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Hybrid differential transform-finite
difference solution of 2D transient

nonlinear annular fin equation
In the present paper, hybrid differential transform and
finite difference method (HDTFD) is applied to solve 2D
transient nonlinear straight annular fin equation. For the
M. Torabi Rad "l case of linear heat transfer the results are verified with
Graduate Student @analytical solution. The effect of different parameters on
fin temperature distribution is investigated. Effect of time
interval of differential transform on the stability of results
has been examined. Results show the excellent capability
of HDTFD to solve different engineering problems and
also indicate that appropriate selection of differential
transform time interval can solve the divergence problem
of the method and lead to reduction in computational
costs.

M. Maerefat™

Associate Professor

H.R. Ghazizadeh*
Graduate Student

Keywords: differential transform, Finite difference, Transient non-linear heat
conduction, Time interval of differential transform

1. Introduction

One of the primary ways to enhance heat transfer rate is to use extended surfaces or
fins. The heat transfer mechanism of fin is to conduct heat from the heat source to fin
surface by its thermal conduction, and then dissipates it to surrounding medium by
convection. Most common application areas of fins are in combustion engines, heat
exchangers and cooling of electronic equipments.

Early studies about thermal analysis of fins could be found in [1]. Hsiung and Wu
[2] used the Laplace transformation and the integral method to study the transient heat
transfer in straight fins of various shapes. Cheng and Chen [3] used a hybrid method to
study the transient response of annular fins of various shapes subject to constant base
temperatures. Arslantruk [4] investigated the optimum dimension of an annular fin with
uniform thickness wunder thermally non-symmetric convective boundary condition.
Recently Iborra and Campo [5] studied the temperature distribution and fin efficiency
for annular fins of uniform thickness analytically. Lai et al. [6] introduced a discrete
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model for calculating thermal performance of straight annular fin with variable thermal
properties.

In the recent years the concept of differential transform method, first introduced by
Zhou [7], has received considerable attention as a powerful tool to solve PDEs. This
method constructs an analytical solution in the form of a polynomial, with significantly
less symbolic computation of the necessary derivatives of data functions, in comparison
to Taylor series method. Combination of this method with numerical procedures results
in a hybrid differential transform finite difference (HDTFD) method with remarkable
computational cost efficiency and excellent solubility of different engineering
problems. Bor and Chao [8] used HDTFD to solve nonlinear Burger’s equation. Yen et
al [9] used the HDTFD to analyze large deflections of orthotropic rectangular plate
problem. Chen and Ju [10] applied HDTFD to 1D  transient advective-dispersive
transport equation. Chu and Chen [11] used HDTFD to solve 1D nonlinear heat
conduction problem in Cartesian coordinate system. All mentioned papers have
reported the results only for the case with constant time interval of differential
transform and the effect of time interval of the method on stability of results has not
been reported yet.

In a recent research by Chu and Chen [11], it has been shown that the following 3
parameters control the stability of HDTFD,

1. The number of spatial segments (dXx),

2. The number of time segments (dt), and

3. The order of differential transfer (k).

In the above paper, the value of H has been assumed to be H=I1 and the convergent
results have been achieved by selecting appropriate values for dx, dt and k, so the effect
of variation of H on the stability of the method has not been investigated. To achieve
this effect the value of H has been assumed to vary in this study. This variation has
brought us in the opportunity to show that in addition to the aforementioned parameters,
H has also a considerable effect on the stability of HDTFD.

In the present study, we apply differential transform-finite difference method to
solve 2D nonlinear heat transfer in an annular fin. We have improved the research by
Chu and Chen [11] in the following directions. 1- Improve 1D Cartesian equation of
[11] to a 2D cylindrical fin equation. 2- Investigate the effect of time interval of
differential transform on the results. The rest of the paper is organized as follows: in
section 2 the basic idea of DTM 1is presented. Section 3 involves mathematical
formulation and discretization of the problem. The results and conclusion are presented
in section 3 and 4, respectively.

2. Basic idea of DTM

The basic definition and operations of DTM are introduced in [12-19] as follows:
Definition 1:
Let x(t)be an analytical function in domain D, then the Taylor series expansion of

X(t) is written in the following form:

x(t)=§(t_kt!i) (dd:k(t)) for VtcD 0
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If we putt, =0, Eq. (1) is called the Maclaurin series of X(t) with the form

= t* dEx(t)
Xt)y=)> — ) for vVtc D
kZ::; k! dt )

The differential transform of the function x(t) is defined a s:

X(0=7xO) =20 vkek &)

Where 4 is differential transform operator, Kk is set of nonnegative integer denoted
as K domain, X(k)is the transformed function or the spectrum of the Xx(t) in the

K domain, kis the transformation parameter andH is the time interval of the
differential transform method, which in most of the previous paper has been set to
H =1 and in this paper its effect on the stability of results will be examined.

Definition 2:

The inverse transformation of the differential transformation method is in the -+form
of:

— t
t:E —)* X (k

In most previous papers [8, 9, 10 and 11], the value of H has been selected to H =
Constant, but in this paper its effect on the results will be presented. In practical point
of view, Eq. (4) can be rewritten by finite terms series plus a residual term in the
following form

5ot
X(t) = Z(F)k X(K)+R,, (D)
k0 )
Definition 3:
By applying Eq. (3) the following equation for differential transform of X(t) is

deduced:
F(X(t) = % X (k+1) (6)

The fundamental operations performed by differential transform can be easily
obtained and are listed in Table 1.

In solving the partial differential equation by differential transformation method, the
equation is transformed into an algebraic equation in the K domain. The spectrum of
the unknown functionx(t), X(k),is obtained by solving the resulting algebraic

equation and consequently x(t)can be obtained by applying inverse differential

transform according to Eq.(5). In order to have an accurate and fast method, the
transformed domain Dis split into sub-intervals, and the final values of the first sub-
interval are used as initial values of next sub-interval, then the original differential
equation is solved under these new initial values. The same process is repeated until the
entire D domain is covered.
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In fact, the real art of differential transform method is to present the solution in the
form of finite series of polynomials in each subinterval which leads to a reduction in
computation costs, compared with pure numerical approaches.

3. Mathematical formulation

The geometry of the annular fin studied in the present paper is shown in Fig. 1. For this
fin, variable thermal conductivity and constant convective heat transfer coefficient to
the environment are assumed.

The governing heat balance of the fin in 2D cylindrical coordinate system with
boundary/initial conditions are:

oT o (. 0T\ koT a[ aT)
pe—=—|k— |+ ——+—| k—

ot or or r or 0g 0z
IC.{T=T, at t=0

T=T, at r=r,

a—T=O at r=r,

or

B.C.soT for r.<r<r andt>0

—=0 at z=0

0z

ki—T+h(T—T)OC:0 at z=a (7)
Z

Where pand Care density and specific heat of the fin, respectively. hand T_are

convective heat transfer coefficient and ambient temperature, respectively. Kis variable
thermal conductivity of the fin which varies linearly with temperature according to the
following equation:

k=k,(1+A(T-T))) (8)
Where Kk,is thermal conductivity at ambient temperature and Ais a parameter

describing the variation of thermal conductivity with temperature.
The following dimensionless parameters are considered:

rR=L ¢G=5 7z-% g=-%
ro ro ro ro
T-T. . h k
g=" = Bi="l o N _aa,-T)
];_Too ka pcrli (9)

Substituting the dimensionless parameters (9) into Eqgs. (7)-(8) and after some
mathematical manipulations, the following dimensionless equations are obtained:
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%:i£(1+g¢9)%j+—(l+ge)%+i((1+50)%j
or OR OR R OR oZ oZ
I1.C.{60=0at 7=0
0=1at R=G
%20 at R=1
OR
B.C.4 50 for G<R<land v>0

—=0at Z=0
oz

(1+80)a—0+Bi0=0 at Z=E
oZ (10)

The above dimensionless governing equation can be rewritten in the following form:

00 (a0 (o0 80 (+e0)00 (80 (00) . 0%0
—= ste| — | +tel0— |+ — |t | tel—; (11)
or | OR OR OR R OR |o0Z oZ oz
Equation (11) shows the effect of variable k(A#0)in transforming the linear fin
equation to nonlinear one.
By applying 4 operator and taking the  differential transform  of  the

) 00 00 0°0 00 0’6
variables: 0,—,—, —-, — and >
ot OR OR° 0z oz

of H =1, the governing equation in K domain becomes

2 2 2
(k;) IR, Z k+1) :[a 4 +g(a‘9j +g¢9ﬂ]

with respect to time, with the assumption

orR> | oR R’
(1+e9) 09 [8°9 (88  8°8
4 Stel | tel——;
R oR |oz oz oz (12)

Where H(R,Z,k)is differential transform ofé@(R,Z,t), and in the same way the
differential transform of the initial/boundary conditions are obtained:
HR,Z,0)=0
30,Z,k)=1 for k=0
3(0,Z2,k)=0 for k=1,2,3
29 =0 at R=1
R
99 _ 0Oat Z=0
oz

oo (13)
(1+c9)—+Big=0 at Z=E
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Now, the spatial derivatives are approximated with second order central difference.
The resulting differenced equation is as follows:

2
(k +1) '9.1@1 _ lgilj-l,j _lgiljj + 'gik—l,j te 'gili],j _'gik—l,j +€3!¢. '91":1,; _'9:; + 'gik—l,j
H " OR’ 20R h OR’

k k k k k k k P2
" (1+‘9‘9i,j) [‘9,’+1,j _‘9,'71,,‘ J"' ‘gi,j+1 _‘gi,j +‘9i,j—l +g£‘9i,j+l _lgi,le

R 26R o0z’ 26Z (14)
gt -9+ 8"
+819ilfj( i,j+1 51Z,12 i,j-1
Where OR,dZ are interval lengths in R and Z directions, respectively.
Applying the finite difference to boundary conditions results in:
g =1 for k=0
9. =0 for k=123
,9”1,]." —.9,._1’]." =0 at i=NR+1
94 =9.=0 at j=1
g . -9 F
l+e9 )" —" 1 Big *=0 at j=NZ+1
( ) 207 " /
(15)
1-G E

where NR=—— and NZ =—.
R boY4

4. Results and discussion

As the first case, linear heat conduction equation (&£=0) with H =1is considered. The
results for non-dimensional temperature distribution obtained by HDTFD are compared
with exact analytical results reported in [3]. As shown in Fig. 2, good agreement is
achieved.

Negligible difference between the results is the outcome of considering the Taylor
series as series with finite terms in the t direction, and differencing the governing
equation in the r direction.

For the second case, variation of non-dimensional temperature distribution for
different values of gand Bi is considered in figure 3. As the figure shows, an increase
ing which means higher thermal conductivity, leads to more wuniform temperature
distribution in the medium, as expected. The figure also compares non-dimensional
temperature  distribution for different values ofBi. As prospected, increase in
Binumber leads to lower temperature distribution.

For the next case the effect of dimensionless time on dimensionless temperature
distribution is considered. As time goes on, fin temperature approaches a steady state
situation. As Fig.4 indicates, very small difference in temperature distribution is
observed betweenz = 0.1 and7 =10.
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In order to illustrate the steady state fin temperature distribution, 3D plot is
presented in Fig. 5.

In this paper the results of the problem will be presented for different values of H in order to
investigate the effect of H on the stability of results. The effect of variation of H on the stability
of the results has been presented in Fig. 6. The results have been obtained by Matlab 7.6
(R.2008.a) software and Intel (R), Xeon(TM), CPU 3.2GHZ PC. The figure shows minimum
time segments which do not cause divergence for different values of H for two sets of spatial
segments. Set 1 NZ =6, NR =12 and set 2NZ =5, NR =10 . As the figure shows with decrease

in the value of H , minimum time segments required to get converged results decreases, and it
reaches a constant value for H <0.01in the cases shown. By combination of equations (3) and
(4) it can be seen that for converged numerical solution, H has no effect on the results but for
special number of time and spatial segments H can convert a diverged solution into a converged
acceptable one. This has been shown in Fig. 7. The figure shows how the decrease in the value of
H can lead to converged numerical solution. In the figure temperature distribution with
Bi=1&=0.01,NR =10,NZ =5,N7 =382,7 =0.1have been plotted for different values of H . As

the figure shows by decrease in the value of H from H =0.1to H =0.01, converged acceptable
numerical result have been approached. In the figure it has been shown that for the
aforementioned values of NR, NZand N the value of H should be H =0.01 This means that

by appropriate selection of H , for definite number of spatial segments, number of time segments
can be reduced without appearance of divergence problem and reduction in number of time
segments means reduction in computational cost of the method.

5. Conclusion

In this paper, heat transfer in an annular fin with variable thermal conductivity has been

studied. The problem was formulated and discretized based on HDTFD. For the case of

constant thermal conductivity, results were verified with analytical solution and good

agreement achieved. For other cases, the effect of different dimensionless parameters

on fin temperature was investigated. Following results have been achieved

1. The ability of HDTFD in solving 2D heat transfer problems in cylindrical coordinate system
has been shown for the first time.

2. For a definite number of spatial segments, (NR, NZ) , reduction of H decreases the minimum

number of time segments,(NT) , required to get acceptable results. This reduction in the

number of required time segments can lead to reduction in the CPU time of the method.
3. It has been also shown that reduction of the value of H can convert diverged results into

acceptable converged one.
References

[1] Kraus, A.D., “Sixty-five Years of Extended Surface Technology”, Applied Mechanical
Review, Vol. 41, pp. 321-364, (1988).

[2] Hsiung, F. C., and Wu, W. J., “Analysis of Transient Heat Transfer in Straight Fins of
Various Shapes with its Base Subjected to a Constant Heat Flux”, Mathematical Analysis
Application, Vol. 174, pp. 327-341, (1993).



12 Iranian Journal of Mechanical Engineering Vol. 11, No. 1, March. 2010

[3] Cheng, C.Y., and Chen, C.K., “Transient Response of Annular Fins Subjected to Constant
Base Temperatures”, International Communications in Heat and Mass Transfer, Vol. 25,
pp.775-785, (1998).

[4] Arslanturk, C., “Performance Analysis and Optimization of a Thermally Non-symmetric
Annular Fin”, International Communications in Heat and Mass Transfer, Vol. 31, pp.1143—
1153, (2004).

[5] Iborra, A. A. and Campo, A., “Approximate Analytic Temperature Distribution and
Efficiency for Annular Fins of Uniform Thickness”, International Journal of Thermal
Science, Vol. 48, pp. 773-780, (2009).

[6] Lai, C.Y., Kou, H.S., and Lee, J.J., “Recursive Formulation on Thermal Analysis of an
Annular Fin with Variable Thermal Properties”, Applied Thermal Engineering, Vol. 29,
pp-779-786, (2008).

[7] Zhou, J.K., “Differential Transformation and its Applications for Electronic Circuits”,
Huazhong Science and Technology University Press, China, (1986).

[8] Kuo, B.L., and Chen, C.K., “Application of a Hybrid Method to the Solution of the Nonlinear
Burgers' Equation”, Applied Mechanics, Vol. 70, pp. 926-930, (2003).

[9] Yeh, Y.L., Wang, C. C., and Jang, M.J.,, “Using Finite Difference and Differential
Transformation Method to Analyze of Large Deflections of Orthotropic Rectangular Plate
Problem”, Applied Mathematical Computation, Vol. 190, pp. 11461156, (2007).

[10] Chen, C.K. and Ju, S.P., “Application of Differential Transformation to Transient
Advective—dispersive Transport Equation”, Applied Mathematics and Computation, Vol.
155, pp. 25-38, (2004).

[11] Chu, H.P. and Chen, C.L., “Hybrid Differential Transform and Finite Difference Method to
Solve the Nonlinear Heat Conduction Problem”, Communications in Nonlinear Science and
Numerical Simulation, Vol. 13, pp. 1605-1614, (2008).

[12] Ayaz, F., “On the Two-dimensional Differential Transform Method”, Applied Mathematics
and Computation, Vol. 143, pp. 361-374, (2003).

[13] Ayaz, F., “Solutions of the System of Differential Equations by Differential Transform
Method”, Applied Mathematics and Computation, Vol. 147, pp.547-567, (2004).

[14] Ayaz, F., “Applications of Differential Transform Method to Differential-algebraic
Equations”, Applied Mathematics and Computation, Vol. 152, pp. 649-657, (2004).

[15] Joneidi, A.A., Ganji, D.D., and Babaelahi, M., “Differential Transformation Method to
Determine Fin Efficiency of Convective Straight Fins with Temperature Dependent



Hybrid differential transform-finite ... 13

Thermal Conductivity”, International Communications in Heat and Mass Transfer, Vol. 36
pp.757-762, (2009).

[16] Kanth, A.S.V. R., and Aruna, K., “Differential Transform Method for Solving Linear and
Non-linear Systems of Partial Differential Equations”, Physic Letter A, Vol. 372, pp. 6896—
6898, (2008).

[17] Zou, L., Wang, Z., and Zong, Z., “Generalized Differential Transform Method to
Differential-difference Equation”, Physic Letter A, Vol. 373, pp. 4142-4151, (2008).

[18] Jang, M. J., Chen, C. L., and Liy, Y.C., “On Solving the Initial-value Problems using the
Differential Transformation Method”, Applied Mathematics and Computation, Vol. 115, pp.
145-160, (2000).

[19] Jang, M. J., Chen, C. L., and Liu, Y. C., “Two-dimensional Differential Transform for
Partial Differential Equations”, Applied Mathematics and Computation, Vol. 121, pp. 261-
270, (2001).

Nomenclature

Half of the fin thickness

Specific heat capacity

domain

Ratio of inner radius to outer radius
convective heat transfer coefficient

Time interval of differential transform
Transformation parameter

Variable thermal conductivity

thermal conductivity at ambient temperature
domain of the transform function

Number of spatial segments in R direction
Number of spatial segments in Z direction
Number of time segments in T
Dimensionless radius

Radius in cylindrical coordinates

Inner radius

Outer radius

Temperature

o_—|—|o—‘ _ﬂ'ﬁ;UzzzkaXWIjODOm

Base temperature

—

Ambient temperature

X(t): Analytical function
X(k):  Transformed function
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Greek symbols

Grid size in R direction

Grid size in Z direction

Dimensionless parameter describing the variation of thermal conductivity with temperature
parameter describing the variation of thermal conductivity with temperature

dimensionless temperature

Height in cylindrical coordinates

Transformed dimensionless temperature

N o, OO
R

Differential operator
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Tables

Table 1. The fundamental operations of one-dimensional differential transform method

15

Original function

Transformed function

y(X) =u(x) £v(x)

Y (k) =U (k) £V (k)

y(X) = cw(X)

Y (k) = cW (K)

y(x) = dw(x)/dx

Y(K) = (k + DW (K +1)

y(x) = d ' w(x)/dx’

Y(K)=((K+D(K+2)..k+ WK+ J)

y(x) =u(jv(x)

Y (k) = Ek:U (rVk-r)

y(x)=x’

) I, k=j
Y(k)=5(k—1)={0 ki}
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Figures

Figure 1 Schematic of straight annular fin

1
~HDTFD
= Analytic

Theta
(e}
h

7 08 09

8.5 0.6 0.7
R

Figure 2 Comparison of the present study with analytic results
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Figure 3 Effect of Bi and € on fin temperature distribution

Figure 4 Variations of fin temperature distribution with time
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Figure 5 3D graph of temperature distribution
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Figure 6 Effect of H on minimum required number of time segments

to get converged solution
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Figure 7 Effect of H on approaching a diverged solution into acceptable

converged one
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