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In this paper, the elasto-plastic stress analysis of the axisymmetric
thick cylindrical shells undergoing internal pressure is investigated.
The displacement field is considered according to first-order and
. . higher-order shear deformation theories. The material is supposed
Mehdi Ghannad to be elastic-perfectly plastic and the von Mises yield criterion is
Professor W considered to determine the state of stress. The radial return
method is applied to obtain the plastic stress components in the
plastic region. Finally, the problem is solved for a thick cylindrical
shell under internal pressure which is fixed at both ends and the
results are compared with finite element results. The stresses,
displacement, and elastic limit pressure results are indicated the
effectiveness of higher-order shear deformation theory than first-
order shear deformation theory.
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1 Introduction

Cylindrical shells are the principal structural elements of various structures. These structures
are used frequently in many engineering applications, such as pressure vessels for
transporting or storing highly pressurized liquids or gases, nuclear reactors, military
applications, aerospace industries, etc. Researchers have studied the behaviour of the thick-
walled cylinders subjected to loads. They have not only focused on the elastic behavior of the
cylindrical structure but have extended their studies to the elasto-plastic behavior to decrease
the usage of the material and to reduce the cost of a structure by optimizing the design of the
cylinders.
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There are several approaches to dealing with the elastic part of thick cylindrical shells and
finding the equilibrium equations of the problem. The simplest way is to use the classic theory
known as plane elasticity theory (PET) [1-3]. PET can only be appropriate for stress and
displacement analysis of the shell through the thickness and therefore is not applicable near
the boundaries of the shell. Another approach that researchers apply to find the equilibrium
equations of thick-walled cylindrical shells is the shear deformation theory (SDT). First time
in 1958, Mirsky and Hermann [4] employed the first-order shear deformation theory (FSDT)
to analysis of isotropic cylinders. Later on, Reddy and Liu in 1985 [5] developed a third-order
shear deformation theory. They supposed that the transverse shear strains to be distributed
parabolically through the shell. Ghannad and Zamani-Nejad [6] used FSDT to study the
behavior of the thick heterogeneous cylinders subjected to uniform loading. They used virtual
work principle to derive the governing equations of an axisymmetric cylinder. Eipakchi et al.
[7] investigated the governing equations of homogeneous cylinders with variable thickness
using FSDT and represent the solution of the equations using perturbation theory.
Furthermore, they applied matched asymptotic expansion method for stress analysis of an
axisymmetric thick conical shell subjected to non-uniform pressures according to shear
deformation theories [8]. Gharooni and Ghannad [9] analyzed thick variable thickness
cylinders made of functionally graded material and clamped boundary conditions subjected to
non-uniform loading. They derived the governing equilibrium equations based on FSDT.
They also solved the problem of radially functionally graded materials [10].

There are some works on the elasto-plastic analysis of disks, shafts, and shells under
simplified hypotheses based on different theories. Nadai [11] analyzed the perfectly plastic
rotating cylinders under the assumption of incompressibility. Chakrabarty [12] presented the
analytical solution for the elasto-plastic expansion of a cylindrical tube subjected to internal
pressure according to Tresca and von Mises yield criteria. He assumed the tube is so large that
plane transverse sections remain plane during the expansion. Eraslan [13] studied the elasto-
plastic deformations of a rotating shaft based on the Tresca yield condition. He solved the
problem for both fixed and both free ends condition of the shaft. Eraslan [14] investigated the
analytical solutions to find the stress distribution of rotating parabolic solid disks based on the
Tresca yield criterion and its associated flow rule. He considered the disk is plane stress and
made of linear strain hardening material. An elasto-plastic analysis of the rotating cylinder
subjected to mechanical loading and unloading under plane strain conditions was investigated
by Prokudin [15]. The elasto-plastic analysis of a functionally graded rotating disk was
studied by Zamani-Nejad and Rastgoo [16] using the elastic-perfectly plastic material model.
They employed the Tresca yield criterion. The analysis is based on the Tresca yield condition
and perfectly plastic material behavior. Elasto-plastic solutions for double-layered and
multilayered combined thick-walled cylinders under internal pressure were studied by Zhu et
al. [17]. They used the unified strength theory that considers the influence of the intermediate
principal stress and strength difference. Temesgen et al. [18] performed an analytical solution
for elasto-plastic analysis of a functionally graded rotating cylinder under uniform pressure
and radial temperature gradient using the Seth transition theory which is not needed yield
criterion, material incompressibility, or infinitesimally small deformation assumptions.

The class of elastic-predictor plastic-corrector algorithms is based on a two-step scheme: (i)
an elastic trial state is first computed; (ii) then, if the onset of plasticity is detected, a plastic
correction is computed using the trial state as the initial condition to update all the internal
variables [19]. The idea of such a scheme traces back to Wilkins [20] who proposed the
radial-return method for the von Mises perfect plasticity. The superiority of the radial return
mapping method compared to other return schemes is established in [21, 22]. Dunne and
Petrinic [23] used an implicit integration scheme called the radial return method which is
obtained based on von Mises plasticity. They used the normality hypothesis of plasticity and
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the associated flow rule for the von Mises criterion to formulate the problem in the plastic
region. Widlak [24] presented the radial return method for elasto-plastic constitutive
equations in the special case of analysis of a thick-walled cylinder. The robustness and step-
size insensitivity of this integration method was proved and efficient solution strategies were
chosen.

The present study deal with the elasto-plastic stress analysis of the thick-walled cylindrical
shell structure. To solve the problem some assumptions have been made such as the
displacement field considered based on shear deformation theory and the cylinder supposed
made of elastic-perfectly plastic material. The von Mises yield criterion and Prandtl-Reuss
flow rule are applied to find the cylinder behavior in the plastic region. The case study solved
for a clamped-clamped thick cylinder subject to uniform internal pressure and the elastic limit
internal pressure of the cylinder was found based on PET, FSDT, and HSDT. The differences
and effectiveness of each theory are investigated for a clamped-clamped cylindrical shells.
Moreover, the elasto-plastic stresses of the cylinder are illustrated at the different surfaces and
the results are compared with the Abaqus finite element method (FEM) results.

2 Description of the problem
Figure (1a) shows a schematic of a cylindrical shell with the inner radius of r;, the outer
radius of r,, the thickness of h, and length of L. The position of any typical point m of the

cylindrical shell can be defined as follows:

m:(r,x) =(R+z,x)
—h/2<z<+h/2 , 0<x<L

()

Where R and z denote the radius of the mid-plane and the distance from the mid-plane,
respectively. As shown in Figure (1b) the cylinder is supposed to be clamped at both ends and
subjected to the internal pressure P.
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Figure 1 The schematic of the cylindrical shell, (a) Geometry parameters, (b) Boundary and loading conditions.

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 25, No. 2, Sep. 2024



96 Mojtaba Ghadimi & Mehdi Ghannad

3 Elasto-plastic solution of the cylinder

In this section the elasto-plastic stress analysis of the cylinder is present using PET, FSDT,
and HSDT. It is assumed that the material is non-strain hardening and consequently yield
strength is equal to a constant value. The maximum distortion criterion known as von Mises
yield criterion is used to define the state of stress.

3.1 Plane elasticity theory (PET)

Using PET for both closed-end cylinders subjected to internal pressure, the radial,
circumferential (hoop), and axial (longitudinal) stresses are obtained by Lame’s theorem [3]
as follows, respectively:

P k2 P k2 2vP
= w1\ 77) %7 m_1\1t7E) T @)

Here k = ry/r;, ¥ = r/r;, and v is the Poisson’s ratio of the cylinder material.

From Eq. (2) it is obvious that the highest amounts of o, and og are achieved on the inner
surface of the pressurized cylinder. It can be expected therefore that if these stresses reach
critical values, the yielding will occur at the inner surface.

The most commonly used in engineering practice, particularly for computational analysis, is
the von Mises criteria, which relies on the knowledge of effective stress. In terms of direct
and shear stresses, the effective stress for the full axisymmetric cylindrical shell based on von
Mises failure theory is defined as [25]:

O = i [(UZ - 09)2 + (09 - Gx)z + (O-Z - Ux)z + 6T§x) ]1/2 (3)

V2
In addition, the yield function for the material without hardening is defined by [25]:
f=0— Oy (4)

Here o, is the yield stress. In the above equation, if f<O the material experience elastic
deformation, while if f=0 the material experience plastic deformation.
For PET the shear stresses are assumed to be zero. Thus, o,., g, and o, are being the principal
stresses. The plastic deformation starts when the yield function becomes zero. Hence:

(0r — 09)* + (09 — 0,)° + (0, — 0,)* = 2O-yz ®)

Substituting Eq. (2) into Eq. (5), the elastic limit pressure (P.) of the shell subjected to internal
pressure based on the von Mises criterion for both closed-end cylinders, is obtained as:

P, = g, (k? — 1){(1 — 2v)? + 3k*}71/2 (6)

3.2 Shear deformation theory (SDT)

The displacement field for an axisymmetric cylindrical shell (U,, Uy, U,) is assumed to be a
function of z and x; which are expressed based on FSDT and HSDT as follows [26]:
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(Ux062) = ) ud (2!
UH(x) Z) =0 )

LUZ(x, z) = z ul (x)z!

FSDT(i =0,1) , HSDT (i = 0,1,2,3)

(7)

Where u2 (x) and u (x) are the displacement components of the middle surface. Also,
ul (x) and ul (x) are the components used to determine the displacement change field.

In addition, the strain-displacement relations (constitutive equations) [26] are used to obtain
the strain tensor components:

U, (x,z) U,(x,z) 0U,(x,z)
ST 0 ST, BT .
U, (x,z) 0dU,(x,z) ®)
Yz =, T ox

Using the stress-strain relations, the stress tensor for the isotropic cylindrical shell is written
as [26]:

o, [1 -V v v 0 1/,
o | v 1-v v 0 |

0 €g
o | = Al v v 1—v 0 | e

Z z

1-2v (9)
Txz 0 0 0 > Vxz
E
A

T A+v(a-2v)

Where E denotes Young’s Modulus. The stress resultants are as follows [26]:

!f Ne) (o (1+2/R)

Nj L _[? oo R i _

N = j_ﬁ 6.(1+z/R) ztdz,(i=0,1,2,3) (10)
N, *\Kt,,(1+2/R)

Only the first two terms of the stress resultants are used for FSDT. In Eq. (10), for shear stress
terms (NL,), K is the shear correction factor used for FSDT. It is assumed for cylindrical shells
K =15 /6[11] [11]. It is clear that based on the nature of the HSDT that can cover the shear
deformation parabolically through the thickness, the shear correction factor is not needed.
Hence, K takes the value equal to one in stress resultants associated with HSDT.

Strain energy and external work can be written as:

1
U= ﬂj > (0x&x + Ogeg + 0,6, + TyyVuz)AV
v

W = ff(fsf.a)ds

(11)
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The variations of strain energy (6U) and the variations of external work (6W) for the shell
subjected to the internal pressure are expanded as [26]:

L h/2
oU = an f (0,08, + 0g0€g + 0,06, + Ty, 0Vxz) (R + z)dzdx
0 Y—=h/2 (12)

SW = 21 l fo “(pou.) (R _ g) dxl

Rewrite the stress and strain tensor components in the form of displacement into Eq. (12), and
based on the calculus of variation and virtual work principle (86U = 6W), with consider the
Eqg. (10), the governing equations for HSDT are obtained as [26]:

%(RN;) —iRN;' =0
X .

d . R hy' _
E(RN;Z)—LRN; —N9=—P(R—E)<—E) (i=0,1,2,3)

(13)

It is noteworthy that the set of equations for FSDT is obtained, by putting i = 0,1 in Eq. (13).
The boundary conditions for HSDT are as follows [26]:

3 3
R [Z NiSUL + z N,gzauzi] —0  (i=01,23) (14)
i=0 i=0 o,L

Substituting Eq. (10) into Eq. (13) and doing some calculations, the governing equations for
HSDT are obtained in the displacements form as follows:

_d* _d _ o _
[A] = 7} + [B1 - 3 + [C15) = (F) 15)
=t w v w w u ui w}’
\
In Eq. (15), [A], [B], and [ C] are the coefficients matrices of order eight for HSDT. The
coefficient matrices are in order four, for FSDT. In addition, { F } is the force matrix. Eq. (15)
is the set of differential equations and to solve these equations, the reverse of [ C ] is needed,

which is irreversible. To overcome this problem, by putting dul/dx instead of u® and
integrating from the first equation represents in Eq. (13), it is obtained:

RN, = C, (16)

Therefore, the set of Eq. (15) is changed as follows:

2

d d
[Al 7 3 + [Bl - v} + [C10} = {F}
{y} = {dul/dx ul ud ul}T for FSDT (17)

(v} ={dul/dx ul uZ ud u? ul uZ ud}T for HSDT

The coefficient matrices and the force matrix for FSDT and HSDT can be determined as
Appendix A and B, respectively.
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The differential Eq. (17) has the solution including general solution {y}, and particular
solution {y}, as:

=0}, + v}y (18)

For the general solution for homogeneous case, {y}; = {V}e™* is substituted in Eq. (17) and it
is obtained:

e™ [m?[A] + m[B] + [C]] {V} = {0} (19)

Eg. (19) is an eigenvalue problem for non-trivial solution e™* # 0, the determinant of the
coefficient must be considered to be zero.

det[m?[A] + m[B] + [C]]1{V}=0 (20)

For FSDT the above determinant leads to an eight-order polynomial which is a function of m.
Eight eigenvalues m; achieve from the solution of Eg. (20) contains three pairs of conjugated
roots and one pair of zero roots. Also, Eq. (20) leads to a sixteen order polynomial which
contain seven pairs of conjugated roots and one pair of zero roots for HSDT.

By calculating eigenvectors {V}; correspond to eigenvalues, the general solution of Eq. (17)
for HSDT is written as:

14
v}y = Zi=1Ci {V}; e™* (21)

The constants C; are obtained by applying boundary conditions.
The particular solution for Eq. (17) is obtained as follows:

Ol = [C17H {F} (22)

Thus the solution of Eq. (17) for HSDT is achieved by summation of general and particular
solutions as:

=0+

14
0= Gvhem +(CI7 () (23)

Finally, u? is obtained as follows:

O—fL x) g + ¢ (24)
ux_ o d.x X 15

There are sixteen constants (C, to C;5) for the case of HSDT. Sixteen boundary conditions for
the clamped-clamped cylinder are obtained by putting u?, ul, u2, u3, u?, ul, u2, u3 equal to
zero at each end of the cylinder (x = 0 and x = L). Similarly, it can be indicated that in the
case of FSDT, there are eight constants and eight boundary conditions. After finding the
displacement components, the displacement fields and consequently the strain and stress
components are determined. It is assumed that the cylinder is made of elastic-perfectly plastic
material. Hence, until the effective stress of any point of the shell is smaller than the yield
stress the shell is elastic, otherwise, the shell became plastic.
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After the shell became plastic, the von Mises stress is placed outside the yield surface. The
trial stress increment, ot , is outside the yield surface. At time t + At, the plastic corrector
factor is used to update the stress and return it to the yield surface [23]. In the deviatoric plane
the von Mises yield surface became the circle. Based on the normality condition of the yield
surface the plastic corrector factor towards the center of the circle. Hence, this procedure is
known as the radial return method. After this, all amounts are represented to be at the end of
the time step. Therefore, ¢ is the updated stress at time t + At and o, denotes the stress at the
beginning of the time step.

Hooke's law may be expressed in the multi-axial form in terms of stress and strain tensor.

G =2GE + Atr(9)I (25)

Where A and G are the Lamé constants. At the end of the time step the elastic strain tensor can
be written as:

£° = &8 + A&° = &° + (A& — A&P) (26)

Based on the incompressibility condition of plasticity (tr(A €P ) = 0) and substituting Eq.
(26) into Eq. (25), the stress at the end of the time step can be written as follows:

G =2G(EF + A8) + A tr(&¢ + A&)[ — 2GAEP (27)

The first two terms of Eq. (27) are denoted as trial stress tensor ( 3*F), or elastic predictor. The
third term of Eq. (27) is intended as a plastic corrector.

Based on the associated flow rule of von Mises yield criteria and the assumption of the co-
directionality of plastic strain increment with normal the tangent to the yield surface, the
plastic strain increment may be written as [23]:

3 ¢
ASP = EAp O'_ (28)
e

In which Ap denotes the increment of effective plastic strain and & represents the deviatoric
stress tensor.

By replacing Eqg. (28) with Eq. (27) and expressing the stress in its deviatoric and mean form,
and rearranging Eqg. (21), it is obtained:

A 1 o
(1 + BG—p) ' =6"—=(6:DI (29)
O, 3

After doing some calculations, the right side of Eq. (29) is equivalent to the deviatoric tensor
of the trial stress [23] [23]. Therefore, Eq. (29) is rewritten as:

A ,
(1 +36 —p) & = Gt (30)
Ue

By applying the contracted tensor product for each side of Eq. (30) with itself, it is finally
obtained [23]:

0.+ 3G Ap = off (31)
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Substituting Eq. (31) into the yield function for the elastic-perfectly plastic material (Eq. (4)),
the effective plastic strain increment and more on the stress tensor can be obtained as:

py (32)

4 Results and discussion

In this section the elasto-plastic solution of a cylindrical shell with r; = 40 mm, r, = 60 mm,
h =20mm and L = 800 mm is investigated. The shell is assumed to be clamped at both
ends. The Poisson’s ratio and Young’s Modulus, have values of v = 0.3 and E = 200 GPa,
respectively. To show the effectiveness and accuracy of each method, a comparison between
responses of the present theories and FEM is done. The finite element of the cylinder is
performed by Abaqus. An eight-node quadratic axisymmetric element CAX8R is used to
model the cylindrical shell. The boundary conditions for a clamped edge is defined by setting
both the edge deflection and edge slopes equal to zero. The internal pressure applied on the
inner surface of the cylinder with the desired magnitude. The twenty elements are used in the
radial direction to mesh the cylinder. Convergence of finite element results in mesh
refinement study accomplished by monitoring the results for different numbers of the
elements in the radial direction.

Table (1) presents the elastic limit pressure (pressure that yielding begins) for FEM, PET,
FSDT, and HSDT at four different lengths of the cylinder based on von Mises yield criteria.
As described earlier the yielding occurs at the inner surface of the pressurized cylindrical
shell. It means that the elastic limit pressure happens at the inner surface of the shell.
Although away from the middle length of the cylinder the elastic limit pressure results
obtained using the PET have a great agreement with the FEM results, this theory is not proper
to predict the elastic limit pressure for all length of the clamped-clamped cylinder. As shown
in Table (1), it is clear that the elastic limit pressure error percentage that is obtained using
PET increases away from the middle length of the cylinder. In addition, it is concluded from
this table that the elastic limit pressure achieved by HSDT has a reasonable agreement with
the FEM results through the length of the cylinder.

The error percentage of each theory is calculated using Eg. (33) in comparison with the FEM
results. In Eq. (33) QpgMm IS the parameter that achieved from FEM software and Qg is the
parameter of the intended theory.

Error (%) = <M> x 100 (33)

QFEM

Table (2) presents the radial displacement and circumferential stress for two different lengths
of the cylinder at the inner, middle, and outer surfaces of the cylinder subjected to the internal
pressure of 70 MPa. The radial displacement calculated using HSDT is more accurate than
PET and FSDT. In addition, the circumferential stress calculated by HSDT and PET has an
appropriate agreement with the FEM results at the middle length (x = L/2) of the cylinder.
From Table (2) it is observed that the PET error percentage increases significantly away from
the middle length of the cylinder (x = L/10). Circumferential stress distribution of the
clamped-clamped cylinder subjected to the internal pressure with the magnitude of 70 MPa
along the length at the inner, middle, and outer surfaces of the shell are shown in Figure (2).
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Table 1 Elastic limit pressure at different lengths of the cylinder

x=L/2 x=L/4 x =L/16 x = L/40
Elastic limit Elastic limit Elastic limit Elastic limit
pressure Error pressure Error pressure Error pressure Error
pa) O Tupay O ey O Tupsy ()
FEM 79.73 79.74 87.15 124.50
PET 79.77 0.05 79.77 0.04 79.77 8.47 79.77 35.93

FSDT 97.70 22.54 97.71 22.54 97.11 11.43 153.15 23.01

HSDT 80.11 0.48 80.12 0.48 83.35 4.36 121.91 2.08

Table 2 Radial displacement and circumferential stress at two different lengths of the cylinder subjected to P =
70 MPa.

x=L/2 x=L/10
Error Og Error Error of Error
Grm o) Py o) ™M™ ) Py )
FEM  0.038700  --- 181.962 --- 0.039690  --- 185.122

inner PET 0038584 030 182.000 0.02 0.038584 279 182.000 1.69
surface  FSDT  0.037202 387 206.312 1338 0.038288 3.53 208201 1247
HSDT 0038698 000 183042 059 0039696 0.02 186343 0.66

FEM 0033632 --  136.624 -  0.034628 --- 140498  ---
Middle PET 0033488 043 136640 0.01 0033488 3.29 136.640 275
surfacé  FSDT  0.033476 0.47 136166 0.34 0.034496 0.38 139.977 0.37

HSDT 0.033622 0.03 136.000 0.02 0.034621 0.02 140.475 0.02

FEM 0.030749  --- 111992 -~ 0.031638 --- 116474  ---
Outer PET  0.030576 0.56 112,000 0.1 0.030576 3.36 112.000 3.84
surface  FSDT  0.029749 325 89.403 20.17 0.030705 295 95739 17.80

HSDT 0.030748 0.00 111.341 058 0.031640 0.01 115736 0.63

At this pressure the cylindrical shell is completely elastic for both FSDT and HSDT based on
the results of the Table (1). The circumferential stress obtained with FSDT and HSDT at the
middle surface of the shell (Figure (2b)) has excellent agreement with FEM results. The
FSDT circumferential stress at inner and outer surfaces (Figure (2a) and Figure (2c)) of the
shell has almost great differences from FEM circumferential stress. It can be concluded that
by moving away from the middle surface, differences in the stresses obtained with FSDT and
FEM become higher. In other words, the differences between the results predicted by FSDT
decrease when the shell becomes thinner. It is observed that the results obtained based on
HSDT have a compatible match with the FEM results along the length at the inner, middle,
and outer surfaces of the shell. The distribution of the elastic limit pressure that yielding
begins to occur based on von Mises criteria along the length of the shell is demonstrated in
Figure (3). Elastic limit pressure obtained by HSDT has magnificent adaption with the FEM
ones. However, elastic limit pressure obtained by FSDT has a significant difference with
FEM results. The FSDT cannot predict the onset of the yield accurately.
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Figure 2 Circumferential stress distribution along the length of the shell subjected to P = 70 MPa at (&) inner
surface (b) middle surface (c) outer surface.
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Figure 3 Elastic limit pressure along the length of the cylinder.
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Figure 8 Plastic zone of the cylinder under different pressure.

Figures (4) and (5) are illustrated the circumferential and radial stress distribution at the
middle length along the thickness of the cylindrical shell using HSDT. As shown in these
Figures the stress distributions of the cylinder are plotted for three states that the cylinder is
yielded at the inner surface (z = —h/2), z = —h/4, and middle surface (z = 0). The peaks
shown in Figure (4) indicate the yield point of the cylinder in the radial direction. Before this
point the cylinder is plastic and after this point the cylinder behave elastic. The results reveal
that the elasto-plastic stress analysis obtained using HSDT has acceptable precision,
especially near the inner surface where yielding begins.

The strain distribution along the inner surface and half length of the cylinder due to its
symmetry condition are shown in Figure (6) for different values of inner pressure. As shown
in this Figure by increasing the inner pressure the plastic strain zone of the cylinder enhanced.
Figure (7) shows the strain amounts along the thickness of the cylinder at the middle length of
it for different values of the inner pressure. It is clear that by increasing of the inner pressure
the depth of lead to growth of the plastic zone. At a pressure of 85 MPa, almost 10% of the
cylinder thickness has changed to plastic, while at a pressure of 100 MPa, about 35% of the
thickness of the cylinder has become plastic. Figure (8) is shown the plastic zone of the half
length of cylinder under the pressure 85 to 100 MPa with the step of 5 MPa.

5 Conclusion

In this paper elasto-plastic stress analysis and elastic limit pressure of clamped-clamped
axisymmetric cylindrical shells subjected to internal pressure are studied. The case study for
the cylinder shell was done based on von Mises yield criterion and the shell was assumed
made of elastic-perfectly plastic material. The Prandtl-Reuss flow rule and the radial return
method are used to derive the stress after the cylinder starts the plastic deformation. The
following conclusions are achieved from the present study.

Plane elasticity theory (PET) can only cover the stress and displacement along the thickness,
away from the edges of the cylinder, because this theory cannot consider the shear
deformation. Therefore, this theory is not appropriate for elasto-plastic analyzing the cylinder
through the length.
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The boundary conditions used to obtain the constants for PET are in the terms of stresses at
the inner and outer surfaces of the cylinder. Hence, circumferential stress obtained using PET
is more accurate than HSDT ones through the thickness, at the middle length of the cylinder.
On the contrary, the boundary conditions used to obtain the constants for HSDT are in the
terms of displacements. Accordingly, radial displacement achieved by HSDT is more precise
than PET ones.

The FSDT is not accurate enough for the stress analysis of the cylinder. The shear stress is
uniform across the thickness of the shell for FSDT. This cannot be precise since the shear
stress is known to be parabolic. Only the higher-order shear deformation theories are capable
of reproducing the parabolic behavior of the transverse shear stress and satisfying the
tangential traction-free conditions on the inner and outer surfaces of the shell. If the shell
becomes thinner the stresses and displacements of the shell obtained based on FSDT and
HSDT are converges.

The elastic limit pressure obtained by PET can be used away from the boundary of the
clamped-clamped cylindrical shell. Shear deformation theories are needed for elasto-plastic
analysis through the length of the shell. The elastic limit pressure along the length of the shell
predicted by HSDT is more accurate than that of FSDT. In addition, since the FSDT cannot
predict the elastic limit pressure correctly, it cannot be proper for elasto-plastic stress analysis
of the thick-walled shell. The elasto-plastic stress analysis obtained from HSDT has
acceptable precision with FEM results.
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