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Enrichment of Approximated Flexible 

Beam Model for Constrained Control 

of Vibration Suppression 
 

For flexible beams, the application of distributed models with infinite 

degrees of freedom is complicated to precise control of vibration. 

Also, the approximated models bring uncertainties that negatively 

affect the controller performance. This paper aims to enhance the 

content of an assumed mode model of a cantilever beam by using the 

measurement information. A new estimation method is developed to 

estimate the uncertainty of the approximated model by minimizing 

the output estimation error at the current time. Experimentally tests 

are conducted to show the performance of the proposed estimation 

method compared with an extended state observer. Accordingly, a 

novel controller is developed using the estimated model to reduce the 

vibration of beam considering the control input limitations. The 

stability of the constrained second-order control system is 

mathematically analyzed, and its performance is evaluated through 

a co-simulation environment via Adams-MATLAB. The obtained 

results demonstrate that the suggested estimation scheme remarkably 

improves the accuracy of the approximated beam model. 

Consequently, the controller that uses the model uncertainty and 

disturbance information has a great efficiency in suppressing the 

vibrations of the beam. 
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1 Introduction 

 

Many advantages of flexible links, like lighter weight, higher speed, lower cost and increased 

power, have made them widely used in industries compared with rigid ones. However, the 

vibrations caused by the flexibility decrease the accuracy of devices where the flexible links are 

used. Therefore, the control of vibration suppression is the main challenge of flexible links[1, 

2]. 
In order to design a precise controller for a flexible link, an accurate dynamic model with a 

slight complexity is required. In general, the structures have infinite degrees of freedom (DOF) 

because of flexibility and their mathematical models are defined by partial differential equations 

(PDEs). When the deflections are large, the corresponding mathematical models for the 

structures are nonlinear, and their complexities will be increased by taking into account the 

structural damping, the non-uniformity, the rotary inertia and shearing effects. Also, material 

and geometric uncertainties decrease the model accuracy. Despite various assumptions in 

developing the distributed models such as Euler–Bernoulli and Timoshenko models [3, 4], and 

those developed by Euler–Bernoulli theory [5-8], they remain intricate models for application 

in the control system design. 

Since, the mathematical models defined by nonlinear PDEs are complicated to solve, some 

approximation techniques are presented to discretize these continuous models. The assumed 

modes method (AMM) [9], the lumped parameter method (LPM) [10], and the finite element 

method (FEM) [11, 12] are extensively utilized to approximate the continuous models of 

structures. Mishra and Singh [13] presented the effect of flexibility on a dynamic link model 

using the AMM approach, contrasting it with experimental outcomes. A comparison between 

two approximated models of AMM and FEM has been investigated by Tokhi and Azad [14] on 

a two-link flexible manipulator setup. Two discretization methods of AMM and FEM are used 

to simulate a rotating beam [15]. A rotating cantilever beam is modelled by the AMM in [16]. 

To compensate for the uncertainties of AMM-based model, a robust controller is designed for 

a flexible manipulator [17]. In the other paper, the controller of a two-link flexible arm 

manipulator is designed based on the AMM model [18]. In [19], the sliding mode controller is 

applied to a single-link FRM. Despite the simplicity of the approximated models for the flexible 

structure with a finite DOF, they contain a lot of uncertainties. The un-modeled dynamics and 

other uncertainties make a considerable difference between the actual and approximated 

models. Therefore, the controller designed by the approximated models should be robust against 

uncertainties that require extensive control efforts to achieve a suitable accuracy. 

In this paper, a new algorithm is introduced to improve a reduced-order AMM-based model for 

a cantilever beam that is flexible. In the proposed scheme, a complementary phrase is appended 

to the nominal AMM-based model to cope with un-modeled dynamics and other uncertainties. 

The output of the system is defined as the end-point position of the flexible beam. Accordingly, 

the complementary phrase is determined by minimizing the mismatch between the measured 

displacement and the calculated displacement by the improved model at the current time. A 

novel method is suggested to predict the current-time output of the estimated model. The 

suggested scheme is defined in duality with the one-step-ahead controller developed in the 

prevalent references [20-23]. By application of this approach, a simple nominal model includes 

the content of the actual beam is upgraded at any moment. The constructed model is validated 

by the experimental examinations and the obtained responses are compared with those of an 

extended state observer (ESO). The ESO has been a well-known method to estimate model 

uncertainties and disturbances in different applications [24, 25]. However, it can estimate the 

unknown dynamics with bounded estimation error. The adjustment of ESO gains and its error 

convergence have been considered in previous researchers [26, 27]. In the current paper, an 

improved algorithm of ESO is employed for the uncertainty estimation of the approximated 

AMM-based model and the outcomes are compared with the suggested method. 
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After confirming the accuracy and reliability of the updated AMM-based model, it is used to 

design the controller for suppressing the beam vibration. The designed controller can 

compensate for the perturbations because of the existing complementary phrase in the design 

model. However, the crucial issue is finding the feasible control signal because of the limitation 

of actuators in generating the control inputs. To address this problem, various input-constrained 

control methods have been employed in the literature. In some cases, nonlinear models are 

presented to model the saturation of control input in combination of the system model [28, 29]. 

Application of anti-windup methods joined to the primary control system is another solution to 

address the input saturation [30]. Also, integration of proportional derivative control method 

based on a dynamic compensation [31] and combination of intelligent methods with Lyapunov 

functions [32] are suggested as alternative methods for saturation issue of control inputs. The 

reviewed methods, in general, still lack clarity by considering some requirements like 

optimality, stability and universality. Application of calculus of variation or dynamic 

programming for constrained systems can provide the optimality of constrained solutions [33]. 

To reduce computational burden of the classical optimal approaches, some approximation 

schemes have been introduced according to piecewise functions [34] Haar functions [35], 

adaptive dynamic programming (ADP) [36], hybrid functions [37] and adaptive neural network 

approaches [38, 39] to approximate the control input. The model predictive control (MPC) has 

been introduced as an alternative modern approach to calculate the constrained control signal 

[40, 41] Extending MPC strategies to nonlinear systems introduces some challenges, making 

them unsuitable for online implementations. 

Apart from proposing the model-updating, another contribution of the present study is to 

develop a novel optimal constrained controller to suppress the beam vibration by continuous 

prediction of responses of the estimated model. The control law is developed in the closed form 

that is easy for implementation. The constrained stability of the closed loop system will be 

proved, and the boundedness of responses is shown. To evaluate the designed control system 

along with the updating algorithm, an actual model of a flexible beam is constructed in the 

Adams software. By application of the estimation scheme, the 1-DOF AMM model is upgraded 

toward the Adams model. The results determined by the suggested method are compared with 

some other control methods. The main contributions of the paper can be summarized as follows: 
 

 Online updating of approximated AMM-based model of the flexible beam by uncertainties 

estimation using the information of displacement sensor. 

 Conducting the experimental tests to show the efficiency of the proposed model updating scheme. 

 Presentation of comparative results with the extended state observer to evaluate the 

efficiency of the proposed model updating algorithm. 

 Designing a reliable constrained controller to cope with the restriction of control force, using 

the updated model that adapts itself to real conditions. 

 Mathematical analysis of the saturated control stability within the framework of a 

constrained optimization problem derived by KKT theorem. 

 Presentation of comparative results with the NMPC to show the proposed controller 

performance in the presence of perturbations and control force constraint. 

The organization of the rest of the paper is as follows: Section (2) presents the dynamic 

modelling of the flexible cantilever beam. The proposed control algorithm is developed in 

Section (3). In Section (4), the experimental evaluation of the model updating algorithm is 

carried out, and then the suggested control strategy is investigated through the integration of 

Adams and MALAB software. The paper is ended by the conclusion presented at section (5).  
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Figure 1 The diagram of the flexible beam. 

 

2 Model of the flexible beam 

 

Figure (1) shows a schematic of a cantilever flexible beam. The geometric characteristics 

including length, height and width of the beam are respectively defined by 𝐿 , 𝑎 and 𝑏. The 

beam is activated by an initial condition or a force input 𝑝 at the end point. 

 

2.1 Assumed mode model  

 

The assumed mode method is a discretization technique used to address vibration problems in 

continuous systems. It tackles these problems by assuming a linear combination of admissible 

functions, scaled by time-dependent generalized coordinates [42]. Consequently, for a one-

dimensional continuous system with one degree of freedom (1-DOF), the displacement solution 

is assumed to be: 

 
𝑤(𝑥. 𝑡) = 𝜑(𝑥)𝛹(𝑡) (1) 

 
in which 𝑤(𝑥, 𝑡) is the total displacement, and 𝜑(𝑥) and 𝛹(𝑡) are admissible function and 

generalized coordinate, respectively. The expressions of potential and kinetic energies are 

respectively defined as follow: 

 

𝜋(𝑡) =
1

2
∫ 𝐸𝐼 (

𝜕2𝑤

𝜕𝑥2
)

2

 𝑑𝑥
𝑙

0

 

 

(2) 

𝑇(𝑡) =
1

2
∫ 𝜌𝐴 (

𝜕𝑤

𝜕𝑡
)
2𝐿

0

 𝑑𝑥 (3) 

 
in which 𝐸, 𝜌, 𝐼, and 𝑎 denote Young’s modulus, density, area moment of inertia, and cross- 

sectional area of the beam, respectively. By inserting Eq. (1), into Eqs. (2), and (3), the potential 

and kinetic energies can be rewritten as: 



  Negin Yarinia et al.                                                                                                                                             117 

The Iranian Journal of Mechanical Engineering Transactions of ISME                            Vol. 25, No. 2, Sep. 2024 

𝜋(𝑡) =
1

2
∫ 𝐸𝐼𝜑"2

𝐿

0

𝛹2𝑑𝑥 =
1

2
𝛹2 (∫ 𝐸𝐼𝜑"2𝑑𝑥

𝐿

0

) =
1

2
𝑘𝛹2 

 

(4) 

𝑇(𝑡) =
1

2
∫ 𝜌𝐴𝜑2𝛹̇2𝑑𝑥 =

1

2

𝐿

0

𝛹̇2 (∫ 𝜌𝐴𝜑2𝑑𝑥
𝐿

0

) =
1

2
𝑚𝛹̇2 (5) 

 

here 𝑘 and 𝑚 denote the equivalent stiffness and mass of the beam, respectively: 

 

𝑘 = ∫ 𝐸𝐼𝜑"2
𝐿

0

𝑑𝑥 (6) 

𝑚 = ∫ 𝜌𝐴𝜑2
𝐿

0

𝑑𝑥 (7) 

 

For the forced vibration problem, the virtual work of a nonconservative force is determined as 

follow: 
 

𝛿𝑊 = ∫ 𝑓(𝑥, 𝑡)𝛿𝑤(𝑥, 𝑡)𝑑𝑥
𝐿

0

 (8) 

 

where 𝑓(𝑥, 𝑡) is the distributed load per unit length. By using Eq. (1), the virtual work in (8), is 

rewritten as: 

 

𝛿𝑊 = ∫ 𝑓(𝑥, 𝑡)𝜑(𝑥)𝛿𝛹(𝑡)𝑑𝑥 = 𝑄(𝑡)𝛿𝛹(𝑡)
𝐿

0

 (9) 

 

in which 𝑄 is the generalized nonconservative force. According to Fig. (1), because the point 

force is acting on the beam, the distributed load in Eq. (9), is replaced with 𝑓(𝑥, 𝑡) = 𝑝𝛿(𝑥 −
𝐿), where 𝑝 is the point force. Thus, 𝑄(𝑡) can determined as: 

 

𝑄(𝑡) = ∫ 𝑝𝛿(𝑥 − 𝐿)𝜑(𝑥)𝑑𝑥 = 𝑝𝜑(𝐿)
𝐿

0

 (10) 

 

Consequently, to present the dynamic of the system, the Lagrange equation is used as: 

 
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝛹̇
) −

𝜕𝑇

𝜕𝛹
+

𝜕𝜋

𝜕𝛹
= 𝑄 (11) 

 
By defining 𝑞(𝑡) = 𝑤(𝐿, 𝑡) = 𝜓(𝑡)𝜑(𝐿) and substituting Eqs. (4), (5), and (10) into Eq. (11), 

the equation of motion of the discretized system is derived as: 

 

𝑚𝑞̈ + 𝑘𝑞 = 𝑄𝜑(𝐿) (12) 

 

By choosing the admissible function as 𝜑(𝑥) =
1

2
[3 (

𝑥

𝐿
)
2

− (
𝑥

𝐿
)
3

] in which 𝜑(𝐿) = 1 the 

stiffness, mass and generalized nonconservative force are calculated through Eqs. (6), to (11), 

as: 
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𝑘 = 3
𝐸𝐼

𝐿3
, 𝑚 =

33

140
𝜌𝐴𝐿, 𝑄 = 𝑝 (13) 

 
Equation (12) defines 1-DOF assumed mode model. Despite the simplicity of this model, it 

includes different sources of uncertainties due to its difference with the model of actual beam. 

By presenting the state space form of this model, the upgrading scheme improves its 

information by utilizing the sensor outputs, which measure the displacement of the end-point 

of the beam. 

By considering 𝑥1=𝑞 and 𝑥2 = 𝑞̇ as the state variables, the state space form of equations is 

derived as: 

 

𝑥̇1 = 𝑥2 

(14) 
𝑥̇2 =

1

𝑚
𝑝 − 𝜔2𝑥1 

 

where 𝜔 = √
𝑘

𝑚
. 

The second-order model (14), defines a reduced-order model for the actual flexible beam that 

have infinite degrees of freedom. By taking Δ(𝑥1, 𝑥2, 𝑢) as the un-modeled dynamics, the 

second-order actual beam model is considered as:  

 

𝑥̇1 = 𝑥2 
(15) 

𝑥̇2 =
1

𝑚
𝑝 − 𝜔2𝑥1 + ∆(𝑥1 , 𝑥2, 𝑢) 

 
 

4.2 Uncertainty estimation algorithms 

 

In the following, a new algorithm is developed to estimate the uncertainty Δ(𝑥1, 𝑥2, 𝑢). The 

proposed scheme aims to minimize the discrepancy between the sensor readings and the 

estimated outputs. An extended state observer as a well-known method for uncertainty 

estimation is also developed. These two algorithms are implemented for the flexible problem 

and compared. 

 
2.2.1 Proposed estimation scheme  

 

The improved model is developed by incorporating the complementary phrase 𝜉 to the state 

space equation (14), to compensate for Δ(𝑥1, 𝑥2, 𝑢) in (15) as: 

 

𝑥̇̂1 = 𝑥̂2 

(16) 
𝑥̇̂2 =

1

𝑚
𝑝 − 𝜔2𝑥̂1 + 𝜉 

 

The output estimated at the current instance is derived as: 

 
𝑦̂ = 𝑥̂1 (17) 

 
An optimization problem is defined to determine the complementary phrase, utilizing data 

obtained from the sensors. Accordingly, the following cost function is defined as: 
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𝐽1 =
1

2
(𝑦 − 𝑦̂)2 (18) 

 

where the actual output 𝑦 is measured by the displacement sensor. A predictive approach with 

one-step-aback is employed for computing the complementary phrase at the current time. This 

method involves deriving the estimation of 𝑦̂ from the preceding output through the utilization 

of Taylor series expansion. 

 

𝑦̂ = 𝑦̂− + 𝜏𝑦̇̂− +
𝜏2

2! 
𝑦̈̂− + ⋯+

𝜏𝑘

𝑘! 
𝑦̂−(𝑘)

 (19) 

 

where 𝜏 defines the sampling time. The sign “-” above 𝑦̂− indicates the previous value, 𝑦̂− =
𝑦̂(𝑡 − 𝜏) the number of sentences in the Taylor series is selected as  

 
𝑘 = 𝑎 + 𝜆 (20) 

 

in which 𝑎 indicates the relative of 𝑦̂ and 𝜆 denotes the order of the estimation. 

Definition 1. The lowest derivative of 𝑦̂ for which 𝜉 first comes into view, denotes its relative 

degree. 

Definition 2. 𝝀 is defined as the estimation order if ∀𝜂̅ ,    − 𝜏 ≤ 𝜂̅ ≤ 0 

 
𝜉[𝑠](𝑡 + 𝜂̅ ) ≠ 0    if     𝑠 ≤ 𝜆 

𝜉[𝑠](𝑡 + 𝜂̅) = 0   if    𝑠 > 𝜆 
 

𝑠 shows the order of the derivative. 

Remark 1. The order of estimation is an important design parameter that balances the accuracy 

and computing efforts. By adopting zero order of estimation, 𝜉 will be constant during the 

forecast period (𝜉 = 𝜉−). This selection gives a fast and proper estimation for the output having 

low relative degrees [43, 44]. 

As 𝜉 explicitly appears in 𝑦̈̂−, the estimated output is calculated according to Eq. (19) as: 

 

𝑦̂ = 𝑦̂− + 𝜏𝑦̇̂− +
𝜏2

2! 
𝑦̈̂− (21) 

 

Using Eq. (16), the above equation is reformed as: 

 

𝑦̂ = 𝑥̂1
− + 𝜏𝑥̂2

− +
𝜏2

2! 
(
1

𝑚
𝑝− − 𝜔2𝑥̂1

− + 𝜉) (22) 

 
After applying Eq. (22), into Eq. (18), the complementary phrase is achieved through 

minimization of the cost function as: 

 
𝜕𝐽1
𝜕𝜉

= 0 (23) 

 

Solution of Eq. (23), gives: 

 

𝜉 = −
2

𝜏2
[𝑥̂1

− − 𝑥1 + 𝜏𝑥̂2
− +

𝜏2

2
(
1

𝑚
𝑝− − 𝜔2𝑥̂1

−)] (24) 
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The estimation error is derived by substituting (24), into (22), as: 

 

𝑦 = 𝑦̂ (25) 

 

According to (25), the enhanced AMM-based model accurately follows the behavior of actual 

system, resulting in zero estimation error. Note that, in practice, the measurement noise and 

consequently the estimation error is stochastic and can be attenuated by a low-pass filter. 

Therefore, the complementary phrase 𝜉 in the estimated model (16), successfully compensates 

for the uncertainty term ∆ in (15). 

 
2.2.2 ESO algorithm 

 

In the ESO scheme, the perturbation term is determined as an extra state 𝑥3 = 𝑓(𝑥) = −𝜔2𝑥1 +
∆(𝑥1, 𝑥2, 𝑢). Then, the expanded state space form of the AMM-based model is articulated as: 

 
𝑥̇1 = 𝑥2 

(26) 𝑥̇2 = 𝑥3 +
1

𝑚
𝑝 

 
𝑥̇3 = Υ(𝑡) 

(27) 
𝑦 = 𝑥1 

 

where Υ(𝑡) = 𝑓̇(𝑥) is suppose bounded. Therefore, the estimated state in the ESO algorithm is 

defined as: 

 

𝑥̇̂1 = 𝑥̂2 − 𝜙1(𝑥̂1 − 𝑦)  

𝑥̇̂2 = 𝑥̂3 +
1

𝑚
𝑝 − 𝜙2(𝑥̂1 − 𝑦) (28) 

𝑥̇̂3 = −𝜙3(𝑥̂1 − 𝑦)  

 

in which 𝜙𝑖 (𝑖=1,2,3) represents the observer coefficients. By appropriately choosing these 

coefficients, the ESO provides an estimation of all states, encompassing the supplementary state 

𝑥3 that incorporates model uncertainty. By subtracting equation (27) from equation (29), the 

dynamics of the observer error are determined as: 

 
𝑒̇1 = 𝑒2 − 𝜙1𝑒1  

𝑒̇2 = 𝑒3 − 𝜙2𝑒1 (29) 

𝑒̇3 = −Υ(𝑡) − 𝜙3𝑒1  

 

in which 𝑒𝑖 = 𝑥̂𝑖 − 𝑥𝑖  (𝑖 = 1,2,3) represents the estimation errors. Equation (29) shows that the 

dynamics of the estimation error are linear. Accordingly, by supposing the boundedness of Υ(𝑡), 

the bounded-input, bounded-output (BIBO) stability of the estimation error can be achieved by 

appropriately tuning the observer coefficients. The selection of 𝜙𝑖 (𝑖=1,2,3) is outlined as follows: 

Theorem 1. Choosing 𝜙1 = 3/𝜀, 𝜙1 = 3/𝜀2 and 𝜙3 = 1/𝜀3, where 𝜀 is a free value, the 

estimation error dynamics given by equation (29) remain bounded, assuming that Υ(𝑡) is 

bounded.Proof. Using, 𝜙1 = 3/𝜀, 𝜙1 = 3/𝜀2 and𝜙3 = 1/𝜀3in the estimation error dynamics 

(29), relies on: 
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[

𝑒̇1

𝑒̇2

𝑒̇3

] = 𝐸 [

𝑒1

𝑒2

𝑒3

] − 𝐺Υ(𝑡) (30) 

 

where 𝐸 =

[
 
 
 
−3

𝜀⁄ 1 0

−3
𝜀2⁄ 0 1

−1
𝜀3⁄ 0 0]

 
 
 

 and 𝐺 = [
0
0
1
]. The three eigenvalues of 𝐸 are identical to 𝜆𝑖 =

−
1

𝜀
 (𝑖 = 1,2,3). Consequently, for any specified 𝜀 > 0, the matrix 𝐸 becomes Hurwitz, 

ensuring BIBO stability of the error dynamics. The parameter 𝜀, which is adjustable, influences 

the convergence rate of estimation errors. Solving Eq. (30) with positive values for 𝜀 yields: 

 

lim
𝑡→∞

𝑒(𝑡) = ∫ 𝑒𝐸(𝑡−𝜏)𝐺Υ(𝜏)𝑑𝜏
𝑡

0

 (31) 

 
From equation (31), it is deduced that for any specified 𝜀 > 0, the estimation error dynamics 

remain bounded, assuming that Υ(𝑡) is bounded [45]. 

Remark 2. The coefficient 𝜀 affects the speed of the extended state observer. Smaller values of 

this coefficient lead to quicker responses. On another hand, smaller value of the coefficient 𝜀 

increases sensitivity to measurement noise and modeling errors.  

 
3 Controller design  
 

To attenuate the vibration of the beam, a control system is developed using the enriched AMM 

model (16). In the suggested control scheme, the control input is defined as the force applied at 

the end of the beam (𝒑 = 𝒖). In the following, at first the unconstrained control is presented in 

which the input constraint is dropped. Then the constrained version is developed and its stability 

is analyzed.  

 
3. 1 Unconstrained control 

 

The fundamental concept of the control method is to determine the present control input by 

minimization of the subsequent error. By regarding the end-point position as the system output, 

a cost function is formulated to penalize the forthcoming tracking error as 

 

𝑱𝟐 =
𝟏

𝟐
[𝒚(𝒕 + 𝒉) − 𝒚𝒅(𝒕 + 𝒉)]𝟐 (32) 

 

here ℎ > 0 denotes the time of prediction. In addition, 𝑦𝑑 indicates the reference output. The 

next-time responses in (32) must be determined using the Taylor series that its number of 

sentences is limited to the relative degree [46-48]. According to Eq. (16), the relative degree of 

𝑦 = 𝑥̂1 with respect to the control input is found to be two because the control signal is first 

appearing in the second derivative of the output as 

 

𝑥̈̂1 =
1

𝑚
𝑢 − 𝜔2𝑥̂1 + 𝜉 (33) 

 
Therefore, the prediction of the response and the desired one is explained as 
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𝑦(𝑡 + ℎ) = 𝑦(𝑡) + ℎ𝑦̇(𝑡) +
ℎ2

2
𝑦̈(𝑡) (34) 

𝑦𝑑(𝑡 + ℎ) = 𝑦𝑑(𝑡) + ℎ𝑦̇𝑑(𝑡) +
ℎ2

2
𝑦̈𝑑(𝑡) (35) 

Substituting Eq. (16) into (34) gives 

 

𝑦(𝑡 + ℎ) = 𝑥̂1 + ℎ𝑥̂2 +
ℎ2

2
(
1

𝑚
𝑢 − 𝜔2𝑥̂1 + 𝜉) (36) 

 
Assuming 𝑦𝑑 = 𝑥1𝑑  and using (35) and (36), the function (32) can be rewritten as 

 

𝐽2 =
1

2
[(𝑥̂1 − 𝑥1𝑑) + ℎ(𝑥̂2 − 𝑥̇1𝑑) +

ℎ2

2
(
1

𝑚
𝑢 − 𝜔2𝑥̂1 + 𝜉 − 𝑥̈1𝑑)] (37) 

 

Using the following optimality condition: 

 
𝜕𝐽2
𝜕𝑢

= 0 (38) 

 

leads to the following control law: 

 

𝑢 = −
2𝑚

ℎ2
[(𝑥̂1 − 𝑥1𝑑) + ℎ(𝑥̂2 − 𝑥̇1𝑑) +

ℎ2

2
(−𝜔2𝑥̂1 + 𝜉 − 𝑥̈1𝑑)] (39) 

 
By applying (39) in (33), the tracking error dynamics is derived as 

 

𝑒̈ +
2

ℎ
𝑒̇ +

2

ℎ2
𝑒 = 0 (40) 

 
Remark 3. Since the prediction time ℎ is positive, the linear regulation error dynamics (40) is 

exponentially stable. It is seen that the prediction time has the role of the time constant for the 

controlled system. The prediction time also effects the time constant of the error dynamic (40). 

The poles of Eq. (40), are calculated as −
1

ℎ
(1 ± 𝑗). Therefore, the prediction time influences 

the place of poles and the system output. Smaller values of  h  result in faster responses. 

 
3.2 Constrained control  

 

The input constraint is a physical limitation due to the limited capacity of control actuators. 

Consequently, the control input must lie within the acceptable range as 

 

𝑢min ≤ 𝑢 ≤ 𝑢max  (41) 

 
To derive the constrained control input, the cost function (37) is minimized subject to the input 

constraints (41). The constrained optimization problem is solved using Kerush-Kuhn-Tucker 

(KKT) theorem. In this respect, the standard form of the constraint (41) is first determined as: 
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𝑞1 = 𝑢 − 𝑢max ≤ 0 
(42) 

𝑞2 = −𝑢 + 𝑢min ≤ 0 

 

Then, the following optimality conditions based on the KKT theorem are stated as [49]. 

 

𝜕𝐽2
𝜕𝑢

+ ∑𝜆𝑖

𝜕𝑞𝑖

𝜕𝑢
= 0

2

𝑖=1

 (43) 

𝜆𝑖𝑞𝑖 = 0      𝑖 = 1,2 (44) 

𝑞𝑖 ≤ 0          𝑖 = 1,2 (45) 

𝜆𝑖 ≥ 0          𝑖 = 1,2 (46) 

 

where 𝜆1 and 𝜆2  indicate Lagrange multipliers. 

Theorem 2. For a single input system defined by Eq. (16) with upper and lower bounds, the 

constrained solution will be a simple saturated version of the unconstrained controller. 

Proof. To find the constrained solution, the KKT conditions (43) to (46) are required to be 

investigated simultaneously. According to (44) to (46), the inactivity of the constraints indicates 

and 𝑞𝑖 ≤ 0 and 𝜆𝑖 = 0, since the Lagrange multipliers are nonzero for the active constraints 

(𝜆𝑖 = 0) and the corresponding control inputs are straightly obtained by the constraint 

equations 𝑞𝑖 = 0. Accordingly, the non-zero Lagrange multiplier where the constraint is 

inactive are determined via Eq. (44). For both inactive constraints, corresponding Lagrange 

multipliers will be zero, leading to the unconstrained solution. For the FB with single control 

input, the resulting constrained controller is defined as follows: 

 

𝑢cons = {

𝑢max     if          𝑞1 ≥ 0 , 𝑞2 < 0
𝑢unc      if               𝑞1≤0 ,𝑞2 ≤0

𝑢min       if              𝑞1<0 ,𝑞2  ≥0 

    (47) 

 
where 𝑢unc is the unconstrained control input presented in (39). In order to analyze the stability 

of constrained solution, Eq. (43) can be rewritten using constraints (42) as: 

  
𝜕𝐽2
𝜕𝑢

= 𝐶 (48) 

 
in which 𝐶 = 𝜆2 − 𝜆1. By solving (48), the constrained controller corresponding to the term, 

𝐶is derived as: 

 

𝑢 =
4𝑚2

ℎ4
𝐶 −

2𝑚

ℎ2
[(𝑥̂1 − 𝑥1𝑑) + ℎ(𝑥̂2 − 𝑥̇1𝑑) +

ℎ2

2
(−𝜔2𝑥̂1 + 𝜉 − 𝑥̈1𝑑)] (49) 

 
The following analysis shows the boundedness of the beam dynamic under the control input 

(49). Equivalently, the boundedness of constrained solution is provided. 



124                                                                                                                                               Negin Yarinia et al. 

The Iranian Journal of Mechanical Engineering Transactions of ISME                            Vol. 25, No. 2, Sep. 2024 

The dynamics of the controlled system is obtained by applying Eq. (49), in the model. (33), as: 

 

𝑒̈ +
2

ℎ
𝑒̇ +

2

ℎ2
𝑒 =

4𝑚

ℎ4
𝐶 (50) 

 
The right-hand side term of (50), arise from limiting the control signal via the 𝐶 containing 

Lagrange multipliers. Due to boundedness of Lagrange multipliers, the upper bound 𝛺 can be 

selected for the 𝑚𝐶 in the right-hand side of Eq. (50). Therefore, the following inequality can 

be derived: 

 

𝑒̈ +
2

ℎ
𝑒̇ +

2

ℎ2
𝑒 ≤

4

ℎ4
𝛺 (51) 

 
The above differential inequality can be solved using the comparison lemma [50] as: 

 

𝑒 ≤ 𝐴𝑒
−1
ℎ

𝑡 (sin
1

ℎ
𝑡 + ∅) +

2𝛺

ℎ2
 (52) 

 
The positive values for ℎ indicates that: 
 

lim
𝑡→∞

𝑒 =
2𝛺

ℎ2
 (53) 

 

According to Eq. (53), for any specified 𝛾 > 0, choosing the prediction time as  ℎ2 >
2𝛺

𝛾 
 ensures 

the convergence of e  to the following compact set: 

 
‖𝑒‖ < 𝛾 (54) 

 
To evaluate the boundedness of 𝑒̇(𝑡), a potential Lyapunov function candidate can be 

considered in the form of: 

 

𝑉 =
1

ℎ2
𝑒2 +

1

2
𝑒̇2 (55) 

 

The derivative of 𝑉 leads: 

 

𝑉̇ =
2

ℎ2
𝑒𝑒̇ + 𝑒̇𝑒̈ (56) 

 

Using Eq. (50), in Eq. (56), gives: 

 

𝑉̇ = −
2

ℎ
 𝑒̇2 +

4𝑚

ℎ4
𝐶𝑒̇ (57) 

 

that gives: 
 

𝑉̇ ≤ −
2

ℎ
𝑒̇2 + |𝑒̇| |

4𝑚

ℎ4
𝐶| (58) 
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The second term in the right-hand side of Eq. (58), is replaced using the inequality 𝜅𝜇 ≤ 𝑛𝜅2 +
𝜇2

4𝑛
 for any real 𝜅, 𝜇 and 𝑛 > 0. Defining 𝑛 =

1

ℎ
> 0 

 

𝑉̇ ≤ −
1

ℎ
|𝑒̇|2 +

4

ℎ7
|𝑚𝐶|2 (59) 

 

Considering |𝑚𝐶| ≤ 𝛺, gives: 

 

𝑉̇ ≤ −
1

ℎ
|𝑒̇|2 +

4

ℎ7
𝛺2 (60) 

 
Equation (60), can be obtained by using Eqs. (60), and (55), as: 

 

𝑉̇ ≤ −
2

ℎ
𝑉 +

2

ℎ3
𝑒2 +

4

ℎ7
𝛺2 (61) 

 
Applying the upper bound of (54), results in: 

 

𝑉̇ ≤ −
2

ℎ
𝑉 +

2

ℎ3
𝛾2 +

4

ℎ7
𝛺2 (62) 

 

By taking  𝑅 =
2

ℎ3 𝛾2 +
4

ℎ7 𝛺2, Eq. (62) is presented as 

 

𝑉̇ ≤ −
2

ℎ
𝑉 + 𝑅 (63) 

 
The above differential inequality can be solved using the comparison lemma 

 

𝑉(𝑡) ≤ (𝑉(0) −
ℎ

2
𝑅) 𝑒−

2
ℎ
𝑡 +

ℎ

2
𝑅 (64) 

 

which implies that, the Lyapunov function remains bounded for any specified ℎ > 0 as 

 

𝑙𝑖𝑚
𝑡→∞

𝑉 =
ℎ

2
𝑅 

  
(65) 

 

According to Eq. (65), the Lyapunov function is bounded. On the other hand, as shown in (54) 

the tracking error is within a compact set. These results guarantee the boundedness of 𝑒̇.+   

Remark 4. The value of ℎ, as a controller parameter, is tuned for improving the controller 

performance. It effects on the time constant and the convergence rate of the closed loop stable 

system. For smaller value of ℎ, the system response will be faster at the cost of higher amount 

of the control input in the unconstrained control. This aligns with the outcome of Theorem 2, 

which indicates that ℎ should not be smaller than a certain value to ensure the system's responses 

remain within limits under constraints. 

 
4 Result and discussion 
 

Both experimental and simulation results of this research are presented in this section. The 

proposed estimation method is implemented in the experimental part to evaluate its 
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effectiveness through the real tests of the cantilever beam. In this part, information from 

measurement is used to enhance the nominal AMM-based model, resulting in a more accurate 

representation of the real-world system. In the second part, the Adams-MATLAB co-simulation 

is employed to evaluate the performance of the proposed control system. Here, a predictive 

unconstrained and constrained controllers designed using the estimated model, are examined to 

reduce the vibration of the end-point displacement.  

 
4.1 Experimental verification of the model-updating scheme 

 

Referring to Fig. (2), a capacitor sensor is used to measure the displacement of the beam end-

point. The LabVIEW software integrated with the Advantech PCI card 1716 is utilized to 

process the measured data. The collected data is used to u 

pdate the initial assumed mode model. The algorithm verification is done by comparing the 

responses of the updated model with the measured data. In this collection, the forced vibrations 

are provided by an electrical imbalance exciter. 

 

4.1.1 Free vibration 

 

The beam vibration (“Case-1”) with the initial end-point displacement of 1(𝑚𝑚) is considered 

as the free vibration.  The obtained results that compare the initial and updated models are 

depicted in Fig. )3(. Also, 20% error between the initial conditions of actual and constructed 

model is considered. As shown in Fig. )3a(, the end-point displacement of the nominal model 

differs from the experimental data due to different sources of perturbations. However, according 

to Fig. (3c), the existing difference is removed by improvement of the nominal model through 

the complementary phrase. Also, an improved frequency response obtained by fast Fourier 

transform (FFT) is clearly seen for the upgraded model (Fig. 3b). 

 

 
 

Figure 2 Experimental setup of the model-updating scheme 

 
Table 1 The parameter of the flexible beam. 
 

Parameter Description Value 

L  Length of the beam 0.75 (m) 

a Height of the beam 0.004 (m) 

b Width of the beam 0.02 (m) 

E Young’s modulus 207 (GPa) 

  Density 7801 (Kg/m3) 
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(a) 

 

(b) 
 

 
(c) 

 
 

Figure 3 The experiment results in Case-1 during free vibration analysis, (a) End-point displacement, (b) FFT, 
(c) complementary phrase 
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4.1.2 Forced vibration 

 

For analysis of the forced vibration under the suggested model-updating scheme, the beam of 

Case-2 is excited by the harmonic force with different frequencies. The force applied in the 

middle of the beam is modeled as 𝑝𝑢 = 𝑚𝑢𝑟𝑢𝜔2 sin(𝜔𝑡 + ∅), for which 𝑚𝑢 = 0.01 (𝑘𝑔) is the 

mass and 𝑟𝑢 = 0.01 (𝑚) is the eccentricity of exciter. Also, 𝜔 = 2 and 4.2 (𝐻𝑧)are selected as 

the excitation frequency. Note that, the disparity in the force-acting point is taken as the 

uncertainty. 

Figures (4) and (5) present the system responses for forced vibrations. It is seen that the 

suggested estimation scheme can cope with the uncertainties, successfully. In the results, an 

increased amplitude is seen for the nominal model in Fig. (5). This increment is for the reason 

that the excitation frequency (4.2 (𝐻𝑧)) is close to the natural frequency of the actual beam 

found in Fig. (4). It is seen that for the harmonic excitation with the frequency of 4.2 (𝐻𝑧), the 

model-updating algorithm brings a phenomenon like beating in the complementary phrase to 

compensate for the uncertainties. This is for the reason that the excitation frequency is close to 

the natural frequency of the beam.  

 

 
(a) 

 

 
(b) 
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(c) 

 

 

Figure 4 The experiment results in Case-2 with the excitation frequency of 2 (Hz), (a) End-point displacement, 

(b) FFT, (c) complementary phrase 

 

 
 (a) 

 

 
 

(b) 
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(c) 

 

Figure 5 The experiment results in Case-2 with the excitation frequency of 4.2 (Hz), (a) End-point displacement, 

(b) FFT, (c) complementary phrase 

 

 
(a) 

 

 
(b) 

Figure 6 Proposed estimation method results for the forced vibration analysis in Case-2 in comparing with ESO, 

(a) End-point displacement in 2 (Hz) excitation, (b) End-point displacement in 4.2 (Hz) excitation 
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To compare the efficiency of the suggested model updating method with another uncertainty 

estimation strategy, the obtained results are compared with ESO. Both estimation methods use 

the same reduced-order model. According to Fig. (6), the suggested method is more efficient in 

reducing the estimation error compared to ESO. The estimation error in the suggested method 

converges to zero, whereas in ESO, as per Theorem 1, the estimation errors are bounded and 

will converge to a compact set. 

 

4.2 Control system verification 

 

The integration of the Adams and MATLAB software, presented in Fig. (7), is developed for 

examination of the suggested controller. The control signal is assumed to be a force applied at 

the beam's end-point to reduce free vibrations (𝑥1𝑑 = 0). The control signal should be 

calculated in the admissible range defined as −10 ≤ 𝑢 ≤ 10 (𝑁). In the Adams model, a flexible 

beam with parameters presented in Table (1) is designed, and a lumped mass is assumed to be 

at the middle of the beam. This mass is ignored in the nominal AMM-based model. Meanwhile, 

a parametric disparity of 40% in the Young's modulus is taken into account for the nominal 

model. According to Fig. (7), upgrading the nominal AMM-based model by the suggested 

scheme leads to a reliable model that is suitable for the design of the controller. The end-point 

displacement is extracted from the actual Adams model, and the control signal is transmitted to 

the Adams to constitute a software loop. 

At first, the controller is examined by considering 2 (𝑐𝑚) initial end-point displacement. The 

results of the constrained control for three values of h are shown in Fig. (8). Given the smaller 

value of the prediction time (ℎ = 0.005), the control input in the unconstrained controller tends 

to take higher values. However, in the constrained controller, this results in more frequent 

saturation of the control input, which in turn degrades the system responses. This result is also 

confirmed by the outcome highlighted in Remark 4 for the constrained control. Consequently, 

it's advisable not to choose the prediction time too small. For the simulated feedback, ℎ = 0.01 

can be considered a reasonable choice. However, for larger values such as ℎ = 0.02 , the system 

response becomes slower, as noted in Remark 3.  
 

 
Figure 7 The software in the loop mechanization for the proposed control method 
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(a) 

 

 
(b) 

 
 

 

Figure 8 The result of the controlled beam in different prediction times for Case-2 with 2 (cm) initial end-point 

displacement, (a) End-point displacement, (b) Control force 

 
The comparative response of the beam with and without control is depicted in Fig. (9). The 

complementary phrase is shown in Fig. (9c). The obtained results indicate that the controlled 

system leads to proper responses in suppression the vibration of the beam. Also, the estimator 

aims to enhance the reliability of the nominal AMM-based model by appending the 

complementary phrase. Consequently, the controller developed from the improved dynamic 

model exhibits great performance in mitigating the beam vibration. 

In order to investigate the effect of updating the model through complementary phrase, the 

results are compared with the controller developed by the nominal AMM-based model without 

updating (𝜉 = 0). Figure (10) presents the comparative results for the 2 (𝑐𝑚) initial 

displacement at the end-point of the beam. The results indicate that the vibration of the beam is 

remarkably reduced by the updated model-based controller compared with the controller 

without model updating, 𝜉 = 0.  
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(a) 

 
(b) 

 
(c) 

 

Figure 9 A comparative result of the controlled and uncontrolled beam in Case-2 with 2 (cm) initial end-point 

displacement, (a) End-point displacement, (b) Control force, (c) Complementary phrase 
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(a) 

 
 

 
(b) 

 
 

Figure 10 The results of the suggested control methods with and without model updating in Case-2 with 2 (cm) 

initial end-point displacement, (a) End-point displacement, (b) Control force 

 
To assess the efficiency of the suggested constrained control scheme against other constrained 

strategies, the achieved outcomes are contrasted with those of conventional nonlinear model 

predictive control (NMPC) as described in Appendix (1). In this case, 5(𝑐𝑚) initial condition 

is considered at the end-point of the beam. Both methods utilize identical models and 

constraints for their implementation. As shown in Fig. (11), the efficiency of both approaches 

in satisfying the limitations are similar. However, the proposed control method with the updated 

model is more efficient in suppressing the beam vibrations in comparing with the NMPC. This 

is as a result of more saturations experienced by the NMPC due to the uncertainties. In addition, 

the suggested constrained controller is significantly faster than NMPC. The obtained results 

highlight the suitability of the proposed scheme for online implementation. It is important to 

note that, unlike the proposed algorithm, NMPC relies on online optimization at each instant to 

provide the control input. 
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(a) 

 

 
(b) 

 

Figure 11 Comparison between the suggested control method and NMPC in Case-2 with 5 (cm) initial end-point 

displacement, (a) End-point displacement, (b) Control force 

 

5 Conclusion 

 

The discrepancy between the assumed mode model with the lowest DOF and the actual beam 

model is removed by estimating the model uncertainties. In this respect, a constrained control 

method according to the enriched model is developed to reduce vibrations of the beam. The 

stability of the proposed control method is analyzed to demonstrate the convergence of the 

errors.  

Experimental tests are carried out for a flexible beam to demonstrate the high efficiency of the 

suggested model-updating scheme. Finally, the MATLAB-Adams co-simulation reveal that the 

proposed scheme leads to an accurate model in the presence of model perturbations. The 

resultant controller performs superiorly in suppressing the beam vibration. Additionally, the 

suggested control methods are compared with different control strategies. The results indicate 

that the suggested control method is significantly faster than NMPC. 
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Appendix 1: Nonlinear Model Predictive Control Scheme 
 

Nonlinear Model Predictive Control (NMPC) is a powerful and widely used method for 

constrained control of nonlinear systems. To evaluate the efficiency of the suggested control 

method for the flexible beam, we compare its results with those achieved by a constrained 

NMPC approach. Figure (12) illustrates the structure of the constrained NMPC algorithm. The 

NMPC algorithm, as shown in Fig. (12), consists of three main blocks: a prediction block to 

predict future system states, a cost function block to define the optimization objective, and a 

minimization block to find the control input that minimizes the cost while respecting 

constraints. The discrete model of beam is used in this algorithm. As shown in Fig. (13), both 

the control horizon and the prediction horizon are set to 5 and 10 steps, respectively. 

Consequently, when 𝑘 = 0, the control horizon will be from 𝑘 = 0 to 𝑘 = 0 and the predictive 

horizon will be from 𝑘 = 1 to 𝑘 = 10. 

 

 
Figure 12 NMPC algorithm for a FB 

 

 
 

Figure 13 A discrete NMPC approach 


