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Thermoelastic Analysis in Thick FGM

R. Poultangari * § Cylinders with Extended Profile

MSc
An exact solution is obtained for an axisymmetric steady-state

thermo-mechanical stresses in a thick functionally graded cylinder.
The material properties are graded along the radial direction ac-
cording to an exponential function of radial direction with three con-
A. Bahtui ' stants. The advantage of the proposed model, compared to the mod-
Post-Graduate Student els with two constants such as the linear, power law, and exponential
models with two constants, is that it satisfies the material boundary
conditions at the inside and outside radiuses, leaving one more con-
stant to be selected to produce different types of material variation
profiles along the cylinder radius. Utilizing the assumed exponential
M.R. Eslami § model, the analytical solution of the problem, using the generalized
Professor Bessel function and the Lagrange method, is obtained employing the
energy and Navier equations.
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1 Introduction

The one-dimensional steady thermal stresses in a functionally graded circular hollow cylinder
and hollow sphere using the perturbation method is given by Obata and Noda [1]. By introduc-
ing the theory of laminated composites, Ootao et al. [2] presented the theoretical analysis of a
three-dimensional thermal stress problem for a nonhomogeneous hollow circular cylinder due
to a moving heat source in the axial direction under transient state. Tanigawa et al. [3] solved
the thermal stresses for a semi-infinite body with the assumption that the nonhomogeneous ma-
terial properties are power functions of the thickness direction z. Jabbari et al. [4,5] derived
the analytical solutions for the one and two-dimensional steady-state thermoelastic problems
of the functionally graded circular hollow cylinder, where the material properties are expressed
by power functions of radius. Lutz and Zimmerman [6,7] presented the analytical solution for
thermal stresses in spheres and cylinders made of functionally graded materials (FGMs). They
considered thick spheres and cylinders under radial thermal loads, where radially graded mate-
rials with linear composition of the constituent materials were considered. Shao et al. [8] pre-
sented the analytical solutions of the stress fields in functionally graded cylindrical panel with
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finite length subjected to thermomechanical loading. In this paper, they employed the power law
FGM variation model to illustrate the variations of properties along the radial direction of the
panel. Yee and Moon [9] obtained a closed-form solution for the transient thermal stresses of
an orthotropic hollow cylinder subjected to an asymmetric temperature distribution. Tarn [10]
examined the stress singularity in an elastic cylinder of cylindrically anisotropic materials in
the context of generalized plain strain and generalized torsion condition. Eslami et al. [11] and
Poultangari et al. [12] derived an exact solution for the one and two-dimensional steady-state
thermal and mechanical stresses in a hollow thick sphere made of functionally graded material.
In these papers, they used the power law FGM variation to describe the material properties along
the radial direction of the sphere. You et al. [13] presented the elastic analysis of internally pres-
surized thick wall spherical pressure vessels of FGM. Tutuncu [14] solved the stress problem
in a thick wall FGM cylinder with inner pressure. In both Refs. [13] and [14] the authors used
the same exponential FGM model for the variation of properties with radial direction. This
model, similar to the power law model, has two variables to describe the material properties in
the radial direction. Therefore, for fixed inner and outer material properties, a single material
property profile along the thickness is generated.

The analytical solution of the structures made of functionally graded materials and discussed
in the proceeding paragraph have, in general, employed FGM variation models for the material
properties with two constants. Using the two constants constitutive law for the FGM thick
cylinders or spheres results into a fixed FGM profile along the radial direction when the material
boundary conditions at the inside and outside surfaces are satisfied. For more general FGM
models, such as Reddy [15] and Tanigawa [3] models, which satisfy the given material boundary
conditions for more than one profile, there are no exact solutions in the literature.

In this study, an FG hollow circular cylinder with a constitutive model containing three
independent constants is considered. The temperature distribution is assumed to be axisym-
metric and function of r. The material properties of the cylinder are assumed to be expressed
by exponential functions of the radial direction with three arbitrary constants. The solution for
the energy equation leads to the generalized Bessel function [16]. The homogeneous part of
the Navier equation also leads to the generalized Bessel function. The method of variation of
parameters is used to solve the particular solution of the Navier equation.

2 Analysis of Energy Equation

The steady-state temperature distribution in an FGM circular hollow cylinder is governed by the
following energy equation [17]

(rk(r)T"(r))" =0 (D

S|

where T'(r) is the temperature distribution and k& = k(r) is the thermal conduction coefficient
and () denotes differentiation with respect to . The Robin-type boundary conditions are con-
sidered as

CHT/(CL> + ClgT(a) = f1
Cng,(b) + ngT(b) = f2 (2)

where C;; are the thermal boundary condition coefficients and @ and b are the inside and outside
radiuses, respectively. Functions f; and f, are known boundary conditions on the inside and
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outside radii. The thermal conductivity k() may be assumed to be expressed by the exponential
function of r as
BS 23 .03
G = = — b
Por) = k(r) = 2 e G)
where 3, A3, 03, and 3 are unknown constants to be found. In order to satisfy the inner and
outer material boundary conditions, the constants 33 and A3 are obtained as

A= oja& n EEZ; (gy}

0

Ai 6, .
B; = Pi(a)a"e %* 1=3. 4

Since 63 is further restricted, the choice of 3 produces different material profile variations
between the inside and outside surfaces. Substituting Eq. (3) into the energy equation yields

2T (r) + 7 [(1 = 73) + Aar®] T/ = 0 ®)

For 03 = ~3 (a restriction for 63), Eq. (5) becomes the generalized Bessel equation (see Appen-
dices I and II), which has a general solution as

T(r) = r*se " [AI% (Gsr%) + BI_1 (Gsr®)| = A+ Be %™ (6)

where A and B, or A and B, are unknown constants to be found from the thermal boundary
conditions (2) and

05
o3 = —
T2
Az
= 7
G 20, (7)
Here, 1,1 is the modified Bessel function of the first kind and the +3th. order.
3 Thermal Stress Analysis
The governing strain-displacement relations are
€p =1, €y = — @®)
r

where u is the displacement component along the radial direction. The stress-strain relations
for the plane-strain condition are

Opp = [(1—v)en + vegg — (1 4+ v)aT]

E
(1+v)(1-2v)
E
oy = ( a [ver + (1 —v)egg — (1 4+ v)aT]

1+v)(1—2v)
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E
(1+v)(1-2v)

Oyr = [V(ET’T‘ + 699) - (1 + I/)CYT] (9)
where « is the coefficient of thermal expansion, E is the modulus of elasticity, v is the Pois-
son’s ratio, and 0;;(i = 1,0, z) are the normal stresses. The one-dimensional static equilibrium
equation is

1
o+ (0. —0e) =0 (10)
r

The modulus of elasticity and the coefficient of thermal expansion are described with an expo-
nential functions of the radial direction as

Pi(r)=E(r) = € Py(r) = a(r) = 7 (11)
where (3; and \; (i = 1,2) are obtained from Eq. (4). Substituting i = 1, 2, 6; and 0, are further
restricted, and ~y; and 7, are free to be changed to provide different material property profiles
along the radius. We may further assume that the Poisson’s ratio is constant. Using Eqgs. (8)
through (11), the Navier equation in terms of the displacement becomes

r2u” (1) + (Ar® =y 4+ Drd (r) + i V)\lrel 7 i St Lju(r) =
22005 oty 1
Byeesr -t Z YV [(ur? 4+ X7 — (1 +792))T(r) + 7T (r)] . (12)

1—v
4 Solution of the Navier Equation

The homogeneous part of the Navier equation (12) is

v v

r?u(r) + (M\r® — oy + Drd () +

)\17"61 — 1 Y1 — 1 U(T) =0

— VvV — VvV

(13)

Substituting 6; = ~; + 12_—”V (1 = 1,2) into Eq. (13), leads to the generalized Bessel differential
equation (see Appendices I and II), which has a general solution as

ug(r) = retg=Grt [C’IP(CIT&l) + DI_p(Clrel)} (14)
where

1 (ﬁ)2 Loy

p 91 2 1—v

1 v

a 591 1w

= (i=1,2) (15)
i~ 9, e

and C' and D are unknown constants to be found from the boundary conditions. Let y; to y4 be
known boundary conditions on the inner and outer radii, respectively. Therefore, the stress or
displacement boundary conditions are
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u(a) = x1

u(b) = X2
om(a) = (16)
o (b) =

The constants C' and D are obtained solving a system of two algebraic equations, selected arbi-
trarily from the list given by Eqgs. (16). For thermal stresses, any combination of the kinematical
or stress boundary conditions given by Egs. (16) is permissible. For the cylinders under pure
mechanical stresses, either displacement or stress boundary conditions may be selected from
the list of Egs. (16).

The particular solution u,(r) is obtained using the method of variation of parameters. Equa-
tion (12) may be written in the form of variation of parameters formula as

up (r) + f(r)u,(r) + g(r)uy(r) = h(r) (17)

where

1
f(r )—;(/\17“ —m+1)
1
o) = % [ 125 =) —1]
hlr) = oot i art) o (18)

(¢sr™) + BI_ (C3T03)] +

l
2

{{()\17”91 - ’71) + ()\27”92 - ’72) - % (/\37“03 — 73))} [
r AL (Gr™) + BIL (Gr™) |}

Let the general solution obtained in Eq. (17) be divided into two parts ug; (1) and ug(r) as

Ug, (1) = Tl‘c“" L(Gr™)
Uy (r) = 11" fp<<1r91) (19)

Therefore, the particular solution w,(r), according to the method of variation of parameters,
becomes

() = —uy (1) [ 22 T) () dr + gy () [ ) ) dr 20)

w(r) o w(r)

where w(r) is the Wronskian determinant of u,, (r) and ug, () as given by

w(r) = g, (r)ug, (r) = ug, (r)ug, (r) 2D

ulgl (?") = [(041 — C1¢91T91)Ip(C1791) + 7“[1/7(@7"61)} Tal_le_glrel
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ul, (r) = [(a1 — GO (Gr™) + 11’ (Gr®)] ror—temor™ (22)

where I, (¢r?") is the derivative of I.,((1r%") with respect to r as

/ _ 0
I (Gr®) = GO L (Gr™) + EIﬁp(Clrel) (23)
r

The complete solution for u(r) is the sum of the general and particular solutions. Therefore,
using Egs. (14) and (20) yields

u(r) = {c— / " 0u() df} g, (1) + [D+ / 0. df] gy ()

(24)
where
r) = ugl(r) r
Qx(r) = 22 ) (25)

w(r)
The strains and stresses are obtained by substituting Eqs. (24) and (25) into Egs. (8) and
(9), which yield

err(r) = r e O — /T Q2(7) dr] [(041 — GO r? + p01) L (™) + (O™ p+1(C17“01)} +
D /r Qu(r) dr] [<a1 — GOr% = po1) Iy (Gir™) + C191T91]—p+1(<17”01)} B

Q2(r)rIy(Gur™) + Qi (r)rl-p(¢Cir®™)} (26)

nr) = e fle- [ ar| ity + [p+ [ ar| e} e

oge | = ({[C — /T Q2(T) dr] [(041 — G6r™ +p91)fp(C17”91) + G6r™ p+1(C1T91):| +
O-ZZ @
D +/ Q:1(T) dr] [(041 — GO — pO )T (™) + C191T911—p+1(C1?"91)] —
’ 1—v r
Qo(r)r L (Gr™) + Qu(r)rlp(Gr™)} | v | +{[C —/ Qa(7) dr] L, (Gr™)+
1% a

v

D+ / ' Qu) TG} 1;u a H)ﬂ(ll_zy)r—al—le@rel

2¢17014+2¢or02 — (3793 1
51 el ) AL (Gr®™) + BLy(¢r™)] | 1 (28)
1

_1 — U r2ait2az—as) 3

The values of C' and D are evaluated from two mechanical boundary conditions, which are
arbitrarily (physically meaningful) selected from Eqgs. (16).
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Figure 1 Young’s modulus along the radius of a functionally graded cylinder.
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Figure 2 Coefficient of thermal expansion along the radius of a functionally graded cylinder.
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Table 1 Material properties of a typical FGM

Metal (outer): = Ceramics (inner):

E =70(GPa) E = 427(GPa)

vr=20.3 vr=20.3

a=234x10"%1/K) a=34x10"%1/K)
= 233(W/mK) k= 65(W/mK)

Table 2 Definition of cases
Cases M1 Y2 73
Casel —7 —45 -3
Case2 —5 0 2
Case3 -3 2 4
Cased —1.5 4 5.5
Caseb 4.5 6 6.5

5 Results

Consider a thick hollow cylinder of inner radius a = 40 cm and outer radius b = 50 ¢m. The
material properties of the functionally graded cylinder are given in Table (1). The variation of
modulus of elasticity, coefficient of thermal expansion, and heat conduction coefficient along
the radial direction are plotted in Figs. (1) through (3). These figures are plotted for different
values of 7.

To validate the results of this analysis, we may reduce the problem to that of isotropic thick
cylinder by proper selection of numerical values for v’s. Selection of 14 = —1, 72 = 0, and
v3 = 0.2 produce a thick cylinder with isotropic material properties, where its behaviour under
thermal or mechanical load is known. This condition is checked with the formulations of this
paper, where exact results are obtained. Therefore, using identical material properties, boundary
conditions, and the same geometry as given and defined by references [4,17], identical curves
for the displacement and stress distributions, as shown in Figs. (4) and (5), are obtained.

The discussion of thermal stresses in the FGM thick cylinders with different material pro-
files are defined in a set of different cases, as shown in Table (2). The curve associated with
the largest negative value of ~ represents more ceramic rich, and that of largest positive value
of 7 represents more metal rich FGM. Various FGM variation profiles across the thickness is
produced by choosing arbitrary values for 7, 72, and 3. These constants (71, 72, v3) provide
various material property profiles for the modulus of elasticity, coefficient of thermal expansion,
and the coefficient of the thermal conductivity, respectively. Therefore, five arbitrary material
variation profiles are defined in five different sets such that in each set a fixed combination for
v is defined. These sets are defined in five cases, where case 1 is the most metal-rich, and case
5 is the most ceramic-rich functionally graded material. The numerical values for +’s for the
cases 1 through 5 are given in Table (2). Note that the FGM profiles for each value of 7’s are
shown in Figs. (1) through (3).

Consider a thick cylinder with traction-free boundaries at the inner and outer surfaces. The
temperature for the inner and outer surfaces are assumed to be 7'(a) = 50K and 7'(b) = 0K.
In Fig. (6) the temperature distribution along the radial direction is presented. This figure
shows that the magnitude of temperatures are decreased in metal rich FGMs, where v has the
largest positive magnitude. The resulting thermoelastic radial displacement due to the applied
temperature variations is presented in Fig. (7). According to this figure, by increasing the
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Figure 3 Coefficient of thermal conduction along the radius of a functionally graded cylinder.
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Figure 4 Temperature distribution in a homogeneous cylinder (validation).
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Figure 5 Hoop thermo-mechanical stress in a homogeneous cylinder (validation).
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Figure 8 Radial thermal stress.

83



84

Axial Stress (Pa)

Hoop Stress (Pa)

Iranian Journal of Mechanical Engineering

Vol. 12, No. 2, Sep. 2011

x 10
9
Case 1
— — —Case 2
8 Case 3| |
—— Case 4
7h Case 5 |

1 L L L
0.4 0.42 0.44 0.46 0.48
Radius (m)
Figure 9 Hoop thermal stress.
x 107

0.5

-5r Case 1|7
' — — —Case 2
-6 Case 3| |
—— Case4
Case 5
%.4 0.42 0.44 0.46 0.48 0.5
Radius (m)

Figure 10 Axial thermal stress.
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percent of the metal constituent material in FGM, the radial displacements are increased. Figure
(8) represents the radial stress, which satisfies the traction free boundary conditions. The radial
stress is zero at the inside and outside boundaries, due to the assumed boundary conditions.
Figure (9) shows the hoop stress versus the radial direction. It is observed that the hoop stress
variations along the radial direction is lower in metal rich FGMs. As seen, the mechanical hoop
stress distribution is compressive at the inside surface and tensile at the outer surface. The axial
stress distribution across the cylinder thickness is shown in Fig. (10).

As a second example, a thick circular cylinder under mechanical stresses is considered. The
inside and outside pressures are assumed to be 100 MPa and zero, respectively. Figure (11)
shows the resulting radial displacements due to the given mechanical boundary condition for
different profiles of functionally graded materials. The radial displacements are higher in metal
rich functionally graded cylinders. The radial stress along the cylinder thickness is shown in
Fig. (12). As seen, the radial stress decreases as the metal density of FGM cylinder decreases.
Figure (13) shows the mechanical hoop stress versus the radial direction. It is seen that the hoop
stress variations decreases in ceramic rich cases. Finally, the mechanical axial stress versus the
radial direction is plotted in Fig. (14). The stress variation across the thickness decreases when
the percent of ceramic material constituent increases.
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Figure 14 Axial mechanical stress.

6 Conclusions

An analytical solution for the one-dimensional thermal and mechanical stresses in a hollow cir-
cular cylinder made of functionally graded material is developed. The constitutive law of func-
tionally graded material is assumed to be of exponential type in radial direction with three con-
stants. These constants allow different variation profiles for the FGM thick cylinder along the
radial direction with fixed material boundary conditions at the inside and outside surfaces. Solv-
ing the heat conduction and the Navier equations provide the mechanical and thermal stresses.
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It is concluded that:

1 - The ceramic rich functionally graded cylinders under the thermal or mechanical loads
tend to have lower radial displacement and circumferential stress compared to the metal rich
FGM cylinders.

2 - Under the thermal loading, lower circumferential stress is produced in ceramic rich
functionally graded cylinders.

3 - Behavior of the axial stress is different for the thermal and mechanical loading conditions.
Considering the thermal boundary conditions, the axial stress increases in ceramic FGMs. Vice
versa, under the mechanical loading the axial stress for ceramic rich cases decrease.
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Nomenclature

a, b = Inside and outside radii

E = Modulus of elasticity

k = Conductivity

T = Absolute temperature

u = Radial displacement

a = Coefficient of thermal expansion
v = Poison’s ratio

0;; = Stress tensor

€;; = Strain tensor

Appendix I) Generalized Bessel Equation

The Bessel differential equation in general form may be considered as [15]

2 d°y Qbrd?/ de2 — b(1 T 202y = 0 29

l’@‘f‘%((l‘i— x)%+[c+x —b(l—a—r)z" +b%2 |y = (29)

where x and y are the independent and dependent variables, respectively, and a, b, ¢, d, r,

and s are some real constants. The solution of the above differential equation depends on the

magnitude of the employed constants and coefficients, and may be in form of Bessel functions.

If Z+, 1s considered to be a Bessel function, then the general solution of Eq. (29) can be written
as

S

A7, (ﬂ) v 57, (@>] 30

where

1 [/1-a\?
= < 2“) —¢ G1)
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Depending on the values of \/?3 and p, the function Z given in Eq. (30) can be different kinds
of Bessel functions as discussed below:

1. If \/?a is real and p is not integer (or zero), then Z, denotes J, and Z_,, denotes .J_,, where
Jp 18 symbol of the Bessel function of the first kind of order p.

2. If ‘/TE is real and p is integer k (or zero), then Z, denotes J;, and Z_, denotes Y}, where
Y. is symbol of the Bessel function of the second kind of order k.

3. 1f \/?3 is imaginary and p is not integer (or zero), then Z, denotes [, and Z_,, denotes I_,,
where [, is symbol of the modified Bessel function of the first kind of order p.

4. If \/Tg is imaginary and p is integer k (or zero), then Z, denotes I}, and Z_,, denotes Kj,
where K is symbol of the modified Bessel function of the second kind of order .

Appendix II)

Consider a differential equation of the form

14

)\17"01 —

2 (r) 4 r(Ar? =y + D (r) + [1 — —

v — 1u(r) =0 (32)
where r is an independent variable and u is a dependent one. Also, v, A, 71, and 6; are some

arbitrary constants. Using the general Bessel differential equation [15], the solution of Eq. (32)
is

u(r) = rie=Gr [AIP(Clral) + BI_p(Clrel)} (33)

Substituting Eq. (33) into Eq. (32), we obtain

71— b6 v 01 22 v
0 — — -1
{)\1{ 5 +1_V]7“ +p°07 + q1(qn — ) 11— }X

[AL(Cur™) + BLy(Gr™)] + a1 — n)r[AL(Gr™) + BIL,(Gr™)] = 0 (34)

For Eq. (34) to be identically satisfied, the coefficients of the equation must be set equal to zero.
Setting the coefficients of 7%, [AL/ (¢ir% )+ BI’ (¢ )], and [AL,(¢ir? )+ BI_,(¢1r%)] equal
to zero, we obtain the following expressions for ¢, (1, p, and v,

_n
Q1—§\

1
_ 35
G =g (35)
_1 (71)2_‘_ v _1_1%
P=g 2/ T

2v

"M =01 —
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