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Thermoelasticity of Functionally
Graded Cylindrical Shells under
Axisymmetric Partial Thermal Shock

In this paper, we investigate the coupled thermoelastic behavior
Mehdi Karimi® of a cylindrical shell made of functionally graded material
subjected to axisymmetric partial heat shock, employing the

M.Sc. Student theory of classical coupled thermoelasticity. The thermal and
mechanical properties of the cylindrical FGM shell, graded

through its thickness, are assumed to follow a power-law

distribution for the metal and ceramic constituents. We consider

the second-order shear deformation shell theory, which accounts

for transverse shear strains and rotations. The equations of

motion are derived from Hamilton’s principle, coupled with the

Mohammad Rez_a heat conduction equation. These resulting equations are
Eslamit simultaneously solved using the Galerkin finite element method in
Professor the spatial domain and Newmark’s numerical method in the

temporal domain. Finally, we present the temperature and stress
distribution along the shell length over time. The results indicate
that an increase in the power-law index, leading to an increase in
the ceramic volume proportion, results in a higher vibration
frequency and a lower vibration magnitude. These results are
validated using known data from the literature.

Keywords: Coupled thermoelasticity, Cylindrical shell, Functionally graded materials, Partial
shock

1 Introduction

Rapid heating of engineering structures is a common occurrence in industrial applications, and from
a scientific standpoint, it can lead to several critical conditions. One of the most significant among
these is the propagation of stress front waves or heat-induced vibrations within these structures.
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When the duration of the thermal shock load is significantly shorter than the period of the structure's
lowest natural frequency, it is recommended to conduct stress analysis using coupled
thermoelasticity [1].

Numerous research efforts have been dedicated to the analysis of coupled thermoelastic
behavior in structural members:

McQuillen and Brull [2] presented an analytical solution for the dynamic thermoelastic
response of homogeneous cylindrical shells, both of finite and infinite lengths. Their findings
emphasized the greater importance of dynamic analysis over static analysis in thermal shock
situations, particularly as the shell thickness decreases. They also discussed the use of semi-
coupled and complete coupled thermoelasticity analysis.

Eslami et al. [3] explored the behavior of thin, homogeneous cylindrical shells under thermal
and mechanical shocks. They tackled this problem in the spatial and temporal domains using
the Galerkin and Newmark methods, respectively, considering the equations of motion and
energy as coupled phenomena.

Sherief and Hamza [4] delved into the realm of coupled thermoelasticity in thick plates. They
subjected these plates to symmetrical axial thermal and mechanical shock loads, solving the
equations of motion and energy concurrently through the Laplace method and Fourier
expansion.

Reddy and Chin [5] applied thermal shock to cylindrical and plate geometries constructed from
functionally graded material. They utilized the finite element method to investigate dynamic
thermoelastic responses, comparing results between coupled and non-coupled equations while
accounting for temperature-dependent properties.

Eslami et al. [6] employed the Galerkin finite element method to analyze shells of revolution,
utilizing the Lord-Shulman coupled thermoelasticity model to explore the impact of normal
stress and coupling.

Shiari and Eslami [7] considered a composite cylindrical shell subjected to thermal and
mechanical shock loads. They adopted the Flugee second-order shell theory, incorporating
normal stress, and employed the finite element method with Galerkin and Newmark techniques
to compare results between coupled and uncoupled modes.

Bagri and Eslami [8] presented a one-dimensional generalized thermoelasticity model for a disk
based on the Lord-Shulman theory. They solved this problem in spatial and temporal domains
using the Laplace and Galerkin techniques, respectively, examining the dynamic thermoelastic
response under axisymmetric thermal shock loads and the effects of relaxation time and
coupling coefficient.

Bakhshi et al. [9] studied the coupled thermoelastic response of a functionally graded annular
disk based on the classical theory of thermoelasticity.

Bahtui and Eslami [10] investigated the response of a circular cylindrical thin shell made of
functionally graded material based on the generalized theory of thermoelasticity, examining the
effects of temperature field distributions across the shell thickness.

Babaei et al. [11] explored the finite element solution of an Euler—Bernoulli beam constructed
from functionally graded material subjected to lateral thermal shock loads, considering the
effect of the coupling coefficient.

Bagri and Eslami [12] considered the generalized coupled thermoelasticity based on the Lord—
Shulman model, including the second sound effect, to analyze the dynamic thermoelastic
response of a functionally graded annular disk. They employed the Laplace method to remove
time variation from equations, followed by solving them in the spatial domain using the
Galerkin method and obtaining answers in the time domain through numerical inverse Laplace
transformation, with a focus on relaxation time and coupling coefficient.

Hosseini [13] presented a coupled thermoelasticity analysis of a finite functionally graded
hollow cylinder using the Green—Naghdi theory without energy dissipation, obtaining time
histories of radial displacement, temperature, and stress distribution for various power-law
exponents.
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Heydarpour and Aghdam [14] used the generalized coupled thermoelasticity based on the Lord—
Shulman theory to study the transient thermoelastic behavior of a rotating functionally graded
truncated conical shell subjected to thermal shock under different boundary conditions. They
analyzed governing equations using the mapping differential quadrature method and the
Newmark technique.

Jafarinezhad and Eslami [15] focused on studying an annular plate made of functionally graded
materials under the coupled theory of thermoelasticity, exploring the effects of power-law
index, coupling coefficient, and different geometric proportions.

Esmaeili et al. [16] investigated large amplitude thermally induced vibrations in cylindrical
shells made of functionally graded material (FGM), assuming thermo-mechanical properties of
the FGM shell vary with temperature and thickness coordinates.

Zeverdejani and Kiani [17] examined the coupled and nonlinear thermo-mechanical response
of a functionally graded material (FGM) hollow sphere under thermal shock, utilizing the GDQ
method, Newmark time marching scheme, and Picard successive algorithm to solve governing
equations and obtain temperature, displacement, and stress profiles as functions of time.
Sakha and Eslami [18] analyzed the generalized thermoelastic response of a beam subjected to
partial lateral thermal shock, using the Galerkin finite element method and the time marching
algorithm to solve the one-dimensional dynamic problem, incorporating quadratic shape
functions for the temperature field and C*-continuous shape functions for the displacement
field.

In our study, we investigate the thermoelastic response of a cylindrical shell under symmetrical
axial local heat shock. The shell is constructed from functionally graded material and follows
Hooke's law. We assume small displacements under applied loads, allowing us to use linear
strain-displacement relationships. To derive the complete set of equations governing the shell's
behavior, we employ Hamilton's principle, considering both the equations of motion and the
coupled heat conduction equation. These equations are solved in the spatial and temporal
domains using the Galerkin finite element method and the Newmark technique, respectively.
Our results encompass varying values of the coupling coefficient and volume ratios of materials
within the FGM. Additionally, we explore the necessity of employing coupled thermoelasticity
in cases of rapid thermal loading speeds.

2 Analysis

We consider an FGM cylindrical shell with a radius of R, thickness of A, and length of Z, as
depicted in Figure (1).

_________________________________________________________________________________________________ ¥ h/2

Figure 1 Cylindrical shell whit displacement field.
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This functionally graded shell is composed of both metal and ceramic materials, with their
properties continuously varying in the thickness direction as a function of the coordinate z,
where zrepresents the shell thickness coordinate ranging from -4/2to A/2 with positive values
extending outward.

The material properties, including Young's modulus E(z), coefficient of thermal expansion a(z),
coefficient of heat conduction K(z), specific heat C(z), and mass density p(z), are defined across
the shell's thickness. The volume fractions of the constituent materials are denoted as follows:

Vm Ve

fm = fe = 1)

T VitV T U tVe

Here, fm and f represent the volume fractions of the metal and ceramic components in the FGM,
respectively, and they satisfy the following equation:

Equation (2) expresses the relationship between the volume fractions of the metal (fm) and
ceramic (fc) components in the FGM, satisfying the constraint:

fmtfe=1 )

The effective material properties of functionally graded materials can be described as:
Fcf(Z) = FEufm + Fofe (3)

Here, Fn and F:represent the inherent material properties of each phase.
The volume fraction is assumed to follow a power-law function:

fm = (222;; h)i

fe=1—fm

(4)
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Figure 2 Temperature versus time for slow rate load.
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In this formulation, i represents the power-law index, indicating the material variation
throughout the shell thickness. The value of i is always greater than or equal to zero, with zero
representing a fully metal composition and infinity representing a fully ceramic composition. It
IS important to note that we assume Poisson's ratio to be constant across the shell thickness due
to its negligible variation within the constituent materials.
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Figure 3 Applied thermal shock, case (1).
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Figure 4 Temperature versus time for fast rate load.
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2.1 Strain-displacement relations

The cylindrical coordinates (x, 8, z) are considered along the axial, circumferential, and normal
to shell surface directions. The displacement components based on the first order approximation
are represented as

u(x, 0,z) = uy(x,0) + zy,(x,0)
)
w(x, 0,z) = wy(x, 0)

where u, and w, represent the components of displacement vector on the middle plane of the
shell at a point along the x and z-directions, respectively. The strain-displacement relations for
the cylindrical shell based on the first order shear deformation theory are given as

Exx = Ugx + ZUx

1 Wy
1+ZR (6)

Egg = Z
R

1
Exz == (WO,x + lpx)
2

2.2 Stress-strain relations

The stress-strain relations for a functionally graded shell based on the assumed displacement
model, including the shear deformations, are

E E
Oxx = 1_(—Zv)2 [exx + vEga] — (12)%“1(/2)(71 —Tg)
E E
Ogg = % [€90 + VExx] — (12)%“1(/2) (T —Ta) (7)

E(z)
Txz = mgxz

where Ty, is the reference temperature. The force and moment resultants from the second order
shell theory are

()= €0+ p)e
{Nee}=L {009} dz (8)

{Mxx} = f {Uxx} (1 + %) dz

VA
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2.3 Equations of motion

The Hamilton principle obtains the following equations for the axisymmetric loading conditions
in cylindrical coordinates, including the shear deformations.

ON . .
a;x = lytlp + 11y
00 _Noo _ 1
ax R °° (9)
oM . .
a;x = Ly + Iy
where
h
ly12 = fhP(Z)(L Z,ZZ)dZ (10)
)

For the thin cylindrical shells, temperature distribution across the shell thickness may be
assumed to be linear as

AT(X, Z, t) = To(x, t) + ZTl(x, t) (11)
where T, and T; are the unknown functions to be obtained. Substituting Egs. (5) into Egs. (7)

and using Egs. (8) and (11) and finally substituting the resulting equations into the equations of
motion (9), the equations of motion are obtained in terms of the displacement components as
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Figure 5 Radial displacement versus time for fast rate load.
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0%u ow, RV oT, oT. . 0w
Ay Ox 20 +A;—— ax + 4 axzx 46_;— 5 axl <A1 ax : +A11l’x> = lpily + LYy

where 4, A;(j = 1..6),and B;(j = 1..5) are constants given in the Appendix. Three equations
of motion contain five unknown dependent functions u,, wy, ¥, Ty, and T;. This means that
two more equations are needed to complete the necessary equations and calculate the dependent
functions. These two equations are derived by employing the energy equation.

2.4 Energy equation

The first law of thermodynamics for heat conduction equation is assumed for the functionally
graded cylindrical shell. The classical theory of coupled thermoelasticity for the FGM
cylindrical shell is considered as [1]

pceT + BTaéi; = (kTy), (11)

where p is the mass density, c, is the specific heat at constant strain, f = Ea/(1 — 2v), T, is
the reference temperature, and k is the heat conduction coefficient. This equation may be
written in expanded form for the assumed conditions. We move all parts of the equation to the
left side of the equation and call it the residue Re. The resulting residue Re is made orthogonal
with respect to 1 and z. This yields two independent equations for T, and T;, as it is made
orthogonal with respect to 1 and z for T, and T; [2]
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Figure 7 Applied thermal shock, case (1).
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Figure 8 Inside temperature of the shell at x = 225 mm versus time for different power law indices, case (1).
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Five governing equations, including the equations of motion and the energy equations, must be
simultaneously solved to obtain the displacements and temperature functions.

As the thermal boundary conditions, it is considered that the heat flux Q;, and Q,,,; are applied
on the inside and outside surfaces of the shell

(— h/2)—‘ = hn(T=Ti1),  z=-—2 (15)

h
2 (16)

k(h/2)—’ =y (T —TOW), 7=

Using Egs. (11) and (14) for the linear approximation of temperature distribution across the
thickness direction, two energy equations for the cylindrical shell are obtained as

, duy . 0y, . . 92T, 92T, h
B1W+BZW+F1T0+F2T1 - D, 32 - D, FP%) - D,T, + h;, <T0—§T1>
+ hout (TO + ETl) = hi, (Tin (t) — Ta)
. (17)
. 0uy oY, 0%T, 0%T,
Ba— Bw+B3a + F,To + F3Ty — Dy —Dso—+DsTh
h h h h h
— 5 hin (To - §T1) ~ 5 hour (To + §T1> = - Ehin(Tin(t) —Ta)
where the constants F;(j = 1..3), B;, D;(j = 1..5) are given in the Appendix.
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Figure 9 Radial displacement of the shell at x = 225 mm versus time for different power law indices, case (1).
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2.5 Numerical solution

The centre of the shocked lenght Nxx(N/m)
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Time(sec)

Figure 10 Axial force resultant of the shell at x = 225 mm versus time, case (1).

Consider a cylindrical shell under axisymmetric partial thermal shock load. Temperature
distribution across the shell thickness is assumed to be linear. Under such assumed conditions
five unknown functions ug, ug, Yy, To, Ty, as given by Egs. (12) and (17), appear in the
governing equations. These equations are transformed into the dimensionless form by the
following dimensionless parameters

__x_l t__t_clt 7_1_T0_1T T—Tl—lT
TR 1 T T Tp o Trov
_Ug 1 _ Wy 1 18
0 u, la,T, 0’ WO_WC_lamTaWO' (18)
_ Uy 1
lnbx lpc amTalpo

where

PmCmC1

Here, the subscript m denotes the material properties of metal constituent. With the assumed
dimensionless parameters, consider the quadratic shape function for the base element (e) of the
dependent functions as
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20 (@) = (N Ny Na)@ o

WO () = (Ny N Ng)© diw

NG
_ B
l/),(ce)(x) =(N; N, N3)© l/)xz} (19)
7_'0(6) (x) =(N; N; N3)©!T,

Tfe)(x)=<N1 N, N3)(e) T12

where

N (%) = (1—2 Lf@)(l— Lf@)
Nz(f):4L(i;)(1_L(i_e)> (20)

. x %
N3(X) = —E<1 —Zm)

and, L(® being the length of base element (e). Applying the Galerkin method to the system of
five equations and employing the weak formulations, yield

.”[ uCaN aN A w, ON,, N 44 l/)CaN JoN; _
) 1%52ex o ot A Niwoi M e 5 o7
Le
TocON,, — T,. 0N,
—B3xc % T-—B4xc 9% NTll 10 NNuOL
Ye = ]
+1 t_szNil/)xi] x = Nxme|6
c
u.  ON; _ . WCON dN, _
I:Alx_cNmFuol ( xg a_ a_ +A6WCN N>W01.
iG]
Y, ON,, " _
+(A1 x; 0% N +A2 C )l/)xl BlTOCNmNiTOi
c

W - _
= ByTaeNNeTys + Iy t—szNiWOi] 4% = Quclil
Cc
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f[A U, N, azv (A w.IN,, N+ A WCN azvi)_
‘X2 0% Frie 2x, 9x 1Ty, ™% Woi
iG]
W, ON,, ON; Toc N -
+(As g5 5 + AN, B — By TN T
Tyc ON,, Ye
— B T NT11+(11 5 NuNidloi + 2 75 ah Nl/)m)] dix
Xc OL (21)
= MyxNplg

. U dN; . 1/1 JdN T
B,——N. uol+B4 °N Nwm+B2 ’"a—lp’“ 1 2 N,.N,T);

m a—
10 Xele fe ¢
Tie . Toc 02N _
+ FZ t_NmNiTli - Dl Nm 072 TOc(hm + hout)N N TOi
c
Tic 0 N;
DyTy Ny N; + Dy — Nmﬁ
h = |- _
- ETlc(_hin + hout)NmNi Tli dx = f hin(Tin(t) - Ta)dex
1G]
. U ON; . . W, . . Y. JdN Toc
| (B o G + s 2 Ny + By N S+ P2 NN Ty

Tic . Toc 2N, h _
+ F3 t_NmNiTli —\D2— X2 Nm 02 += TOc(hm + hout)N N TOL‘
c c

DT NN, 4 Da 2y 0°N;
581cYmtVi 3xg mafz

h? _ h
- ZTlc(hin - hout)NmNi> Tlil dx = f - Ehin(Tin(t) - Ta)def

iG]

where T;,(t) is the applied thermal shock. Set of Eqgs. (21) are assembled for all the finite
elements of the solution domain and the final equation is given as

MI{X} + [C1{X} + [K1{X} = {(F(D)} (22)

where [M], [C], and [K] are the global mass, damping, and stiffness matrix. The matrix {F(t)}
is the global force matrix and {X} is the global unknown matrix in form of the non-dimensional
displacement components defined by Eqgs. (19). The finite element equation of (22) maybe
solved in time domain by many techniques. In this paper, the Newmark method is used. In this
technique, the velocity and acceleration matrices at time t + At are approximated in terms of
their values at time t as [19]

(%va0 = i Whesse = 000 + (1= 2) (), + (1 - 55) aeli),
, 1 ) (23)
{X}HM :W({X}HM_{X}J ﬁAt{X} +( >{X}t
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The centre of the shocked lenght Nxx(N/m)
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Figure 11 Axial force resultant of the shell at x = 225 mm versus time, case (1).

where the coefficients @ and 8 are parameters which determine the accuracy and stability of
the numerical technique. For time t + At, we get

[E]{X}HM = {F‘} (24)
where

1 a

s M1+ 55 (€14 1K)

K] =

{F} = (Fhesne + M ](ﬁAtz{ }”’/m{ } +(__1>{X}) (25)

+16) (57 00 + (5= 1) 08, + (55 - 1) ),

3 Results and discussion
3.1 Verification

The present analysis is validated by results of Eslami et al. [6] and Bahtui et al. [20]. In both
named paper, thermal shock is applied to inside surface of cylindrical shell but dimensions,
material and heat flux rate are different. As seen in Figures (2-5) Errors of the temperature and

radial displacement results for slow rate load (AT = 2207(1 — e~131%)) and fast rate load
(AT = 2207(1 — e~13100%)) are less than 2 percent that is because of different shell theories
considered. Bahtui et al. [20] applied impact heat flux with very fast rate (AT = 2201.85 X

ate~13100b8) that occur lateral vibration. As shown in Figure (6) different between frequencies
is less than 4 percent but it is about 100 percent for amplitude.
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These errors exist due to the difference of 36 percent between coefficients in stress-strain
relations and 100 percent in the coupling coefficient.
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Figure 12 Axial moment resultant of the shell at x = 225 mm versus time, case (1).
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Figure 13 Variation of inside temperature versus shell length at different times, k = 1, case (1).
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3.2 Results

Consider a simply supported functionally graded cylindrical shell under the inside
axisymmetric partial thermal shock. The length, diameter and thickness of shell are 500 mm,
125 mm and 6.25 mm respectively. The functionally graded shell is assumed to be made of
combination of metal (Ti—6Al—-4V) and ceramic (ZrO2), at the initial temperature 298.15°K,
with the material properties shown in Table (1).

The shell is ceramic-rich at the inside and metal-rich at the outside surfaces, respectively.
Temperature field across the shell thickness is assumed to be of linear type. Thermal shock is
applied to the inside surface in the interval of 150mm < x < 300mm for two cases, which is
shown in figures (7) and (16) The lowest natural frequency of the mentioned cylindrical shell
for first mode in axial and circumferential direction is 5200 cycle/s [21] therefor it's period time
is 0.192 ms. In case one applied temperature increase to maximum amount in 0.5 ms that is
lower than period time of the cylindrical shell but in case two it's 0.05 ms.

For both cases, the boundary conditions at the ends of the shell are assumed to be thermally
insulated and also the number of the elements is 60. Figure (8) shows the temperature of the
shell at x = 225 mm versus time. This figure shows that for pure ceramic shell (k = o),
temperature distribution becomes higher, as the ceramic conductivity is lower compared to
metal.

Table 1 Material properties of functionally graded constituent materials.

Metal Ceramic
E,, = 66.2 Gpa E. =117 Gpa
a, =103 x 107°(1/K) a,=7.11x107%(1/K)
Pm = 441 x 103(kg/m?3) pe = 5.6 X 103(kg/m?3)
k,, = 18.1(W/mK) k. =2.036(W/mK)
¢n = 8083(//kg.K) c. =615.6(J/kg.K)
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Figure 14 Variation of radial displacement versus shell length at different times, k = 1, case (1).
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The lateral deflection of the shell at x = 225 mm versus time for different values of the power
law index is shown in Figure (9). Since the thermal expansion coefficient of metal is larger than
ceramic, as k increases, the lateral deflection increases. Figure (10) shows the axial force of the
shell at x = 225mm length versus time. The axial moment of the shell which is shown in Figure
(11) increases as the metal volume fraction increase.

The variations of inside temperature, radial displacement, force and moment versus shell length
are shown in Figures (12-15). In these diagrams, the index k is considered constant and is equal
to k = 1. These diagrams are plotted at four specific moments of the solution time. Some errors
inx = 150 mm and x = 300 mm areas are caused by discontinuity of applied thermal shock.
In the second case, the shock load is ten times faster than in case one, and lateral vibration
appears, as seen in Figure (18). Inside temperature versus time displayed in Figure (17), since
the heat conduction coefficient of ceramic is higher than metal, as power law index k increases,
inside temperature increases. The frequency of lateral vibration of the shell due to the increase
of young modulus, as shown in Figure (18), increased. Also, the displacement amplitude
decreases by increase of index k. The axial force for pure metal is lower than pure ceramic, and
for FGM, it's higher than both, as illustrated in Figure (19). The axial moment versus time for
different power law indexes, k is indicated in Figure (20). The results are compared for different
coupling coefficients and demonstrated in Figures (21-24). For 8 = 0, the mechanical coupling
term from the energy equation equals zero, and the problem is decoupled. By increasing the
coupling coefficient, the effects of damping increase, as demonstrated in Figure (22). The axial
force by increasing coupling coefficient decreases, as illustrated in Figure (23), but the axial
moment does not change much, as shown in Figure (24).
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Figure 15 Variation of force resultant versus shell length at different times, k = 1, case (1).
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Figure 16 Variation of moment resultant versus shell length at different times, k = 1, case (1).
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Figure 19 Radial displacement of the shell at x = 225 mm versus time for different power law indices, case (2).
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4 Conclusion

In this study, we investigated cylindrical shells composed of functionally graded materials
subjected to local symmetric thermal shock. Initially, we derived the equations of motion and
energy for cylindrical coordinates using second-order shell theory, followed by their numerical
solution. The cylindrical shell we studied belongs to the isotropic FGM category, featuring two
phases of metal and ceramic distributed along its thickness. Additionally, we formulated the
mechanical and thermal properties of the shell as power-law functions varying across the
thickness. Subsequently, we simultaneously solved the motion and energy equations based on
coupled thermoelasticity using the Galerkin finite element method in the spatial domain. The
cylindrical shell was discretized into quadratic elements along its length, and we solved the
problem in the temporal domain using Newmark's numerical method.

We investigated the problem for two thermal shock load rates and employed simply supported
boundary conditions. Our analysis enabled us to determine temperature profiles, radial
displacements, axial forces, and axial moments along the shell's length. We also generated
graphical representations of temperature changes, radial displacements, axial forces, and axial
moments over time. Our examination of lateral vibrations across different power-law indices
and coupling coefficients, as illustrated in Figures (18) and (22), revealed that vibration
frequencies increase while amplitudes decrease with higher power-law indices. Moreover, an
increase in the coupling coefficient was found to enhance damping behavior. A noteworthy
result from this research is the significance of coupled elasticity theory, particularly when
dealing with shells approaching frequency responses.
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Figure 22 Inside temperature of the shell at x = 225 mm versus time for different mechanical coupling
coefficient, k = 1, case (2).
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