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1   Introduction  

 

The first explanation of smart structures has been generally discussed roughly four decades 

ago. The so-called smart structures are correlated to the developments in advanced structures 

which are widely used in automobiles, shipbuilding industries, aeronautical and space 

sciences. Moreover, smart structures made by materials such as piezoelectric and piezo-

magnetic, have various applications in vibration control, shape morphing, active optics and 

structural health monitoring [1]. 
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Computation of SIF for Several 
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In this paper, the dynamic stress intensity factors (DSIFs) in 
an orthotropic strip coated by a functionally graded 
piezoelectric (FGP) containi8ng several moving cracks has 
been studied. The distributed dislocation method (DDM) is 
extended to construct integral equations for the several 
cracks. At first, the stress fields in an orthotropic strip coated 
by FGP containing a single dislocation are calculated. Then, 
by use of distributed dislocation density on the faces of cracks, 
systems of singular integral equations with Cauchy type 
singularity are obtained. Finally, the integral equations are 
solved with an appropriate numerical method to specify the 
dislocation density and then DSIFs at the crack tips. The 
primary objective of this paper is to investigate the effects 
types of loading, the position of cracks relative to each other, 
crack speed and nonhomogeneity parameter on the DSIFs. 
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On the other side, functionally graded materials (FGMs) have considerably improved, for 

example, the thermal shock resistance, corrosion resistance, and fatigue life of the structures 

[2, 3].      

Hence, by applying the concept of FGMs to the smart materials it is feasible to enhance the 

reliability of piezoelectric structures which are known as functionally graded piezoelectric 

materials (FGPMs) [4]. Layered materials are widely used in various products to improve 

structural efficiency, such as strength and stability. In many applications, the orthotropic 

substrate with gradient piezoelectric layers is used to improve the mechanical behavior. 

However, such structures may contain several flaws and defects, especially in the form of 

propagating cracks which may cause to a catastrophic failure. Eventually, thorough 

comprehension of fracture behavior for the aforementioned structures is indispensable. Ma et 

al. [5] studied the moving mode III interface crack problem in bonded dissimilar piezoelectric 

materials. The effects of electric loading on the stress intensity factors (SIFs) were examined. 

Shin and Lee [6] analyzed a moving interface crack between two dissimilar FGP layers. The 

effect of electromechanical loading on the SIFs were obtained and shown to have significant 

impact on the SIFs. Lapusta et al. [7] investigated a permeable moving crack at the interface 

of a piezoelectric bi-material. The stress and electric intensity factors at the crack tips were 

found and the influence of the electric traction on the crack faces was investigated. As an 

example of an embedded crack, Monfared and Ayatollahi, Hejazi et al. [8-10] studied the 

dynamic stress intensity factors of multiple cracks in the FG orthotropic half-plane under 

time-harmonic loading, and an orthotropic half-plane in addition to an orthotropic strip 

bonded to an FG layer under anti-plane loading. In these investigations the material properties 

were assumed to vary exponentially along the vertical axis. The effects of material properties 

and crack configuration on the SIFs were studied. Nguyen et al. [11] studied the transient 

dynamic stress intensity factors for the two-dimensional problem of isotropic solids and 

orthotropic composites by the extended mesh-free method. Rokne et al. [12] investigated the 

dynamic behavior of a moving mode III Griffith crack in a piezoelectric layer sandwiched 

between two elastic infinite spaces. The SIFs at the crack tips and energy release rate were 

obtained numerically. Podgórski [13] investigated the fracture ana  ysis of brittle composite 

materials assuming the plane stress state. The mediums were modelled as an isotropic matrix 

with the help of finite element method. Bagheri et al. [14] presented an analytical solution for 

moving cracks in an FGP strip. The effects of the crack speed and material properties on the 

SIFs were studied. Lee et al. [15] worked on anti-plane interfacial Yoffe-crack between a 

piezoelectric and two orthotropic layers. Their investigation showed that the dynamic stress 

intensity factors depend on crack length, ratios of stiffness, layers thickness and direction of 

electrical loads.  

Monfared [16] studied the stress intensity factors for multiple interface cracks under mode III 

deformation. The crack geometry and material properties on the SIFs were studied. 

Interaction between of multiple interface cracks in an FGM orthotropic layer and orthotropic 

substrate under concentrated loads analyzed by Hassani and Monfared [17]. Haghiri et al. [18] 

presented a set of dynamic analysis for multiple parallel and perpendicular cracks in a FG 

orthotropic half-plane under anti-plane loading. The effects of FG parameter and shear 

modulus ratio on the dynamic overshoot of SIFs were studied. Shin et al. [19] solved the anti-

plane moving crack in an FGP layer between two dissimilar piezoelectric strips. The 

computed results showed that certain direction, magnitude of the electric loading and accrue 

of the thickness of the FGP interface layer correlate to the resistance of crack propagation in 

the FGP interface layer. Hu and Chen [20] investigated the mode III problem of the interface 

moving crack between magneto-electro-elastic and FG elastic layers under anti-plane loading 

and in-plane magnetic and electric loading. Jin and Zhong [21] examined the propagation of a 

moving mode III crack in a FGP strip. It is assumed that the crack surfaces are permeable. It 

is found that the velocity of the crack has a great impact on the dynamic SIFs.  
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The stress field around various blunt notches by means of the digital image correlation 

experimentally studied in [22, 23] under mixed mode loading. The effects of higher order 

terms on the stress distribution at the vicinity of the sharp corner of two bonded dissimilar 

materials under anti-plane shear loading investigated by Bahrami et al. [24]. An analytical 

stress solution for the bi-material V-notches with end hole studied by Alavi et al. [25]. 

In this paper we used the DDM which is a powerful semi-analytical method for calculating 

accurate solutions to plane crack problems based on the principle of superposition. In fact, the 

technique is excellent for solutions of complex crack patterns [9] and makes it an ideal tool 

for exploring problems involving inclusions, interfaces, pores, and similar features [16]. 

Due to the reviewed literatures which are mentioned above, it is found that there is not a 

promising investigation of the multiple moving cracks in an orthotropic strip bonded to an 

FGP layer and, thereby, this analysis for fracture mechanics is necessary. This paper aims to 

fulfill the mentioned gap. Hence, by utilizing the Fourier transformation, the Cauchy type 

singular integral equations based on the distributed dislocation density on the crack surfaces 

will be appeared. Then, these equations are solved numerically and the stress intensity factors 

will be obtained at the crack tips.  

  
 

 

2   Fundamental formulations 

 

An orthotropic substrate with thickness ℎ2 bonded to a FGP layer poled in the 𝑧 direction with 

thickness ℎ1 as shown in Figure (1). According to the Figure (1), a Volterra-type screw 

dislocation moves along the 𝑋 −axis with the constant velocity 𝑉. The displacement field and 

the electric field components are  

 

 
 

 
 

 

 
 

 
 

 

 
 

 
    

 

𝑢 = 0, 𝑣 = 0, 𝑤 = 𝑤 (𝑋, 𝑌)

𝐸𝑥 = 𝐸𝑥(𝑋, 𝑌), 𝐸𝑦 = 𝐸𝑦(𝑋, 𝑌), 𝐸𝑧 = 0
          (1) 

 

and the electric fields have a relation with the electrical potential 𝜙(𝑥, 𝑦) as follows 

 

𝐸𝑥 = −
𝜕𝜙

𝜕𝑋
, 𝐸𝑦 = −

𝜕𝜙

𝜕𝑌
      (2) 

 

 
 

Figure 1 Schematic view of a cracked orthotropic layer with FG piezoelectric coating 
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The constitutive equations for the in-plane electric fields coupling with the anti-plane elastic 

fields of the FGP layer in the region 0 < 𝑦 < ℎ1 are given by 

 

𝜎𝑧𝑥1(𝑋, 𝑌) = 𝑐44(𝑌)
𝜕𝑤1(𝑋,𝑌)

𝜕𝑋
+ 𝑒15(𝑌)

𝜕𝜙1(𝑋,𝑌)

𝜕𝑋
,   

𝜎𝑧𝑦1(𝑋, 𝑌) = 𝑐44(𝑌)
𝜕𝑤1(𝑋,𝑌)

𝜕𝑌
+ 𝑒15(𝑌)

𝜕𝜙1(𝑋,𝑌)

𝜕𝑌
,   

𝐷𝑥1(𝑋, 𝑌) = 𝑒15(𝑌)
𝜕𝑤1(𝑋,𝑌)

𝜕𝑥
− 𝑑11(𝑌)

𝜕𝜙1(𝑋,𝑌)

𝜕𝑋
,

𝐷𝑦1(𝑋, 𝑌) = 𝑒15(𝑌)
𝜕𝑤1(𝑋,𝑌)

𝜕𝑌
− 𝑑11(𝑌)

𝜕𝜙1(𝑋,𝑌)

𝜕𝑌
.

    (3) 

 

in which 𝜙1 are the components of electric potential in region 0 < 𝑦 < ℎ1, 𝐷𝑥1(𝑋, 𝑌) and 

𝐷𝑦1(𝑋, 𝑌) are the components of electric displacements. Moreover, 𝑐44(𝑌), 𝑑11(𝑌) and 

𝑒15(𝑌) are the shear modulus, dielectric and the piezoelectric constants, respectively.  

The equilibrium equation for the stress components and the Maxwell equation for the electric 

displacement components are 

  
𝜕𝜎𝑥𝑧1(𝑋,𝑌)

𝜕𝑋
+

𝜕𝜎𝑦𝑧1(𝑋,𝑌)

𝜕𝑌
= 𝜌𝑝𝑖𝑒𝑧𝑜

𝜕2𝑤1(𝑋,𝑌)

𝜕𝑡2
,

𝜕𝐷𝑥1(𝑋,𝑌)

𝜕𝑋
+

𝜕𝐷𝑦1(𝑋,𝑌)

𝜕𝑌
= 0

             (4) 

  
where 𝜌𝑝𝑖𝑒𝑧𝑜 is the mass density of piezoelectric layer. By substituting Eq. (3) into Eq. (4) we 

have 
 

𝑐44(𝑌)Δ𝑤1 + 𝑒15(𝑌)Δ𝜙1 +
𝜕𝑐44(𝑌)

𝜕𝑌

𝜕𝑤1

𝜕𝑌
+

𝜕𝑒15(𝑌)

𝜕𝑌

𝜕𝜙1

𝜕𝑌
= 𝜌𝑝𝑖𝑒𝑧𝑜

𝜕2𝑤1

𝜕𝑡2 ,

𝑒15(𝑌)Δ𝑤1 − 𝑑11(𝑌)Δ𝜙1 +
𝜕𝑒15(𝑌)

𝜕𝑌

𝜕𝑤1

𝜕𝑌
−

𝜕𝑑11(𝑌)

𝜕𝑌

𝜕𝜙1

𝜕𝑌
= 0,

(Δ =
𝜕2

𝜕𝑋2 +
𝜕2

𝜕𝑌2)

 (5) 

   
 

The properties of FG piezoelectric are assumed to be vary in the 𝑦 − direction and described 

in terms of exponential functions along the thickness of layer as follow 

 

[𝑐44(𝑌), 𝑒15(𝑌), 𝑑11(𝑌), 𝜌𝑝𝑖𝑒𝑧𝑜(𝑌)] = [𝑐44
0 , 𝑒15

0 , 𝑑11
 0 , 𝜌𝑝𝑖𝑒𝑧𝑜

0 ]exp(2𝜅𝑌)            (6) 

  

where 𝑐44
0 , 𝑒15

0 , 𝑑11
 0  and 𝜌𝑝𝑖𝑒𝑧𝑜

0  are material constants at 𝑦 = 0. Also, 𝜅is the nonhomogeneity 

parameter. By replacing Eq. (6) into the Eq. (5) we obtain 

  

𝑐44
0 Δ𝑤1 + 𝑒15

0 Δ𝜙1 + 2𝜅𝑐44
0 𝜕𝑤1

𝜕𝑌
+ 2𝜅𝑒15

0 𝜕𝜙1

𝜕𝑌
= 𝜌𝑝𝑖𝑒𝑧𝑜

0 𝜕2𝑤1

𝜕𝑡2
,

𝑒15
0 Δ𝑤1 − 𝑑11

0 Δ𝜙1 + 2𝜅𝑒15
0 𝜕𝑤

𝜕𝑌
− 2𝜅𝑑11

0 𝜕𝜙1

𝜕𝑌
= 0

   (7) 

 
For analyzing the moving crack with the constant velocity V, we consider the problem in a 

steady state form with a Galilean transformation as follows 
 

𝑋 = 𝑥 + 𝑉𝑡, 𝑌 = 𝑦,
𝜕

𝜕𝑡
= 𝑉

𝜕

𝜕𝑥
                        (8) 
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in which (𝑥, 𝑦, 𝑡) is the moving coordinate system related to the moving dislocation. With the 

help of the Eq. (8), the Eq. (7) can be written within the new coordinate system(𝑥, 𝑦) as 

follows: 
  

𝑐44
0  Δ𝑤1 + 𝑒15

0  Δ𝜙1 + 2 𝜅 𝑐44
0  

𝜕𝑤1

𝜕𝑦
+ 2 𝜅 𝑒15

0  
𝜕𝜙1

𝜕𝑦
=  𝑉2𝜌𝑝𝑖𝑒𝑧𝑜

0 𝜕2𝑤1

𝜕𝑥2
,

𝑒15
0  Δ𝑤1 − 𝑑11

0  Δ𝜙1 + 2 𝜅 𝑒15
0 𝜕𝑤1

𝜕𝑦
− 2 𝜅 𝑑11

0 𝜕𝜙1

𝜕𝑦
= 0

           (9) 

  
Utilizing the Bleustein function [26] 

 

𝜓1(𝑥, 𝑦) = 𝜙1 − 𝛼𝑤1, 𝛼 = 𝑒15
0 /𝑑11

0                  (10) 

  
The Eq. (9) are decoupled to the following form 

 

𝜇2 𝜕2𝑤1

𝜕𝑥2
+

𝜕2𝑤1

𝜕𝑦2
+ 2𝜅

𝜕𝑤1

𝜕𝑦
= 0, Δ𝜓1 + 2𝜅

𝜕𝜓1

𝜕𝑦
= 0                            (11) 

 

in which 
 

𝜇2 = (1 − 𝛽𝑉2), 𝜅 =
𝜌𝑝𝑖𝑒𝑧𝑜

𝑐44+𝛼𝑒15
     (12) 

 
Therefore, by virtue of new variables (𝜓1, 𝑤1) the constitutive Eq. (3) can be written as 

follows 
 

𝜎𝑧𝑥1 = [𝑐44(𝑦) + 𝛼𝑒15(𝑦)]
𝜕𝑤1

𝜕𝑥
+ 𝑒15(𝑦)

𝜕𝜓1

𝜕𝑥
,    𝐷𝑥1 = −𝑑11(𝑦)

𝜕𝜓1

𝜕𝑥
,

𝜎𝑧𝑦1 = [𝑐44(𝑦) + 𝛼𝑒15(𝑦)]
𝜕𝑤1

𝜕𝑦
+ 𝑒15(𝑦)

𝜕𝜓1

𝜕𝑦
, 𝐷𝑦1 = −𝑑11(𝑦)

𝜕𝜓1

𝜕𝑦
.

  (13) 

 
2.1   Formulations for orthotropic layer        

 

The constitutive equations on anti-plane deformation for orthotropic layer (−ℎ2 < 𝑦 < 0) are 

given by 
 

𝜎𝑧𝑥𝑖(𝑋, 𝑌, 𝑡) = 𝐺𝑥
𝜕𝑤𝑖(𝑋,𝑌,𝑡)

𝜕𝑋
,

𝜎𝑧𝑦𝑖(𝑋, 𝑌, 𝑡) = 𝐺𝑦
𝜕𝑤𝑖(𝑋,𝑌,𝑡)

𝜕𝑌
, 𝑖 = 2,3

           (14) 

 
in which 𝐺𝑥 and 𝐺𝑦 are material constants of orthotropic layer in the 𝑥 − and 𝑦 − directions, 

respectively. Substituting the stress components in the equation of motion yields  

  

𝐺𝑥
𝜕2𝑤𝑖(𝑋,𝑌,𝑡)

𝜕𝑋2 + 𝐺𝑦
𝜕2𝑤𝑖(𝑋,𝑌,𝑡)

𝜕𝑌2 = 𝜌𝑂𝑟𝑡ℎ𝑜
𝜕2𝑤𝑖(𝑋,𝑌,𝑡)

𝜕 𝑡2 , 𝑖 = 2,3    (15) 

 
By utilizing Galilean transformation (8) we have 

 

𝛾2 𝜕2𝑤𝑖(𝑥,𝑦)

𝜕𝑥2
+

𝜕2𝑤𝑖(𝑥,𝑦)

𝜕𝑦2
= 0, 𝑖 = 2,3      (16) 
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in which,𝛾2 = 𝑔2 −
𝑉2

𝐶𝑝
2 , 𝐶𝑝

2 =
𝐺𝑦

𝜌𝑂𝑟𝑡ℎ𝑜
.and 𝑔2 =

𝐺𝑥

𝐺𝑦
. The following conditions must be satisfied 

when no traction is applied on the boundaries (𝑦 = ℎ1) and (𝑦 = −ℎ2) of the layers.  

 

𝜎𝑧𝑦1(𝑥, ℎ1) = 0, 𝜎𝑧𝑦3(𝑥, −ℎ2) = 0         (17) 

 
Furthermore, the continuity and limiting conditions for the screw dislocation may be 

expressed as 
 

𝜎𝑧𝑦2(𝑥, 𝜂+) = 𝜎𝑧𝑦3(𝑥, 𝜂−),   𝜎𝑧𝑦1(𝑥, 0+) = 𝜎𝑧𝑦2(𝑥, 0−),

𝐷𝑦(𝑥, 0) = 0, 𝐷𝑦(𝑥, ℎ1) = 0,    𝑤1(𝑥, 0+) = 𝑤2(𝑥, 0−),

𝑤2(𝑥, 𝜂+) − 𝑤3(𝑥, 𝜂−) = 𝑏𝑧𝐻(𝑥 − 𝜁)

           (18) 

 

 

in which 𝐻(. ) is the Heaviside step-function and 𝑏𝑧 is the Burgers vector. The Eqs. (11) and 

(16) may be solved by means of the complex Fourier transform which is defined as 

 

𝑓∗(𝑠) = ∫ 𝑓(𝑥) 
+∞

−∞
𝑒𝑖𝑠𝑥𝑑𝑥, 𝑓(𝑥) =

1

2𝜋
∫ 𝑓∗(𝑠)

+∞

−∞
 𝑒−𝑖𝑠𝑥𝑑𝑠    (19) 

 

First the displacement components can be obtained from conditions (17) and (18), and then 

the stress fields in the orthotropic layer with the help of Eq. (14) will be calculated. The stress 

components are singular at the vicinity of the dislocation. The asymptotic behavior of the 

stresses can be obtained as 𝑠 → ∞. After separating the singular terms, the stress components 

in region 𝜂 < 𝑦 < 0 may be expressed as follows 

 
 

𝜎𝑧𝑥2(𝑥, 𝑦) =
𝑏𝑧𝐺𝑥

𝜋
{

𝛾(𝑦−𝜂)

2[(𝑥−𝜁)2+𝛾2(𝑦−𝜂)2]
 

                    − ∫ (
𝑄11

𝐸
[𝑄12 + 𝑄13] +

𝑒𝑠𝛾(𝜂−𝑦)

2
)

∞

0
cos[𝑠(𝑥 − 𝜉)]𝑑𝑠},

𝜎𝑧𝑦3(𝑥, 𝑦) = −
𝑏𝑧𝐺𝑦𝛾

𝜋
{

(𝑥−𝜁)

2[(𝑥−𝜁)2+𝛾2(𝑦−𝜂)2]
 

                          + ∫ (
𝑄41

𝐸
[𝑄42 − 𝑄43] −

𝑒𝑠𝛾(𝑦−𝜂)

2
)

∞

0
sin[𝑠(𝑥 − 𝜉)]𝑑𝑠}

        (20a) 

  

and in region 𝜂 < 𝑦 < −ℎ2 the stress components are 

 

𝜎𝑧𝑥3(𝑥, 𝑦) =
𝑏𝑧𝐺𝑥

𝜋
{

𝛾(𝜂−𝑦)

2[(𝑥−𝜁)2+𝛾2(𝑦−𝜂)2]
 

                    + ∫ (
𝑄31

𝐸
[𝑄32 − 𝑄33] −

𝑒𝑠𝛾(𝑦−𝜂)

2
)

∞

0
cos[𝑠(𝑥 − 𝜉)]𝑑𝑠},

𝜎𝑧𝑦3(𝑥, 𝑦) = −
𝑏𝑧𝐺𝑦𝛾

𝜋
{

(𝑥−𝜁)

2[(𝑥−𝜁)2+𝛾2(𝑦−𝜂)2]
 

                         + ∫ (
𝑄41

𝐸
[𝑄42 − 𝑄43] −

𝑒𝑠𝛾(𝑦−𝜂)

2
)

∞

0
sin[𝑠(𝑥 − 𝜉)]𝑑𝑠}

   (20b) 

 

where the functions 𝑄𝑖𝑗, 𝜒 and 𝛼1 are given in the “Appendix A” and the parameter 𝐸 is  

 

E = Gyγχcosh(h1χ)sinh(sh2γ)  + [sα1μ2cosh(sh2γ)

− Gyκγsinh(sh2γ)]sinh(h1χ) 
(21) 
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3   Different tractions on the boundary edges 

  

In this section, three different loadings are discussed. First, a solution to the moving point 

loads is given in subsection (3.1). Then, two various uniforms shear tractions defined by pure 

mechanical loading and dielectric displacement on the boundary edges are illustrated in 

subsection (3.2).  

 
3.1   Electromechanical point loads  

 

The orthotropic layer and the FGP coating are under an anti-plane pure mechanical and in-

plane electrical point loads with the magnitude 𝜏0 and 𝐷0 respectively. The boundary 

condition may be written as 

 
𝜎𝑧𝑦3(𝑥, −ℎ2) = 𝜏0𝛿(𝑥), 𝐷𝑦(𝑥, ℎ1) = 𝐷0𝛿(𝑥),

𝜎𝑧𝑦1(𝑥, ℎ1) = 𝜏0𝛿(𝑥), 𝐷𝑦(𝑥, 0+) = 𝐷0𝛿(𝑥).
             (22) 

 
where 𝛿(. ) is the Dirac delta function. With the help of Fourier transform Eq. (19), and 

boundary conditions (22), a procedure similar to the dislocation solution, the stress 

components may be found as 

 

𝜎𝑧𝑥2(𝑥, 𝑦) =  −
𝐺𝑥 𝐷0 𝑒15 

𝑑11 𝜋 (𝜇𝛼1+𝛾𝐺𝑦 )
(

𝑥

𝑥2+(𝑦𝛾)2) 

                     − ∫ {
∞

0

𝑒−𝜅ℎ1𝑔2

2𝑠𝛾𝐹
[𝐿11 − 𝐿12 − 𝐿13 + 𝐿14 + 𝐿15 − 𝐿16]

                      +
𝐺𝑥 𝐷0 𝑒15 

𝑑11 𝜋 (𝜇𝛼1+𝛾𝐺𝑦 )
𝑒𝑠𝛾𝑦}sin(𝑠𝑥)𝑑𝑠},

𝜎𝑧𝑦2(𝑥, 𝑦) =
 𝛾 𝐺𝑦 𝐷0 𝑒15

𝑑11 𝜋 (𝜇 𝛼1+𝛾 𝐺𝑦)
(

𝑦𝛾

𝑥2+(𝑦𝛾)2) 

                     + ∫ {
∞

0

𝑒−𝜅ℎ1

𝐹
[𝐿21 − 𝐿22 + 𝐿23 + 𝐿24] +

 𝛾 𝐺𝑦 𝐷0 𝑒15

𝑑11 𝜋 (𝜇 𝛼1+𝛾 𝐺𝑦)
𝑒𝑠𝛾𝑦}cos(𝑠𝑥)𝑑𝑠}.

(23) 

 

where the functions 𝐹 and 𝐿𝑖𝑗 are given in the “Appendix B” and parameters 𝜒 and 𝛼1 are the 

same parameters defined in Eq. (20).  

   
3.2   Uniform shear tractions 

 

Two different kind of uniform tractions are applied to the boundaries. Case I, illustrates the 

constant shear traction on the boundaries defined by pure mechanical loading 𝜏0 and dielectric 

displacement 𝐷0 Lee et al. [15]. Case II, depicts the stresses for the uniform traction defined 

by pure mechanical loading 𝜏0 without the effect of dielectric displacement on the crack faces 

which is considered in many investigations mentioned in the literature. The boundary 

condition may be written as 

  
𝜎𝑧𝑦3(𝑥, −ℎ2) = 𝜏𝑒𝑞 , 𝐷𝑦(𝑥, ℎ1) = 𝐷0,

𝜎𝑧𝑦1(𝑥, ℎ1) = 𝜏𝑒𝑞 , 𝐷𝑦(𝑥, 0+) = 𝐷0.

𝜏𝑒𝑞 = {

𝛼1

𝑐44
𝜏0 −

𝑒15

𝑑11
𝐷0(Case I)

𝜏0(Case II)

    (24) 
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4   Multiple moving crack formulations  

 

The solution for the dislocation can be employed to analyze layers containing multiple 

moving cracks. Thereby, the moving cracks configurations with coordinates (𝑥𝑖, 𝑦𝑖) may be 

described in parametric form as fallow 

 

𝑥𝑖 = 𝑥0𝑖 + 𝑎𝑖𝜔, 𝑦𝑖 = 𝑦0𝑖 , −1 ≤ 𝜔 ≤ 1, 𝑖 = 1,2, . . . , 𝑁.       (25) 
 

where 𝑎𝑖 and (𝑥0𝑖, 𝑦0𝑖) are the half-length and the center of the cracks respectively. The stress 

components on the local coordinates are as follows 

 

𝜎𝑦𝑧(𝑥𝑖(𝜔), 𝑦𝑖) = 𝜎𝑦𝑧,   𝑖 = 1,2, . . . , 𝑁.    (26) 

 

At this step, suppose a dislocation with unknown dislocation density 𝐵𝑧𝑗(𝑝) is distributed on 

the infinitesimal segment 𝑑𝑎𝑗 located on the surface of the 𝑗-th crack. The anti-plane traction 

components on the 𝑖-th crack surface due to the presence of the distributed dislocations on the 

face of all 𝑁 moving cracks yield 
 

𝜎𝑦𝑧(𝑥𝑖(𝜔), 𝑦𝑖) = ∑ ∫ 𝑘𝑖𝑗(𝜔, 𝑝) 𝑎𝑗𝐵𝑧𝑗(𝑝)𝑑𝑝
+1

−1
𝑁
𝑗=1 ,   𝑖 = 1,2, . . . . , 𝑁.    (27) 

 

With respect to Buckner’s principle Hills et al. [27], the left side of Eq. (27), after changing 

the sign, is the traction caused by external loading on the uncracked medium at the presumed 

surfaces of cracks (see section 3). Besides, the kernels 𝑘𝑖𝑗(𝜔, 𝑝)appeared in Eq. (27) are the 

coefficients of 𝑏𝑧 in Eq. (20) for each region. The crack opening displacement across the j-th 

crack can be written using the definition of dislocation as 

 

𝑤𝑗
−(𝜔) − 𝑤𝑗

+(𝜔) = ∫ 𝑎𝑗𝐵𝑧𝑗(𝑝)𝑑𝑝
𝜔

−1
, 𝑗 = 1,2, . . . . , 𝑁.   (28) 

 

The displacement fields must be a single-valued, as a consequence, the following closure 

conditions for embedded cracks should be employed 
 

∫ 𝐵𝑧𝑗(𝑝)
1

−1
𝑑𝑝 = 0, 𝑗 = 1,2, . . . . , 𝑁.              (29) 

 

By calculating the unknown dislocation density 𝐵𝑧𝑗(𝑝) it is feasible to determine the fracture 

parameters, especially the stress intensity factors. So, the system of integral Eq. (27) and (29) 

are determined to find the dislocation density functions𝐵𝑧𝑗(𝑝). It should be mentioned that the 

stress fields behave like 1/√𝑟 in the crack tips neighborhood where 𝑟 is the distance from the 

crack tip. The dislocation density can be expressed as 
 

𝐵𝑧𝑗(𝑝) =
𝑞𝑧𝑗(𝑝)

√1−𝑝2
, −1 < 𝑝 < 1, 𝑗 = 1,2, . . . . , 𝑁.           (30)  

 

Substituting Eq. (30) into Eq. (27) and Eq. (29) and solving the resultant system of integral 

equations, 𝑞𝑧𝑗(𝑝) can be calculated. So, by virtue of the crack opening displacement given in 

Eq. (28), the stress intensity factors could be written for the tip of i-th crack as follows  

    

𝐾ΙΙΙ𝑅𝑖
=

√2

4
𝑔𝐺𝑦 lim

𝑟𝑅𝑖
→0

𝑤𝑖
−(𝜔)−𝑤𝑖

+(𝜔)

√𝑟𝑅𝑖

,    𝐾ΙΙΙ𝐿𝑖
=

√2

4
𝑔𝐺𝑦 lim

𝑟𝐿𝑖
→0

𝑤𝑖
−(𝜔)−𝑤𝑖

+(𝜔)

√𝑟𝐿𝑖

.  (31) 
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Subscripts R and L are the right and left tips of a crack respectively. The geometry of a crack 

denotes 
 

𝑟𝑅𝑖
= [(𝑥𝑖(𝜔) − 𝑥𝑖(1))2 + (𝑦𝑖(𝜔) − 𝑦𝑖(1))2]

1

2,

𝑟𝐿𝑖
= [(𝑥𝑖(𝜔) − 𝑥𝑖(−1))2 + (𝑦𝑖(𝜔) − 𝑦𝑖(−1))2]

1

2.
                        (32) 

  
Consequently, the modes III stress intensity factors for embedded cracks are 

 

𝐾ΙΙΙ𝑅𝑖
= −

𝑔𝐺𝑦

2
[(𝑥′𝑖(1))2 + (𝑦′𝑖(1))2]

1

4𝑞𝑧𝑖(1),   

𝐾ΙΙΙ𝐿𝑖
=

𝑔𝐺𝑦

2
[(𝑥′𝑖(−1))2 + (𝑦′𝑖(−1))2]

1

4𝑞𝑧𝑖(−1), 𝑖 = 1,2, . . . . , 𝑁.
             (33) 

 

To determine stress intensity factors, the results for𝑞𝑧𝑖(±1) should be calculated utilizing the 

technique developed by Erdogan et al. [28]. 

 

5   Results and discussions 
  

The first validity of solution is examined by considering ℎ1 → 0 in our results for single crack 

and two cracks located in the center line of an orthotropic strip under point load with those 

given by Ayatollahi et al. [29]. The dimensionless DSIFs versus the dimensionless crack 

velocity (𝑐 = 𝑉 𝐶𝑝⁄ ) plotted in Figure (2) and Figure (3) for one crack and two cracks 

respectively. It can be observed that the present results agree very well with [29]. 

In the second verification, we compare the effects of the dimensionless electric field on the 

normalized stress intensity factors. According to Figure (4), the SIFs values decrease steadily 

so long as the electric field increases. The electric filed is normalized by 𝐷∗ = 𝑐44𝑒15𝐷0/
𝛼1𝑑11𝜏0. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

 

 
 

 
 

 
 

 

 
 

 

Figure 2 Comparison of normalized SIFs for a central crack in an orthotropic strip 



44                                                                                          Mohammad Hassani & Mojtaba Mahmoudi Monfared 

The Iranian Journal of Mechanical Engineering Transactions of ISME                            Vol. 26, No. 2, Sep. 2025  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 Figure 3 Comparison of normalized SIFs for two central cracks in an orthotropic strip. 

 
    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Figure 4 Comparison of normalized stress intensity factors versus dimensionless electric field 

 (Case I, PZT-5, 𝑑 = ℎ2/20, ℎ1 = ℎ2 = 1, 𝜅ℎ2 = 0, 𝑐 = 0.5) 

  
This phenomenon illustrates that the crack opening is highly influenced by the electric loading 

which can control and minimize the crack growth. Also, the results show the same behavior 

with those found by Lee et al. [15]. However, it is worth mentioning that the results provided 

in [15] are for an interface crack between two orthotropic layers and piezoelectric coating. To 

compensate the difference between the present investigation and the mentioned study, the 

crack is located near of the piezoelectric layer.  
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At this section numerous examples are solved to show the effect of crack configuration, 

nonhomogeneity parameter and material properties on the stress intensity factors. In the 

numerical results, PZT-4 and PZT-5 with the material properties given in Table (1) are 

considered and also three different material properties for the orthotropic layer given in Table 

(2). The geometric parameters of layers structure will be assumed in advance such asℎ2 =
0.1𝑚 and ℎ1 = 0.1ℎ2. The dimensionless crack length is considered to be 𝑎/ℎ2 = 0.5 unless 

it is stated for each specific example. Besides, in the following examples, three different 

loadings s applied to the boundaries namely, electromechanical point load, constant shear 

stress which is defined by pure mechanical load 𝜏0, dielectric displacement 𝐷0 and uniform 

shear stress 𝜏0 which are illustrated in section )3(. The stress intensity factors are normalized 

by 𝐾0 = 𝜏0√𝑎 for the uniform shear loading and by 𝐾0 = 𝜏0/√𝑎 for point loads unless it is 

stated for the specific examples. Figure (5) shows a one crack in an orthotropic layer under 

electromechanical loading. 
As can be seen, SIFs for various material properties under loading Case II and Point Load are 
given in Figures (6). Based on Figure (6a), by increasing the crack length, the SIFs escalates 
dramatically which is in contrast to the results provided in Figure (6b), where the SIFs show a 
downward trend after a considerable rise. It also can be seen that PZT-5 allocates slightly 
more SIFs values than PZT-4. Also, it is clear that isotropic material has considerably more 
stress intensity values than the orthotropic material.  
According to Figures (7), the normalized crack velocity has a significant impact on the SIFs. 
Uniform loading (Case II) and point load are applied on the boundaries respectively. The SIFs 
are influenced drastically by the orthotropic constants in which the stress intensity factors 
plummets as the shear modulus ratio increase. Also it is seen that the piezoelectric materials 
have less effect on the stress intensity factor due to the closeness of the material properties. 
Furthermore, as expected, uniform distributed loading (Case II), has considerably more SIF 
values than the applied point load which acts at a single point. 

On the other example, depicted in Figures (8), the effect of diverse loadings namely Case I, 

Case II and point load which determined in section )3(, on the stress intensity factors are 

given. What is more, as seen in Figure (4) the minimum amount of SIFs were calculated when 

𝐷∗ = 1. Consequently, this amount of electric loading is applied on the boundary so that the 

SIFs would be minimal. As can be seen in Figure (8a), Case I has the least amount of SIFs 

which is approximately equal to zero. However, Case II has by far the most SIFs values and 

rises as crack length increases. In contrast, the applied point load escalates and then declines 

as long as the non-dimensional crack length increases. On the other hand, as can be seen in 

Figure (8b), the SIFs show an upward trend as dimensionless crack speed increases. Case II 

has the most amounts of SIFs as opposed to Case I which is almost zero. 

 
Table 1 Material properties for piezoelectric coating Lee et al. [15] and Bagheri et al. [15] 
 

Material  𝑐44
0 (𝑃𝑎) 𝑒15

0 (𝐶/𝑚2) 𝑑11
0 (𝐶/𝑉𝑚) 𝜌𝑝𝑖𝑒𝑧𝑜

0 (𝑘𝑔/𝑚3) 

PZT-4  2.56 × 1010 12.7 64.6 × 10−10 7500 

PZT-5  2.11 × 1010 12.3 81.1 × 10−10 7750 

   
Table 2 Material properties for orthotropic layer Lee et al. [15] 
 

Materials 𝐺𝑥(𝐺𝑃𝑎) 𝐺𝑦(𝐺𝑃𝑎) 𝜌𝑜𝑟𝑡ℎ𝑜(𝑘𝑔/𝑚3) 𝑔 = √𝐺𝑥 𝐺𝑦⁄  

Aluminum 26.5 26.5 2800 1 

Graphite-Epoxy 5.65 3.61 1590 1.25 

Epoxy 1.76 1.76 1150 1 
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Figure 5 Geometry and schematic of a medium containing one crack under electromechanical loading 

   

 
 

Figure 6a Normalized stress intensity factors versus crack length (Case II, 𝜅ℎ2 = 1, 𝑐 = 0.5, 𝑑 = ℎ2/2 ) 
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Figure 6b Normalized stress intensity factors versus crack length (Point Load, 𝜅ℎ2 = 1, 𝑐 = 0.5, 𝑑 = ℎ2/2 ) 

 

   
  

 
Figure 7a Normalized stress intensity factors versus crack velocity (Case II, 𝑎/ℎ2 = 0.5, 𝜅ℎ2 = 1,𝑑 = ℎ2/2) 
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Figure 7b Normalized stress intensity factors versus crack velocity (Point Load, 𝑎/ℎ2 = 0.5, 𝜅ℎ2 = 1,𝑑 =
ℎ2/2) 

   

 
 

Figure 8a Effect of various loadings on normalized stress intensity factors versus crack length    

(𝑐 = 0.5,𝑔 = 1.25, 𝜅ℎ2 = 1, PZT-4, 𝑑 = ℎ2/2)  
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Figure 8b Effect of various loadings on normalized stress intensity factors versus crack speed 

(𝑎/ℎ2 = 0.5,𝑔 = 1.25, 𝜅ℎ2 = 1, PZT-4, 𝑑 = ℎ2/2)  

  
Table 3 Comparison of loading types on the stress intensity factors for PZT-4 ,𝑔 = 1.25 and 𝑐 = 0.5 

 
 

𝑎

ℎ2
= 0.9 

𝑎

ℎ2
= 0.5 

𝑎

ℎ2
= 0.3  Types of Loadings 

0.0061 0.0058 0.0053 𝜅ℎ2 = 0 
Case I 

 

0.0060 0.0057 0.0053 𝜅ℎ2 = 1  

1.2688 1.1594 1.1171 𝜅ℎ2 = 0 
Case II 

 

1.2644 1.1575 1.1163 𝜅ℎ2 = 1  

0.1970 0.2450 0.1857 𝜅ℎ2 = 0 
Point Load 

 

0.1967 0.2433 0.1843 𝜅ℎ2 = 1  
   
   

In another example, different type of loadings are applied and compared for various crack 
length and non-homogeneity parameter values (Table (3)). In this example the applied 
electrical loading is also considered to be 𝐷∗ = 1. As can be seen, the SIFs for Case I have 
approximately zero values which indicate that by applying this amount of dielectric loading 
along with the pure mechanical loading on the boundaries, the crack opening may be minimal. 
Moreover, the point load allocates the second least amount of SIFs which was fully explained 
in the previous examples as well. On the contrary, Case II has by far the most SIFs values. 
Case I and II SIFs show an upward trend as crack length increases, and, non-homogeneity 
parameter decreases. Figure (9) demonstrations two parallel cracks in an orthotropic layer 
under electromechanical loading. 
In the next example, as shown in Figure (10) and Figure (11), the effect of crack length and 
velocity of two parallel cracks with the distance 𝑥𝑐/ℎ2 = 0.5 on the stress intensity factors 
under point load and Case II are investigated. As it was expected the highest stress intensity 
factor occurs where the distance between the interacting crack tips 𝐿1 and 𝑅2 is minimal. For 
larger values of 𝑎/ℎ2, crack tip 𝐿1 passes crack tip 𝑅2 reducing stress intensity factor at 𝐿1 
and 𝑅2 while enhancing it at 𝑅1 and 𝐿2. Moreover, the SIFs rises gradually as dimensionless 
crack speed increases. What is more, left crack tips have slightly less SIFs values than the 
right crack tips in both examples. 
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Figure 9 Geometry and schematic of a medium containing two parallel cracks under electromechanical loading 

  
   

 
Figure 10 Normalized stress intensity factors for two parallel cracks versus cracks length  

(PZT-4,𝜅ℎ2 = 1,𝑐 = 0.5, 𝑔 = 1.25, 𝑥𝑐 = 0.5ℎ2, 𝑑1 = ℎ2/4, 𝑑2 = ℎ2/2) 
 

   
In the last example, two identical parallel cracks are investigated. Cracks are located exactly 
above each other (see Figure (12)). According to Figures (13) and Figure (14), crack tips 𝑅1 
,𝐿1 and 𝑅2, 𝐿2 have the same amount of SIFs due to the symmetry of the problem. It can be 
seen that the Case II allocates far more SIFs values than point load. Besides, it is evident that 
as dimensionless crack length and dimensionless crack speed increases, SIF values rises 
steadily. In this arrangement crack, it is seen that the interaction effect is weaker and produces 
a shielding effect, thus SIFs of two cracks are less than those of SIFs of one crack with the 
same conditions. 
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Figure 11 Normalized stress intensity factors for two parallel cracks versus cracks velocity for material  

(PZT-4,𝜅ℎ2 = 1,𝑎/ℎ2 = 0.5, 𝑔 = 1.25, 𝑥𝑐 = 0.5ℎ2, 𝑑1 = ℎ2/4, 𝑑2 = ℎ2/2) 

   

 
 

Figure 12 Geometry and schematic of a medium containing two identical parallel cracks above each other under 

electromechanical loading 
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Figure 13 Normalized stress intensity factors for two identical parallel cracks versus cracks length  

(PZT-4,𝜅ℎ2 = 1,𝑐 = 0.5, = 1.25 ,𝑑1 = ℎ2/4, 𝑑2 = ℎ2/2) 

 
  

 
Figure 14 Normalized stress intensity factors for two identical parallel cracks versus cracks length  

 (PZT-4,𝜅ℎ2 = 1,𝑎 ℎ2⁄ = 0.5, = 1.25 ,𝑑1 = ℎ2/4, 𝑑2 = ℎ2/2) 
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6   Conclusions  
 

The presented investigation deals with the fracture analysis of multiple moving cracks in an 

orthotropic layer bonded to a functionally graded piezoelectric coating under different type of 

loading. At first, with the help of the distributed dislocation technique the stress fields in an 

orthotropic layer weakened by a screw-type dislocation are obtained. By using the dislocation 

solution the integral equations are derived with a known Cauchy type singularity. Then, 

several examples are solved to show the effects of material properties, nonhomogeneity 

parameter, crack length and crack speed on the stress intensity factors. It was seen that 

1. The stress intensity factors are highly influenced by the dielectric loading.  

2. The dielectric loading can considerably reduce the stress intensity factors. 

3. Case II uniform loading allocates by far the most amounts of stress intensity factors. 

4. While Case I is applied on the boundaries, the stress intensity factors are approximately 

zero. Point load has considerably less amount of stress intensity factors as opposed to Case II. 

5. As dimensionless crack length and crack speed increases, the stress intensity factors 

increase gradually. 

6. By increasing the ratio of the shear modulus and non-homogeneity parameter, the stress 

intensity factors decrease. 
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Appendix A 

 
The functions 𝑄𝑖𝑗 include 𝜒, 𝛼1 given in Eq. (20a) and (20b) are 

𝑄11 = sinh[𝑠𝛾(ℎ2 + 𝜂)], 𝑄12 = −𝑠𝜇2𝛼1sinh (𝑠𝛾𝑦)sinh (ℎ1𝜒)
𝑄13 = [𝜒cosh (ℎ1𝜒) − 𝜅sinh (ℎ1𝜒)]𝐺𝑦𝛾cosh (𝑠𝛾𝑦).

                        (A-1) 

𝑄21 = sinh[𝑠𝛾(ℎ2 + 𝜂)], 𝑄22 = 𝐺𝑦𝛾 𝜒cosh (ℎ1𝜒)sinh (𝑠𝛾𝑦),

𝑄23 = [𝐺𝑦 𝛾 𝜅sinh (𝑠𝛾𝑦) − 𝑠𝛼1𝜇2cosh (𝑠𝛾𝑦)]sinh (ℎ1𝜒).
                        (A-2) 

𝑄31 = cosh [𝑠𝛾(ℎ2 + 𝑦)], 𝑄32 = 𝐺𝑦𝛾 𝜒cosh (ℎ1𝜒)sinh (𝑠𝛾𝜂)

𝑄33 = [𝐺𝑦 𝛾 𝜅sinh (𝑠𝛾𝜂) + 𝑠𝛼1𝜇2cosh (𝑠𝛾𝜂)]sinh(ℎ1𝜒).
                        (A-3) 

𝑄41 = sinh[𝑠𝛾(ℎ2 + 𝑦)], 𝑄42 = 𝐺𝑦𝛾 𝜒cosh (ℎ1𝜒)sinh (𝑠𝛾𝜂)

𝑄43 = [𝐺𝑦 𝛾 𝜅sinh (𝑠𝛾𝜂) + 𝑠𝛼1𝜇2cosh (𝑠𝛾𝜂)]sinh (ℎ1𝜒).
             (A-4) 

 

𝜒 = √𝑠2𝜇2 + 𝜅2,   𝛼1 = (𝑐44 + 𝑒15𝛼).                                      (A-5) 

 

 

Appendix B 

 

The functions 𝐹 and 𝐿𝑖𝑗 given in Eq. (23) 

𝐿11 = 4𝑠𝛾𝐺𝑦𝜒 𝑑11𝜏0cosh[𝑠(ℎ2 + 𝑦)𝛾],

𝐿12 = 𝑒ℎ1(𝜅−𝜒)+𝑠𝑦𝛾𝑑11𝜏0[𝛼1(𝜒 − 𝜅) + 𝑠𝛾𝐺𝑦](𝜒 + 𝜅),

𝐿13 = 𝑒ℎ1(𝜅+𝜒)−𝑠𝑦𝛾𝑠𝑑11𝜏0[𝑠𝛼1𝜇2 + 𝛾𝐺𝑦(𝜒 − 𝜅)],

 𝐿14 = 𝑒ℎ1(𝜅+𝜒)+𝑠𝑦𝛾𝑑11𝜏0[𝛼1(𝜒 + 𝜅) − 𝑠𝛾𝐺𝑦](𝜒 − 𝜅),

𝐿15 = 𝑒ℎ1(𝜅−𝜒)−𝑠𝑦𝛾𝑠𝑑11𝜏0[𝑠𝛼1𝜇2 − 𝛾𝐺𝑦(𝜒 + 𝜅)],

𝐿16 = 4𝐷0 𝑒15𝑠𝛾𝐺𝑦 [−𝜒 + 𝑒ℎ1 𝜅(𝜒cosh(ℎ1𝜒) − 𝜅sinh(ℎ1𝜒))]cosh[𝑠(ℎ2 + 𝑦)𝛾].

  (B-1)    

𝐿21 =   𝑒ℎ1(𝜅+𝜒)𝑑11𝜏0[𝑠(𝑠𝛼1𝜇2 − 𝛾𝐺𝑦(𝜅 − 𝜒)) − 𝑒2𝑠𝑦𝛾(𝜅 − 𝜒)(−𝑠𝛾𝐺𝑦 + 𝛼1(𝜅 + 𝜒))],

𝐿22 = −4𝑠𝛾𝜒𝐺𝑦sinh[𝑠(ℎ2 + 𝑦)𝛾](𝐷0𝑒15 + 𝑑11𝜏0),

𝐿23 = 2𝑒(𝜅−𝜒)ℎ1𝑠𝑑11𝜏0[𝑠𝛼1𝜇2cosh(𝑠𝑦𝛾) + 𝛾𝐺𝑦(𝜅 + 𝜒)sinh(𝑠𝑦𝛾)],

𝐿24 = −4𝑒𝜅ℎ1𝐷0𝑒15𝑠𝛾𝐺𝑦sinh[𝑠(ℎ2 + 𝑦)𝛾][𝜒cosh(ℎ1𝜒) − 𝜅sinh(ℎ1𝜒)].

 (B-2)  

𝐹 = 2 𝑑11𝜋[𝑠 𝛼1𝜇2cosh(ℎ2 𝑠 𝛾)sinh(ℎ1𝜒) 

     +𝛾 𝐺𝑦sinh(ℎ2 𝑠 𝛾){𝜒cosh(ℎ1 𝜒) − 𝜅sinh(ℎ1 𝜒)}].
                         (B-3)  


