1) and (3) gives [32]:
0(s) = Eye(s) + Eyt%s%e(s) = sG(s)e(s) 4)

It is obtained from Eq. (4) [32]:

G(S) — (EO + EO(ST)a) (5)

S

The current state of stress/strain depends on the past deformations due to the viscoelastic
material's memory. [32]. G(s) is obtained by the Laplace transformation of the above two
equations and putting them equal, and then the inverse Laplace is taken from it to get G (t).
The relaxation modulus in terms of time for the KVFD model will be as follows [23,32]:

t™* (E)_a (6)

G(t):EO-FT]m_EO 1+F(1—C¥)

Where I'(z) = f0°° e~ tt?~1dt is the Gamma function. The relaxation force response is obtained
using the Boltzmann integral expression [23].

dh3/2 (r)

P(t) = —f G(t—n @)
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Where h(t) shows the indenter displacement (the moving plate) into the sample, P(t)
represents the force, and R is the indenter radius. It is obtained from Egs. (6) and (7):

_8VR [* (t —1)~%\ dh3/?(7)
Pr(t) = T.[; <E0 +n I—v(l _ a)) dr dr (8)

The ramp-hold displacement condition can be defined by:

_ kt, 0<t<T,
RO ={p, 0 Sir,,  taT, ©)

Where K is the indenter speed and T;. is the ramp phase duration [23]. By combining Egs. (8)
and (9), the response of the relaxation force is modified as follows:

B (t—1) 3
O =3 f(E" F(l—a)) ‘

(1)  Bydefining £ = {: 0<t<T,b)

N[~

;T'
N

dt (10)

t 1 1 11
f(t—r)ﬁr%dr=f t6(1—z)ﬁéz§tdz=t§+5f 2(1-1)"dg
0 0 0 (12)

3.5 (3
= t2*PB (E' B+ 1)

Where (x,y) = fol t*~1(1 — ¢)¥"1dt ,x > 0 and y > 0 defines the beta function. Then, from
Egs. (10) and (11), and by placing B = —a, B-(t) would become:

P(t)—4\/_k2< Eot2 +F(1n_a)t%‘“B(;,1—a>>

3 372 1 tN ¢ /3 (12
= WRKeE 2 3 4 i () 251
(2)  Bydefining £ = Ti (t=T)
j:r(t —1)P ‘E% dt = j:tﬁ (1 — E%)B t% (E%f d(E%) (13)
Letting ¢ = E%:
OTr&-r)BT% dr = fo%t%*f‘ ¢ (1-9 a=65(2 p1) (14
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Where B(a: x,y) = foa t*"1(1 — t)Y~1dt, a € [0,1] defines the incomplete Beta function [23].
From the combination of two Egs. (10) and (14) and substituting n = E,t%, B.(t) is obtained
as follows:

3

3(2 3 n 3 T. 3
P.(t) = 4VRkz | ZE, T2 —ti‘“B(l;—,l— )
7 (6) = 4VR (3°r+r(1—a) t ¢

(15)
32 1 /t\2/t\% (T 3
2= - | — _ —_— —
= 4RKeET; 3 T —a (Tr> (r) B ( £t “)
Employing Egs. (12) and (15), the ramp-hold relaxation solution is:
( 3/2F £3/2 /™ ( _ ) <t<
4RK3/2E ¢t 3+r(1_0()19 1—al|, 0<t<T,
P(t) = 4 [ T 1 (16)
4\/_](3/25 IE MB(EE 1 a)I t>T
ol 13 Ir(d-a) t’'2° | r
\ | |

In Eq. (16), B(x,y) = fol t*71(1 — t)Y~1dt shows the complete beta function.

Also, B(a: x,y) = foa t*71(1 — t)Y~1dt, a € [0,1] shows the incomplete beta function, and T
is the ramp time [23].

To find the three parameters, Eq. (16) should be fitted to the experimental data using a
developed MATLAB code. An overview of the developed MATLAB code is shown in Figure

(4).
3 Results and discussion

In this section, first, the developed MATLAB code and the numerical model are validated.
Following this, the results of testing the biological specimens and the associated mechanical
parameters related to the KVFD model are presented and discussed. Finally, the obtained
mechanical parameters are evaluated based on the pathology images.

3.1 Validation

The validation is carried out by comparing the present study results with the results of Zhang
et al. [23]. In [23], the mechanical properties of tissue-mimicking phantoms were investigated
using a ramp-hold relaxation test and the KVFD and double Maxwell-arm Wiechert (DMW)
models.

The breast phantoms were made of gel powder and different percentages of skin cream.

Three parameters (E,, a, 7) of the KVFD model for a 5%Gel15%Cream sample were obtained.
Figure (5) shows the curve fitting of the experimental data by Zhang et al. [23] by the numerical
model of the present study. It can be seen that there is a good conformity between the results.
Additionally, the viscoelastic parameters from Zhang et al. [23] and the present study are
reported in Table (3). A comparison indicates the validity of our developed code.
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Begin

A\ 4

Read the time and force
dataas x and y

\ 4

Enter the constant
parameters R, k, T,

Y

Enter the variable
parameters Eg, 7, a

True

29

B(—;=.1
X

r(l-a) 2

Output: 4VRKY2E T,/ |2 +

YO 2 )

Output: 4vRk3/2Eyx3/? E +

P (1))

A

plot (x, y, X, Output)

End

Figure 4 MATLAB code diagram for fitting the material model to the experimental data of force versus time
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Figure 5 Curve fitting of the experimental data by Zhang et al. [23] by the numerical model of the present
study. The red line shows the KVFD model function for the present study, and the blue circles show the
experimental force-relaxation curve from [23].

Table 3 Comparison of KVFD model parameters between the Present study and Zhang's article [23]. E,, 7, and
a express the elastic modulus, time constant, and the fluidity, respectively. The fitting quality is evaluated based
on the R?-squared criterion.

Article Ey (MPa) a T(s) R?
Zhang et al. [23] 2021.3 0.135 30.192 0.988
Present study 2020.5 0.133 30.0 0.98

3.2 Benign and malignant differentiation

The specimens were examined by a ramp-hold test according to Figure (2) and Table (2).
According to pathology reports in Table (1), the specimens will be evaluated as being benign
or malignant. Figure (6) plots the graph of the force versus time experimental data for various
breast tissue specimens, benign and malignant.

Using the developed MATLAB code, the KVFD model is fitted to the experimental data, as
shown in Figure (7). Inspection of the fitting quality indicates that in the ramp phase, a perfect
fitting is observed. The quality deteriorated at the beginning of the relaxation phase for some
specimens, although the quality improved after a few seconds. By the end of the relaxation
period, the tissue response is well captured by the KVFD material model.

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 25, No. 1, March 2024
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Figure 6 The graph of the force versus time experimental data for various breast tissue specimens: (a) to (g)
belong to samples #1 to #6 .The diagram of benign masses (sample #1, #3-1, #3-2, #4) and malignant masses
(sample #2, #5, #6) is plotted with blue and yellow colors, respectively.
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Figure 7 The graph of the force versus time experimental data and the fitted curve by the KVFD model. (a) to
(9) belong to samples #1 to #6. The red line shows the KVFD model function, and the blue circles show the

experimental ramp-relaxation curve.
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The quality of fitting is further investigated by the R-squared values. Additionally, the three
viscoelastic parameters, including the elasticity, the time constant, and the fluidity in the KVFD
model, are reported for all samples in Table (4). The closer the coefficient of determination R?
is to 1, the better the fitted model is. So, according to the R? value, the best fitting belongs to

sample # 5 with R? = 0.9759.

Table 4 Estimated parameters by the KVFD model for samples #1 to #6. E, shows the elasticity, T expresses the
time constant, and a is the fluidity; the fitting quality is evaluated based on the R-squared values.

Sample No. E, (MPa) a T (s) R?
#1 6.4 0.15 140 0.95
#2 70.0 0.22 180 0.86
#3-1 95.0 0.225 120 0.90
#3-2 81.0 0.228 120 0.87
#4 56.0 0.257 140 0.85
#5 3.8 0.161 140 0.97
#6 4.3 0.165 140 0.96

Elastic modulus (E 0)
100
90
80
70
~ 60
& 50
£ 40
30
20
10
0 = — [ |
#1 #2 #3-1 #3-2 #4 #5 #6
Sample No.
(a)
Fluidity (alpha)
0.3
0.25
— 0.2
= 0.15
=1
2
0.1
0.05
0
#1 #2 #3-1 #3-2 el #5 #6
Sample No.
(b)
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Figure 8 Estimated parameters by the KVFD model for samples #1 to #6: (a) modulus of elasticity (E,), (b) the
fluidity (@), (c) the time constant (7).

(c) (d)
Figure 9 Pathology lab photos of the specimens: (a) to (d) represent samples #1 to #4, respectively. Connective
tissues and differences in the cell density for each sample are displayed, and ductal and lobular cells can be seen
in the pathology images.
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Figure (8) shows the three parameters of the KVFD model for all samples as a bar chart.

To evaluate the benign and malignancy of tumor samples based on the mechanical response,
samples #1 and #4 (benign) and #2 (malignant) are compared. As seen in Table (4) and Figure
(8), the parameter E, in sample #2 is higher than the corresponding value for samples #1 and
#4. It can be inferred that the elastic modulus of a malignant mass is higher than that of a benign
mass. This deduction can be related to the difference in the cell type and density. Additionally,
the fluidity parameter (a) is higher in sample #4 than in sample #2, and it is higher in sample
#2 than in sample #1. From the results, it is concluded that the value of this parameter is smaller
for malignant masses than benign masses. Further investigation is performed by inspecting the
pathology lab images of the samples, which are given in Figure (9).

According to the pathologic data (Figure 9a), sample #1 is fibrocystic. The cysts cause a space
in the tissue and reduce the tissue resistance to the force, resulting in a relatively small E,.

In sample #2, as seen in Figure (9b), the density of cells is very high, and the specimen is a
highly aggressive type, which causes the tissue to show excellent resistance to the force, and
the value of E|, increases.

Sample #4 is one of the types of fibroadenomas, and these types of tumors have severe fibrosis
that creates stiffer tissue. As shown in Figure (9d), the ducts expand within the tissue, which is
composed of benign cells. Since the fibrosis volume is more than the ducts, enhancements are
observed in the tissue resistance and the value of E,.

For sample number 3, two samples (3-1 and 3-2) were biopsied from different areas of a
patient's breast to evaluate the effect of the difference in the biopsy area on the tissue’s
mechanical properties. The two samples were examined based on the KVFD model. Figure (9¢)
shows the pathology image of sample #3. As seen in Table (4), there are insignificant
differences in the estimated parameters of the KVFD model, which verifies the reliability of the
analysis. Slight differences in the value of E, can be caused by the cell density variation in
different areas of the breast tissue.

3.3 Impact of loading rate on malignant tumor response

To study the impact of loading rate on the viscoelastic response, the loading velocity is varied
for malignant specimens. As previously mentioned in section (2.2), the speed of the moving

plate was 0.667 ";—m for sample #2, which was increased to 1 Trl—m for samples #5 and #6. Table

(5) reports the KVFD model parameters for sample #2 compared with the corresponding values
for samples #5 and #6.

Table 5 Estimated parameters by the KVFD model for malignant samples #2, #5, and #6. E,, 7, and a express the
elastic modulus, time constant, and the fluidity, respectively

Sample No. E, (MPa) a T (S)
#2 70 0.220 180
#5 3.8 0.161 140
#6 4.3 0.165 140

As seen in Table (5), the elastic modulus reduces with an increase in the loading rate. There is
a possibility that this finding is related to the differences in tissue structure that occur during
compression. At lower loading rates, the tissue encounters higher deformation, which results in
a more compact form and increased stiffness. Further inspection of Figure (10) reveals that in
sample #5, the connective tissue is more expanded than sample #6, which creates a lot of space
and reduces the tissue’s resistance against the applied force.

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 25, No. 1, March 2024



36 Arisa Monshizade & Afsaneh Mojra

(©)
Figure 10 The pathology lab images of malignant samples: (a) to (c) belong to samples #2, #5, and #6,
respectively.

4 Conclusions

In the present study, the mechanical response of breast benign and malignant tumors was
studied using a ramp-relaxation test on in vitro tissue specimens. The experimental data were
interpolated by the KVFD model with three distinct parameters. These parameters were
estimated for each sample through an accurate fitting of the practical test data.

It was found that, in general, the elastic parameter in malignant tumor tissue is higher than in
benign tumor, and this is because of the higher density of cells in malignant tissue compared to
benign one; thus, the tissue resistance to force increases. In some benign samples, ducts and
connective tissue were formed, which created a space within the tissue and reduced the tissue's
resistance to force. However, in some benign cases, it was seen that E,is higher in malignant
tissue, which was due to the presence of severe fibrosis in the breast tissue, which caused an
enhanced tissue stiffness and resistance to force.

In comparing the fluidity parameter in benign and malignant tissues, it was found that,
generally, a is higher in benign samples than in malignant tumors. These differences in two
parameters of « and E,, which are mechanical properties of the tissue, generally occur due to
changes in the morphology and structure of cells and tissue that affect the cell density and type
of cells.
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Eventually, three malignant tumor tissues were examined together at different loading rates,
and conspicuous differences were observed in the KVFD parameters. It was inferred that these
differences depend on the cell density, the type of tissue-forming cells, the aggressiveness of
malignant cells, and the malignant stage of cancerous tissue. The results of the present study
can provide good insight for physicians to evaluate the type of tumors based on their mechanical
response. These results also have good potential to distinguish between benign and malignant
tumors without sample biopsy in future studies and research.
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Nomenclatures

English symbols

A Cross-sectional area

E Modulus of elasticity
B(a:x.y) Incomplete beta function
B(x.y)  Complete beta function

G Relaxation modulus

h, initial height

h(t) Displacement

k Speed of the indenter tip
P(t) Force

R Indenter radius

T, Ramp time

Greek symbols

a Fluidity (real number)
I'(z) Gamma function

e(t) Strain

o(t) Stress

T Time constant

n Viscous coefficient
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