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1  Introduction 
 
FGMs are microscopically inhomogeneous materials, in which the mechanical properties vary 
smoothly and continuously from one surface to the other. This is achieved by continuous 
change in composition of the FGMs. Composition is varied with continuous change in the 
volume fraction of constituent materials. Material properties of the FGMs are tailored with the 
variation of the volume fraction of the constituent materials. These materials are considered as 
potential structural materials for the space crafts [1–4]. These graded materials are introduced 
by Shiota [5] and Koizumi [6]. Usually these materials are made from a mixture of ceramic 
and metal(s) with a continuously varying volume fraction [2, 6–9]. The advantages of using 
these materials are that they can withstand thermal shocks while maintaining structural 
integrity. Ceramic constituent of the material provides the high temperature resistance while 
the metal part prevents the fracture caused by high stresses. Studies on FGMs have been 
extensive but are largely confined to analysis of thermal stress, deformation and fracture [10–
15]. 
In addition to the linear analyses (small strains), the nonlinear response of FGMs has also 
attracted research interest. Praveen and Reddy [16] conducted a geometrically nonlinear 
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Nonlinear Vibration of  Functionally 
Graded Cylindrical Shells under Radial 
Harmonic Load 
 In this paper, the nonlinear vibration of functionally graded 
(FGM) cylindrical shells subjected to radial harmonic 
excitation is investigated. The nonlinear formulation is based 
on a Donnell’s nonlinear shallow-shell theory, in which the 
geometric nonlinearity takes the form of von Karman strains. 
The Lagrange equations of motion were obtained by an energy 
approach. In order to reduce the system to finite dimensions, 
the middle surface displacements were expanded by using trial 
functions. These functions were expressed in terms of Fourier 
series containing linear mode shapes, which were obtained 
from free vibration analysis. The large-amplitude response and 
amplitude frequency curves of shell were computed by using 
numerical method for both linear and nonlinear analysis.  
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transient analysis of FGM plates under thermal and mechanical loading, and Park and Kim 
[17] carried out a thermal post buckling and vibration analysis of FGM plates based on the 
first-order shear deformation plate theory. Reddy [18] proposed a theoretical formulation for 
FGM plates using the third-order shear deformation plate theory, and developed a 
corresponding finite element model that accounts for thermomechanical coupling, time 
dependency, and von Ka´rma´n type geometric nonlinearity. Yang et al. [19] presented a 
formulation for the thermomechanical post buckling analysis of FGM shell panels based on 
the classical shell theory with von Ka´rma´ n–Donnell type nonlinearity, and Hosseini 
Kordkheili and Naghdabadi [20] derived a finite element formulation for the geometrically 
non- linear thermoelastic analysis of FGM plates and shells using the updated Lagrangian 
approach. Arciniega and Reddy [21] presented a tensor-based finite element formulation for 
the large deformation analysis of FGM shells, and Woo and Merguid [22] reported an 
analytical solution for the coupled large deflection of FGM plates and shallow shells under a 
mechanical load and in a temperature field. The nonlinear post buckling behaviors of 
functionally graded cylindrical shells (FGCSs) under uniform radial pressure and torsion load 
are investigated by using the nonlinear large deflection theory of cylindrical shells [23, 24]. 
In the present work, analytical studies on the non-linear dynamic of simply supported, circular 
cylindrical shells composed of functionally graded material under periodic radial loading is 
presented. The properties were graded in the thickness direction according to a volume 
fraction power law distribution. The linear mode shapes and natural frequencies were 
obtained by using linear analysis. In this study, the middle surface displacements were 
expanded by using trial functions. These functions were expressed in terms of Fourier series 
containing linear mode shapes, which were obtained from free vibration analysis. The 
Lagrange equations were used to reduce nonlinear partial differential equations to a set of 
ordinary differential equations, from the potential and kinetic energies, and the virtual work of 
the external forces, and then these equations were solved by using numerical method. 
Numerical results of the amplitude-frequency for both linear and nonlinear analysis were 
obtained. The effects of external load on the nonlinear frequency response were investigated. 
The influence of material composition (power law exponent) and load value on the dynamic 
response was investigated. Other studies and FEM analysis were used for verification of the 
result.  
 
 
2  Fundamental equations 
 
As shown in figure (1), consider a functionally graded cylindrical shell, with length L and 
radius R and simply supported boundary conditions. The shell of the FGM considered is 
assumed to be of uniform thickness h. 
 
 

 

                                                         Figure 1 The geometry of a FG cylindrical shell 
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In order to accurately model the material properties of FGMs, the properties must be both 
temperature and position dependent. This is achieved by using a simple rule of mixtures for 
the stiffness parameters coupled with the temperature dependent properties of the 
constituents. The volume fraction is spatial function and the properties of the constituents are 
functions of the temperature. The combination of these functions gives rise to the effective 
material properties of FGMs and can be expressed as [25]: 

 
Fୣ୤୤ሺT, zሻ ൌ FୡሺTሻVሺzሻ ൅ F୫ሺTሻ൫1 െ Vሺzሻ൯                                            (1) 

 
In which Fୣ୤୤ is the effective material property of FGMs, Fୡ and F୫ are the temperature 
dependent properties of the ceramic and metal respectively, and V is the volume fraction of 
FGMs. In addition, a simple power law exponent of the volume fraction distribution is used to 
provide a measure of the amount of ceramic and metal in FGMs. In the present case, the 
volume fraction is defined as [25]: 

Vሺzሻൌ ቆ
z൅ h 2⁄

h
ቇ

β

                                                                       (2) 

 
Where β is the power law exponent ሺ0 ൑ β ൑ ∞ሻ. The equation of motion according to 
Donnell’s theory can be written as: 

 

Nx,x൅
1
R

Nxθ,θ൅Fxൌρtu,tt                                                                    (3) 

Nθx,x൅
1
R

Nθ,θ൅Fθൌρtv,tt                                                                      (4) 

Mx,xx൅
2
R

Mxθ,xθ൅
1

R2 Mθ,θθ‐
1
R

Nθ൅Fzൌρtw,tt                                                             (5) 

  
Where: 

ρtൌ න ρdz
h 2⁄

‐h 2⁄
                                                                                      (6ሻ 

  
The stress and moment resultant is defined as: 
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Where: 
 

൫Aij,Bij,Dij൯ൌ න Qij൫1,z,z2൯dz    ሺi,jൌ1,2,6ሻ
h 2⁄

‐h 2⁄
                                                             (8) 

 and 

Q11ൌQ22ൌ
Eeff

1‐νeff
2                                                                                (9) 



Nonlinear Vibration of  Functionally Graded Cylindrical … 

 

23

Q12ൌνeff
Eeff

1‐νeff
2                                                                                (10) 

Q66ൌ
Eeff

2ሺ1൅νeffሻ
                                                                               (11) 

Q16ൌQ26ൌ0                                                                                  (12) 

 
Where Eୣ୤୤ and νୣ୤୤ are the effective elastic modulus and effective Poisson’s ratio of the 
functionally graded shell, respectively, and are accounted according to Eq. (1)-(2). The strain 
components e୶, e஘ and e୶஘ which are the strains in the x-direction, the circumferential 
direction and the shear strain in the xθ-plane of the middle surface, respectively, can be 
expressed as: 

 

൝
ex
eθ
exθ

ൡ ൌ ൝
e1
e2
γ

ൡ ൅z ൝
k1
k2
τ

ൡ                                                                           (13) 

 
The linear deflection and curvatures are defined by Donnell’s theory as: 
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                                                                                (14) 
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                                                                        (19) 

 
 
The nonlinear strain-displacement relations for the large deflection by Donnell’s theory are: 
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3  Linear vibration 
 
The boundary conditions for the cylindrical shell, which is simply supported along its curve 
edges at x = 0 and x = L, are considered as: 
 

w ൌ v ൌ M୶ ൌ N୶ ൌ 0      at  x ൌ 0,                                                     ሺ23ሻ      
 

In order to satisfy the boundary conditions, u, v and w are defined by the following double 
Fourier series [26]: 
 

u ൌ ෍ ෍ Aഥ୫୬

୬୫

T୫୬ሺtሻ ൌ ෍ ෍ A୫୬
dη୳ሺxሻ

dx
୬୫

cosሺnθሻT୫୬ሺtሻ                              (24) 

v ൌ ෍ ෍ Bഥ୫୬

୬୫

T୫୬ሺtሻ ൌ ෍ ෍ B୫୬η୴ሺxሻ
୬୫

sinሺnθሻT୫୬ሺtሻ                                 (25) 

w ൌ ෍ ෍ Cത୫୬

୬୫

T୫୬ሺtሻ ൌ ෍ ෍ C୫୬η୵ሺxሻ
୬୫

cosሺnθሻT୫୬ሺtሻ                              (26) 

η୧ሺxሻ ൌ αଵcosh ൬
λ୫x

L
൰ ൅ αଶcos ൬

λ୫x
L

൰ െ σ୫ ൭αଷsinh ൬
λ୫x

L
൰ െ αସsin ൬

λ୫x
L

൰൱      ሺi ൌ u, v, wሻ 

                                                                                                  (27) 
In Eq. (24)-(26), T୫୬ሺtሻ is function of time. Also A୫୬, B୫୬ and C୫୬ are the constant 
coefficients of the natural mode shapes associated with the free vibration problems, m is the 
axial half wave number and n is the circumferential wave number. Values of α୧, σ୫ and λ୫ in 
Eq. (27) could be obtained from corresponding boundary conditions 

 
αଵ ൌ αଶ ൌ αଷ ൌ 0,      αସ ൌ 1, σ୫ ൌ 1,       λ୫ ൌ mπ                                     (28)  

 
To solve the free vibration analysis the function of time is treated asT୫୬ሺtሻ ൌ e୧னౣ౤ሺ୲ሻ, 

Where ω୫୬ is the natural frequency. By considering external loads ሺF୶, F஘, F୸ሻ equal to zero 
in Eq. (3)-(5), natural frequencies and mode shapes are obtained. By applying a Galerkin 
method, the following set of equations is derived as follows: 

 
ቂൣK୧୨൧ െ ω୫୬

ଶ ൣM୧୨൧ቃ ሼA୫୬ B୫୬ C୫୬ሽT ൌ 0          ሺi, j ൌ 1, . . ,3ሻ                                     (29) 
 
Where K୧୨, M୧୨ are stiffness and mass matrices. By setting determinant of coefficients equal to 
zero, the characteristic frequency equation is derived as: 

 
δଵω଺ ൅ δଶωସ൅δଷωଶ ൅ δସ ൌ 0                                       (30) 

 
Where δ୧ are constant coefficients. By solving Eq. (30), natural frequencies are calculated, 
and by substituting these frequencies in Eq. (29), the constant coefficients of mode shapes are 
obtained. 

For linear dynamic response analysis the applied loads are defined as: 
 
 

F୸ሺx, θ, tሻ ൌ Pሺx, θሻfሺtሻ ൌ ∑ ∑ P୫୬sin ቀ୫஠୶

L
ቁ୬୫ cosሺnθሻfሺtሻ                              (31)  
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In the above equations, fሺtሻ is function of time P୫୬ is the constant coefficient that can be 
calculated from applied loads. Substituting the displacements and assumed exciting forces and 
moments in the equilibrium equations, and using the results of free vibration we have: 

 
െρ୲Aഥ୫୬ω୫୬

ଶ T୫୬ሺtሻ ൌ ρ୲Aഥ୫୬Tሷ୫୬ሺtሻ                       (32) 

െρ୲Bഥ୫୬ω୫୬
ଶ T୫୬ሺtሻ ൌ ρ୲Bഥ୫୬Tሷ୫୬ሺtሻ                                    (33) 

െρ୲Cത୫୬ω୫୬
ଶ T୫୬ሺtሻ ൌ ρ୲Cത୫୬Tሷ୫୬ሺtሻ െ F୸ሺx, θ, tሻ                              (34) 

 

After summation of two sides of the above equation and simplifying, we find a second 
order ordinary differential equation as follows: 

 
Tሷ୫୬ሺtሻ ൅ ωଶ

୫୬ሺtሻT୫୬ሺtሻ ൌ G୫୬ሺtሻ                                (35) 

G୫୬ሺtሻ ൌ
Cౣ౤ሺ୲ሻPౣ౤୤ሺ୲ሻ

൫Aమ
ౣ౤ାBమ

ౣ౤ାCమ
ౣ౤൯஡౪

                                                (36) 

 
For zero initial conditions, the solution of Eq. (35) will be obtained by using Laplace 

transformation. 
 
 

4  Nonlinear vibration 
 
Most of studies on large-amplitude (geometrically nonlinear) vibrations of circular cylindrical 
shells used Donnell’s nonlinear shallow-shell theory to obtain the equations of motion. In this 
study, nonlinear analysis was carried out by using energy approach. 
 

The kinetic energy (T) and strain energy (U) of a circular cylindrical shell, by neglecting 
rotary inertia but retaining in-plane inertia, is given by: 

 
 

T ൌ ଵ

ଶ
ρ୲ ׬ ׬ ሺuሶ ଶ ൅ vሶ ଶ ൅ wሶ ଶሻL

଴
ଶ஠

଴ dxRdθ            (37) 

U ൌ ଵ

ଶ
׬ ׬ ሼεሽTሾSሿL

଴
ଶ஠

଴
ሼεሽdxRdθ                                            (38) 

 
The virtual work W done by the external forces is written as: 

 
W ൌ ׬ ׬ ሺF୶u ൅ F஘v ൅ F୸wሻdxRdθ

L
଴

ଶ஠
଴                                      (39) 

 
Where  F୶, F஘ and F୸ are the distributed forces per unit area acting in axial, circumferential 

and radial directions, respectively. 
In order to reduce the system to finite dimensions, the middle surface displacements u, v 

and w were expanded by using trial functions. The boundary conditions imposed at the shell 
ends, x = 0, L, are given by equation (23). According to these considerations, the 
displacements u, v and w were expanded by using the eigenmodes of the simply supported, 
empty shell: 
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uሺx, θ, tሻ ൌ ෍ ෍ A୫୬cosሺnθሻ

୨

୬ୀଵ

୧

୫ୀଵ

cos ቀ
mπx

L
ቁ T୫୬ሺtሻ                                      (40) 

vሺx, θ, tሻ ൌ ෍ ෍ B୫୬sinሺnθሻ

୨

୬ୀଵ

୧

୫ୀଵ

sin ቀ
mπx

L
ቁ T୫୬ሺtሻ                                       (41) 

wሺx, θ, tሻ ൌ ෍ ෍ C୫୬cosሺnθሻ

୨

୬ୀଵ

୧

୫ୀଵ

sin ቀ
mπx

L
ቁ T୫୬ሺtሻ                                      (42) 

 
Where A୫୬, B୫୬ and C୫୬ are the linear mode shapes, which are obtained from free vibration 
analysis. T୫୬ሺtሻ are unknown functions which are dependent to time. The Lagrange equations 
of motion for the cylindrical shell are: 

 
d
dt

ቆ
∂T

∂Tሶ୫୬ሺtሻ
ቇ െ

∂T
∂T୫୬ሺtሻ

൅
∂U

∂T୫୬ሺtሻ
ൌ

∂W
∂T୫୬ሺtሻ

        ሺm ൌ 1. . i, n ൌ 1. . jሻ                      (43) 

 
The set of nonlinear differential equation will be obtained from Eq. (42). The solution of 

these equations will be obtained by using numerical method. 
 
 

5  Finite element modeling 
 
For validating the result of nonlinear analysis the finite element modeling is proceed by 
ABAQUS software and the results of FEM are compared with analytical result. The FEM 
analysis is carried out according to nonlinear (large deflection) dynamic analysis in 
ABAQUS.  
 
 
6  Results and discussion 
 
To validate the analysis, results for simply supported cylindrical shells compared with Loy et 
al. [27], Table (1). The functionally gradient material (FGM) considered composed of 
stainless steel and nickel and its properties graded in the thickness direction according to a 
volume fraction power-law distribution. The comparisons show that the present results for the 
frequency characteristics agreed well with the Loy result. 

 
 

 Table 1 Comparison of natural frequency (Hz) with Loy (N=1, m=1, h/R=0.002, L/R=20) 

 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 

Present 
study 13.211 4.4799 4.1569 7.0383 11.241 16.455 22.635 29.771 37.861 46.904 

Loy 
result 13.211 4.4742 4.1486 7.0330 11.238 16.453 22.633 29.770 37.861 46.904 

 
In this section, the nonlinear vibrations of simply supported functionally graded circular 

cylindrical shells with different constituent volume fractions and configurations analyzed. The 
functionally graded material composed by stainless steel and nickel, its properties graded in 
the thickness direction according to a volume fraction distribution, where β  is the considered 
power-law exponent. The material properties reported in Table (2). 



Nonlinear Vibration of  Functionally Graded Cylindrical … 

 

27

 
                     Table 2 Properties of stainless steel and nickel 

Stainless steel nickel 

E ሺܰ݉ିଶሻ ߩ ߥሺ݇݃݉ିଷሻ E ሺܰ݉ିଶሻ ߩ ߥሺ݇݃݉ିଷሻ 

2.08 ൈ 10ଵଵ 0.318 8166 2.05 ൈ 10ଵଵ 0.31 8900 

 
 
The circular cylindrical shell excited by means of an external modally distributed radial 
force, F୸ ൌ 2cos ሺ2π ൈ 231.4 ൈ 0.998 ൈ tሻ. It assumed that the force is exerted on the 
middle of shell ሺx ൌ L 2 ,   θ ൌ 0⁄ ሻ. The amplitude-time response for middle point of a 
FGM shell with L=0.519 mm, R=149.4 mm and L=520 mm shown in figure (2). As shown 
in figure (2), the 18 number of degrees of freedom found to have a good accuracy for the 
nonlinear response.  
 

 
Figure 2 Comparison of nonlinear amplitude-time curves 

(L=0.519 mm, R=149.4 mm, L=520,઺ ൌ ૚) 
 
 
In figure (3), a comparison of nonlinear amplitude-frequency curves of the FGM 

cylindrical shell shown: the nonlinear 6 dofs model describes a wrong hardening nonlinear 
behavior, the higher-order nonlinear expansions converge to a strongly softening nonlinear 
behavior, that is the correct character of the shell response. 
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Figure 3 Comparison of nonlinear amplitude- frequency curves 

(L=0.519 mm, R=149.4 mm, L=520,઺ ൌ ૚) 
 
 
In figure (4), a linear amplitude-frequency curve of the FGM cylindrical shell is shown. As 

shown in figure (4), the maximum of amplitude jumped at natural frequency of FGM 
cylindrical shell (231.4 Hz). That is, the correct character of the shell response for linear 
analysis. 

  
Figure 4 linear amplitude- frequency curves 

(L=0.519 mm, R=149.4 mm, L=520,઺ ൌ ૚) 
 
 

In figure (5), it is found that by increasing the amplitude of excitation force the peak point 
of nonlinear amplitude-frequency curve moves to the left and the amplitude of radial 
displacement increased. So the effect of the nonlinearity (large deflection) can be obtained 
from figure (5) by increasing the amplitude of excitation force. 
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Figure 5 nonlinear amplitude- frequency curves for different amplitude of excitation force 

 (L=0.519 mm, R=149.4 mm, L=520,β ൌ 1) 

 

 
The time history of the radial displacement at the middle length of the cylindrical shell is 

shown in figure (6) for internal pressure loading. It is seen that with increasing the power law 
exponent ሺβ ൌ Nሻ maximum deflection of curves move to the right and increase smoothly, 
because the portion of nickel and stainless steel is varied and result in changing the natural 
frequency of FGM shell. 

 
Figure 6 nonlinear time history of the radial displacement for different power 

 law exponent of FGM material 
 

For validation of analytical results, which were obtained from nonlinear analysis (large 
deformation assumption) the finite element model is developed by using ABAQUS software. 
The time history curve for both analytical and FEM are shown in figure (7) and (8).  As seen in 
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these figures, there is a good agreement between analytical and FEM analysis for nonlinear 
vibration of functionally graded cylindrical shell under harmonic radial load. 

 
Figure 7 nonlinear amplitude-time curves from analytical analysis 

(L=0.519 mm, R=149.4 mm, L=520,ߚ ൌ 0) 
 

 
 

 
Figure 8 nonlinear amplitude-time curves from FEM model 

(L=0.519 mm, R=149.4 mm, L=520, β ൌ 0) 
 
 

7  Conclusion 
 
In this paper, the nonlinear vibrations of FGM circular cylindrical shells are analyzed. 
Different configurations and constituent volume fractions are considered. Nonlinear large 
deflection Donnell’s theory is applied to model nonlinear dynamics of the system in the case 
of finite amplitude of vibration. The shell deformation is described in terms of longitudinal, 
circumferential and radial displacement fields. Simply supported boundary conditions are 
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considered. Displacement fields are expanded by means of a double mixed series based on 
harmonic functions for the circumferential and longitudinal variable. 

Numerical analyses are carried out in order to characterize the nonlinear response of the 
shells. A convergence analysis is developed by introducing in longitudinal, circumferential 
and radial displacement fields a different number of linear modes; the correct number of 
modes to describe the actual nonlinear behaviour of the cylindrical shells was determined. 
Frequency-response curves for both linear and nonlinear analysis were obtained and the effect 
of nonlinear terms was investigated via these curves. As shown in frequency-response curves, 
the softening behavior of nonlinear terms is due to the nonlinear terms in equations (Large 
deformation). Also the effect of external force was studied and by increasing the amplitude of 
external the peak of frequency-response curves move to the left and the amplitude of radial 
displacement is increased. In other words, by additional force the influence of nonlinear terms 
increased.  

The influence of the constituent volume fractions and the effect of the configurations of the 
constituent materials on the natural frequencies and nonlinear responses of the shells were 
analyzed.  
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Nomenclature 
 
F  : material properties 
V  : volume fraction of FGM 
 power law exponent :  ߚ
h  : thickness of shell  
L  : length of shell  
R  : radios of shell 
E  : elastic modulus 
 Poisson’s ratio :   ߥ

௫ܰ , ఏܰ , ௫ܰఏ  : force resultants 
,௫ܯ ,ఏܯ  ௫ఏ  : moment resultantsܯ
u, v, w  : displacements vectors in ݔ, ,ߠ  direction respectively  ݖ
,ݔ ,ߠ  directions of coordinate systme :  ݖ
e୶, e஘, e୶஘  : strain components of the middle surface 
ω୫୬  : natural frequency 
F୶, F஘, F୸  : external loads 
K୧୨, M୧୨  : stiffness and mass matrices 
T  : kinetic energy 
U  : strain energy 
W  : virtual work done by the external forces 
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 چكيده

هارمونيك،  شعاعي جنس مواد هدفمند، تحت بارگذاري اي ازمقاله، ارتعاشات غيرخطي پوسته استوانهاين  در
در نظر گرفته  Donnellمعادلات غيرخطي پوسته بر اساس تئوري غيرخطي پوسته نازك . بررسي شده است

  .شدبامي von Karmanهاي شده است، كه بر اساس اين تئوري، روابط غير خطي ناشي از كرنش
- در جهت حل مسئله تغيير مكان. آيندمعادلات حركت با استفاده از روش انرژي و رابطه لاگرانژ بدست مي
هاي، ثوابت اين توابع شامل شكل مود. هاي صفحه مياني بر اساس توابع سري فوريه در نظر گرفته شده است

فركانسي براي حالت خطي و غير خطي پاسخ زماني و . باشدبدست آمده از حل ارتعاشات آزاد خطي، مي
  .اندالمان محدود مقايسه شدهافزار همچنين نتايج بدست آمده با نتايج نرم. اندبدست آمده


