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Free Vibration Analysis of Thin Annular
Plates Integrated with Piezoelectric Layers
using Differential Quadrature Method

K. Arteshyar” B, this article, using generalized differential quadrature
Graduate Student B H(3) methods, free vibration of a thin annular plate
coupled with two open circuit piezoelectric layers, is
numerically studied based on the classical plate theory. The
governing differential equations with respective boundary
conditions are derived and transformed into a set of
algebraic equations by implementing the GDQ rule, then
solved as an eigenvalue problem to obtain the natural
frequencies and mode shapes of the plate. Convergence of
the solutions obtained for the natural frequencies is studied.
Also, the present numerical model validated by comparing
its numerical results with those reported in literature.
Finally, parametric studies are carried out and the effects
of a number of important parameters on the natural
frequencies are investigated.
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1 Introduction

Application of piezoelectric materials in advanced structures to create in them some kinds of
adaptive or “smart” characters has developed over the past few decades. The piezoelectric
materials can be used as sensors/actuators in the structural vibration control systems, for
measuring the strain and/or exerting the actuation forces on the structure. From structural
viewpoint, vibration analysis of piezoelectric coupled circular/annular plates as a structural
element in different structural systems, including civil, mechanical, space and marine structures
as well as electronic components, has been the subject of many research works. Analytical
solution was presented by Wang et al. [1] for vibration analysis of a circular plate surface
bonded by two piezoelectric layers, based on the classical plate theory (CPT). Liu et al. [2]
proposed an analytical model for free vibration analysis of piezoelectric coupled moderately
thick circular plate based on the first-order shear deformation plate theory (FSDT). In their
study, a sinusoidal function is adopted to describe the distribution of electric potential along the
thickness direction of the piezo patches. By implementing both CPT and FSDT plate theories,
analytical solutions were presented by Duan et al. [3] for the free vibrations of piezoelectric
coupled annular plate.
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They concluded that Mindlin model provides better solutions than those from Kirchhoff model
and the error percent of the results is larger for higher resonant frequencies. Wu et. al. [4]
investigated vibration behavior of a circular steel substrate surface bonded by a piezoelectric
layer with open circuit. In their study, a solution for the electrical potential across piezoelectric
layers’ thickness was developed for the first time to satisfy the open circuit electrical boundary
conditions. Hosseini-Hashemi et al. [5-6] exhibited an exact solution for free vibration analysis
of circular/annular moderately thick plates integrated with piezoelectric layers on the basis of
the Levinson plate theory (LPT) and third-order shear deformation plate theory (TSDT). Some
research works are also devoted to the vibration analysis of piezoelectric coupled
circular/annular plates made of functionally graded materials Ebrahimi F and Rastgoo [7];
Hosseini Hashemi et al. [8]; Jafari Mehrabadi et al. [9]; Jodaei et al. [10].

In all the previously mentioned research works analytical solutions are developed for
vibration characteristics of the circular/annular plates integrated with piezoelectric layers.
Although analytical methods present closed-form solutions, they are limited to simple
geometries, specific types of boundary conditions and special loading cases. Differential
quadrature method (DQM) is a robust numerical approach which was firstly introduced by
Bellman and Casti [11], was applied by Bert et al. [12] for the first time to study dynamic
behaviors of structures. There were some limitations in applications of DQ method. For
example, the early method for computing the weighting coefficients which was improved by
Quan and Chang [13] and, Shu and Richards [14] resulted in ill-conditioned matrices when a
large number of grid points are used. Other restrictions, which have limited the application
range of the conventional DQ method include restrictions for implementation of multiple
boundary conditions when the DQ method is used to solve fourth-order differential equations,
discontinuities in geometry and loading, complex structures such as stepped beams under
general loadings, and frame structures which led to the introduction of various methods such as
o -technique (Bert et al. [15]; Wang and Bert [16]), equation replaced approach (Shu and Du
[17]), quadrature element method (QEM) (Chen [18]; Stritz et al. [19]) and differential
quadrature element method (DQEM) (Karami and Malekzadeh [20]; Wang [21]).

In this paper, a numerical solution for free vibration analysis of open circuit piezoelectric
coupled is presented by using a combination of differential quadrature (DQ) and generalized
differential quadrature (GDQ) methods. The governing differential equations derived according
to the Kirchhoff plate theory, and Maxwell equation together with an assumed electric potential
function which satisfies the open circuit electrical boundary conditions. These equations are
discretized through quadrature rule to convert them as a set of algebraic eigenvalue equations,
that can be solved for a number of first natural frequencies and vibration mode shapes of the
annular plate. Validation and accuracy of the present DQ solution method are illustrated via
comparing its numerical results with those of analytical solutions available in the literature. It
is worth noting that, the analytical solutions are confined to some simple or special kinds of
boundary conditions, while the present GDQ numerical scheme can be applicable for any kind
of plate edge supporting. Applying the GDQ model, parametric studies are conducted to show
the influence of various geometrical and material quantities as well as mechanical boundary
conditions on the natural frequencies of the piezoelectric coupled annular plates.
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Figure 1 Geometry of a piezoelectric coupled thin annular plate.

2 Mathematical formulation
2.1 Kinematics and constitutive relations

A flat thin piezoelectric coupled annular plate is depicted in Figure (1). The assembly includes
a host layer in the middle and two piezoelectric layers which are perfectly bonded to the upper
and lower surfaces of the host layer. The inner radius, outer radius, host plate thickness and

piezoelectric layer thickness are defined by a, b, 2h and h,, respectively. The top and

bottom surfaces of the piezoelectric layers are fully covered by a very tiny electrode material
with negligible mechanical effects. The piezoelectric patches are polarized along their thickness
direction. In order to extract mathematical formulations, an orthogonal cylindrical coordinate
system (r, 0,z ) is used with its origin at the mid-surface and its z axis coincided with the plate
axis of symmetry. For the sake of convenience, superscripts ‘h’ and ‘p’ are applied in the
formulation to represent the parameters of the host and piezoelectric layers, respectively.
According to CPT, the displacement field can be given by [1]:

u, =w(r,6,t) (1a)
— ow(r,o,t) (1b)
or
I GL) (10)
rod

where, U,, U and U, are the displacements in transverse, z, radial, r and tangential, &,

directions, respectively. Also in Eq. (1), t represents the past time. Using the displacement field
given by Eq. (1) along with small deformation assumption, the following equalities are derived

for the strain components&,, , &, and &,,[1]:
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ou o’w
E = r — -7 — Za
"o or? (¢2)
o 0 U f o'W ow (2b)
Y re0 r r’06*  ror
; _1(8ur+%_u_9j__z ’w ow 20
“ 2\ro0 or r roroe  r’o0
According to Hook’s law, the stress components in the host plate can be expressed as
o __E (¢, +veg,)=— Ez 82W+U o'W + ow (3a)
To@-0)"T Y @-v?)| or? r’o0°  ror
B QU ow  ow oW (3b)
“ooa-v®)T (1-0%)| r’66* ror  or?
g = Ep =~ ) (3c)
(1+v) (l+v)| roro6 r<o06

in which, v and E are Poisson’s ratio and Young’s modulus of the host plate, respectively. In
the piezoelectric layer, the constitutive relations can be written as [1]

O-r(’r)) = C_lEl‘c"rr + C_lEzgae —&5E, (4a)
Ggé) = ClEZgrr + ClElgae - é31Ez (4b)
Tﬁg) = (C1El - ClEz)gre (4c)
where,
_ CE 2
ClEl = ClEl - (6?5 (5a)
33
CE 2
C;=Cj - (C“E (5b)
33
_ C.e
€ =65 — (l; 533 (5¢)
33

in those, C 5, C5, CJ; and CJ; are the moduli of elasticity under constant electric field, and

€,,, €y are the piezoelectric constants. Also, E,, E,, and E, are the electric field intensities

in the radial, tangential and transverse directions respectively, which can be obtained by the
derivatives of the electric potential field, ¢, as below [1]

0
E, =— 6a
= o (62)

o¢
E,=—— 6b
° ro (6b)

o¢
E,=— 6c
1 =75 (6c)

and, their corresponding electric displacements D, , D, and D, are derived by [1]:

Dr = E‘llEr (78')

De =5 Ee (7b)
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Dz = é31 (‘grr + 899) + E33 Ez (7C)
where,
2
= — €33
Sigg = Sigg C_E (8)
33

in that, =,;and =, are the dielectric constants of the piezoelectric layer.

2.2 Electric potential distribution in piezoelectric layers

For the open circuit piezoelectric layer, an electric potential function proposed by Wu et. al.
[4], which satisfies the open circuit electrical boundary condition, is used herein which can be

defined by:
2
oo [ Z D oo eazin wonen, @

where, A and B are two parameter as functions of r, & and z which can be determined by

applying the electrical boundary condition for open circuit piezoelectric layer, and ¢(r,8,t) is

the electric potential on the mid-surface of the piezoelectric layer. Since each piezoelectric
patch is surface bonded on one side of the metal host plate, the electric potential on their

interface is null, so,

#(z=h)=0 (10)
and, the electric displacement at the free surfaces of piezoelectric patches almost vanish as the
surfaces are completely isolated [4], that is,

D,(z=H)=0 (11)
Applying the boundary conditions given by Eq. (10) and Eq. (11), the functions A and B can
be obtained as follows:

12
A:_E:iw He3lA ( )
h hp =33
where , A is the Laplace operator in polar coordinate system and is given by
o 0 0°
= + + 13
or> ror r’oe? (13)
Thus, the electric potential function can be written as
4(z—h)(z—2H +h g,
PR Gl ) )o— B H(z—h)aw (14)

(H —h)* Ea

Eq. (14) gives the electric distribution function along the thickness direction of the open
circuit piezoelectric layer. Substituting Eq. (14) into Eq. (6), yields three components of the
electric field

_,=hG@-2H+Mdp &, a(Avv)
E =4 (H 1)’ P §33 H(z—h)—— (15a)
_,Z=h@-2H+h) 3p &, 8(AW)
S =AW roo E33 Hz=h=5g" (15b)
E, =8 Z_H2¢+S31HAW (15¢)

and, the corresponding electric displacements are derived as the following:
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— (z=h)(z-2H +h) o S ) o(Aw
D, =45, ( )( ) 0P Suta H(z —h) 22 (Aw) (16a)
(H —h)? ar B or
— (z-h)(z-2H +h) © E,E o(Aw
D, =45y ( X ) qD +—="tH(z-h)——+ (aw) (16b)
(H —h)? rog = roo
= z—H
D,=82,;—— (H_h)? p—-8,(z—-H)Aw (16¢)
Also, the stress components in a piezoelectric Iayer given by Eqg. (4) can be rewritten as:
o°w o°w  ow z—-H
(p) — 31 E _
o, Coz+H C,z — -8e, ——
" ( . HJ or’ [ 2t E j( r200° rarJ (1 —n)? (172)
o'w O*W 8W _ z—-H 17b
o® - n & “7-| Ciz +HE | _gg,———_p (7D)
By ) OF Ea )\ 100 rar (H-h)
) — _(CE w ow 17
(Ci-Co)z (rarae 2@9] (7c)
2.3 Motion and Maxwell equations with respective B.C.’s
The expression for bending moments M, M ,, and twisting moment M, are
- J' 20,0z = I zo"dz + 2_[ 25'Pdz (18a)
H
M,, j 20,,dz = j zodz + ZI 2o dz (18b)
—H —h
H
= I 27,,dz = I z¢{Pdz +2j z7dz (18c)

Substituting Egs. (3) and Egs. (17) into the Eqs. (18), Ieads to the following expressions for the
resultant moments

Rl *w  ow
M, = + 1
= A Az(rzaea2 r@r} A9 (192)
Rl az L ow
M, =A—
oW
1
=(A=A) (r&r@@ Zaej (19¢)
where,
2ER®  2(H®*-h®)C5 H(H?*-h%)(e,)?
A=- __ ( )G H( ; )(&;1) (208)
3(1-07) 3 o
2Evh®  2(H®—h®CE H(H?-h%)(g,)>
A =- v —_— ( )C12_ ( _ )(931) (20b)
31-v°) 3 B



Free Vibration Analysis of Thin Annular Plates ... 77

A= (H+20), (200

The resultant shearing forces g, and g, can be obtained by [4]:
oM oM., N M, -M,

=4 u 21a

O or roo r (21a)
oM, M, 2M,

=—"+ +— 21b

% or ro6 r (21b)

Also, by substituting Egs. (19) into Egs. (21), the following expressions for the shearing forces
are derived

A 0 op

q =A pw (Aw) + A M (22a)
B 0 op

q, =A 0 (Aw) + Aa_rae (22b)

Now, according to the Kirchhoff plate model, the equation of motion along z axis expressed
for an element of the laminated plate in cylindrical coordinate IS given by [4]

o9, , 90, G _ (n OW
e I W+ 2f p W g 23
o ro6 T Ihp o j o (@3)
where, ,0h and p” are the density of the host plate and the piezoelectric layers, respectively.

Substitution of Egs. (22) into Eq. (23), yields the governing equation of vibrations for the smart
laminated plate based on the CPT

82
AAAW + AAQ + p— s 0 (24)
where,
p=2[p"h+pP(H-h)] (25)

The Maxwell equation, integrated over the piezoelectric layer thickness, say the lower one, may
be expressed as below [3]

" o(rD D, 4D,
j[a(r r)+8 a :|d 70 (26)
=L ror r8¢9 0z

This states that integration over the thickness from the divergence of the electric flux vanishes.
Now, by substituting from Eq. (16) into Eq. (26), we reach to the following PDE

B AAW+B,Ap+B,Aw+B,p=0 (27)
in that,

H(H-h)e, =

B1 = ( 25) €31 20 (28a)
=33

B, = _8(H —3h).:11 (28b)
B,=—(H-h)g,, (28c)
B, = By (28d)

H-h
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For a thin annular plate, the expressions for clamped and simply-supported boundary
conditions, which may be applied on the inner and/or outer edge of the annular plate, are given
as follows

At a clamped edge:

w =0, ow =0 (29)
or
At a simply-supported edge:
w=0, M, =0 (30)
If the plate is insulated at the edge, the electrical flux conservation equation is given by [3],
j D.(r,0,t)dz =0 (31)

Substituting from Eq. (16a) into the above equation, the electric boundary condition is obtained
as:

op
—= 32
or (32)
The solutions for w (r,8,t) and ¢(r,8,t) can be considered as below [3]:
w(r,8,t) =W (r)e'®* (33)
o(r,0,t) =¥ (r)e' (34)

where, W (r)and W(r) are the amplitude of the displacement and electric potential in the plate

thickness direction as functions of only the r coordinate, @ is the natural frequency of
vibrations, and p is the wave number in & direction. Now, substitution of Egs. (33) and (34)

into Egs. (24) and (27), yields

AAAN + AAY = 5o’ W (35)
B,AAW + B,A¥ +B,AW +B,¥ =0 (36)
where,
L_d° 1d K

A= —_——— 37
a rdr P (37)

_ 4 3 2 2 ALk?
gt 247 2kP+1d® 2kP+ld k'-4k? 38)

ar* rdr r>  dr? °odr o

in thosek is the same as p, i.e. the wave number in @ direction (k = p). Also, the mechanical

and electrical boundary conditions can be rewritten in terms of W and ¥ as below:
Mechanical B.C’s. at a clamped edge:

dw

W=0, —=0 39

ar (39)
Mechanical B.C’s. at a simply-supported edge:
W =0,

40

dZVV AZ%%—VX—AZ—W FA¥=0 (40)

Electrical B.Cs. for piezo patches.
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Figure 2 Four types of supporting applied on the piezoelectric coupled annular plate, CC, SS, CS and SC
respectively.

d¥

dr
To obtain the annular plate natural frequencies and corresponding mode shapes, two forth order
ordinary differential equations given by Egs. (35), (36) should be solved regarding one of the
edge supporting conditions given by Egs. (39)- (41) applied to the inner (r =a) and/or outer (
r =b) circular boundaries of the annular plate. In the present work four different combinations
of mechanical boundary conditions applied at the two circular edges are considered namely,
Clamed—Clamed (CC), Simple-Simple (SS), Simple—Clamped (SC) and Clamed-Simple (CS),
where the first and second letter denote the boundary condition at the inner and outer edge,
respectively.
In Figure (2) each of the four types of supporting are shown schematically.

0 (41)

3 Problem solution
3.1 Review of differential quadrature method

In differential quadrature method, an nth-order x-partial derivative of function f (x) at a grid
point X =X; may be approximated as [22]:

d"f(x) & .
ngAﬁ’f(Xj), i=12..,N, n=12,.,N-1 (42)

where N is the number of grid points and Aij(-”) are the weighting coefficients for calculating

the nth-order derivative at the i sampling point. The procedure adopted for determination of
the weighting coefficients and the quality of selection of the grid points in the solution domain,
are two the key points in the successful application of the differential quadrature method. In
this paper, we adopted the procedure introduced by Shu and Richards [14] which has been
demonstrated to make more accurate computational results than the other methods. According
to their rule, the weighting coefficients of the first-order derivatives with respect to a spatial
variable say x, can be determined as [22]
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M(x) o

X OMO) for i#]
Aﬁ” ¥ NJ ! ; 1,]=12,3,...,N (43)

_ Z AD, for i=]j

j=li=]j
where,
N
M (%)= H (X — ) (44)
k=1,i=k

and, the weighting coefficients of second, third, and fourth-order derivatives, A”, A{® and
A_(4)

i » may be computed by

N

AP =3 A A s
AP => A ()
AO = AYAD )

Also, in Shu and Richards procedure an unequally spaced grid point distribution so-called
Chebyshev nodes is applied, which can be expressed in a domain x € [a b] as [14]

b-a k-1
X =a+——0I[1-cos| zr—— ||, k=12,..,N 4
T { (”N 1ﬂ )

3.2 Generalized differential quadrature rule

The essence of GDQR (generalized differential quadrature rule) and differential quadrature
element method (DQEM) is based on applying two degrees of freedoms (DOFs) at the end

points, namely, W, w®, Wy, w ®  instead of one DOF to handle the two boundary

conditions. The weighting coefficients of the first-order derivatives in GDQR based on the
Lagrange interpolation can be modified by [23]:
@ - - i =
£ _ AJ. for 1=12,.,N; j=12,..,N (49)
! 0 for i=12,...,N; j=N+1N+2

The weighting coefficients of the second-order derivatives for all inner grid points
(i =2,3,...,N =1) can be determined by [23]

(2) - -
E® _ AJ.Z for i=2,3,..,N-1, j=12,...,N (50)
! 0 for i=2,3..,N-1 j=N+1N+2
and at the two end points (i.e. i =1, N ) are computed differently as follows,

N-1
Y =2 AOAY for j=12..N,
k=2

@  _ A @  _ AQ (51)
Ei(N+1)_ 1 Ei(N+2)_AN



Free Vibration Analysis of Thin Annular Plates ... 81

Eq. (51) is derived regarding the fact that the second-order derivative with respect to x at the
two end points can be computed by using the DQ rule, namely,

N _ N—l_ _ _
(=D AN =S AL AL A

N+2

—ZAKZAqu+A1f +A, T = ZB” 5 i=LN (52)
k=2 j=1
The obvious difference between Eq. (52) and Eq. (42) rewrltten for n=2, is that in the former
the range of summation changes from 1 to N + 2. The weighting coefficients of the third- and
fourth-order derivatives With respect to x can simply be computed by [23]

E® = ZA@E(Z), i=12,.,N, j=12,..,N+2 (53)
k=1
N

E =Y APED; i=12,..N, j=12,..N+2 (54)
k=1

3.3 Discretization of the differential equations by DQM and GDQR

In this section, the two governing differential equations (35), (36) of the piezoelectric coupled
annular plate are transformed into algebraic equations by implementing the GDQR and DQM
respectively, along with their associated boundary conditions. This is because there are two
mechanical B.Cs. at each boundary point, while there is only one electrical B.C. at each edge
point.

First, substituting from Egs. (37) and (38) into the Egs. (35) and (36), the two forth-order
governing differential equations can be rewritten as the following expanded forms:

dW  2dW [ 2k3+1dW | 2kP+1dw

A dr? +A1r dr? —A rr dr? A r* dr (55)
L2 d2y
R N
dr? r dr
2

Bld4V:/+B 2d3\N B, B, 2+1 dZVV+ Blzk 3+1+B3_ aw

dr rdr® r dr? r dr
k* — 4k? k2 d?y 1d‘P k2 0

+ B——— - By |W+B,— > +B,~ B,-B,— [¥=0

r dr r dr

Now, by implementing the GDQR and DQM respectively to Eg. (55) and (56), with the
weighting coefficients Aij(-”) and Eij(-”) previously determined as described in sections 3.1 and
3.2, the discrete form of the equations are obtained as

r? U r

j=L

r

=&’pW, (i=2,3,..,N-1) (57)
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N-+2 2 2
R R e e T
-1 f I r I

k* —4k® k? N B k®
+(Blr—4—B3—2 W+ > BZA§2)+TZA§” W+ B4—Bzr—2 ¥,
i i =1 i i
=0 (1=23..,N-1)
(58)
The discretized form of the boundary condition, e.g. for an annular plate having SC edge
supporting, can be considered as

N Ao Ao k*A,
W, =>"| AE{ +;E“. W, - = W, +AY, =0 (59a)
j=1
W, =WN(1) =0 (59b)
Also, the electrical boundary condition given in Eq. (41) can be discretized as
N N
Oy — Oy —
LAY =2 A)Y =0 (60)
j=1 j=1

Assembling the discrete forms of the governing equations given in Egs. (57)-(58), then applying
the discretized boundary equations (59), (60), yields a set of (2N +2)x(2N +2) algebraic

equations which can be written in the matrix form as an eigenvalue problem given by

([K]-@*[M])[x]=0 (61)
where, [K ] and [M ] are the stiffness and mass matrices, respectively, and [X | is the eigen
vector or the vector of node point variables defined as

Wl
WZ \Pl
. ¥,

U . )

[X]z{q,}, Ul=| Lol )

W, .
w,® y
Wlhfl) N

By solving the eigenvalue equation, Eq. (61), the natural frequencies and mode shapes of the
plate lateral vibrations can be determined.

4 Results and discussions

A computer code in MATLAB is developed to solve the eigenvalue equation given by Eq. (61).
In these computations the material and geometrical properties are as listed in Table (1), unless
otherwise specified. For convenience, the notation wpn is used to represent a natural frequency
corresponding to the mode number (p, n), in that p and n denote the number of nodal diameters
and nodal circles respectively. It should be mentioned that the number of nodal diameters and
nodal circles are defined as the number of zeros in the @-direction and in the r-direction
respectively which are counted in their whole domains [3].
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Table 1 Material and geometrical properties of the host and piezoelectric layers [3].

Property Host layer (Steel) Piezoelectric layer (PZT4)
Young’s moduli (N/m?) E =200x10° Cj =132x10°

- C; =71x10°

- C. =73x10°

- Cy =115x10°

Mass density (kg/m?) p" =7.8x10° p° =75%10°
e;, (C/m?) - -4.1

e, (C/m?) - 14.1

£, (F/im) - 7.124x10°
E,, (F/m) - 5.841x10°°

a (m) 0.1 0.1

b (m) 0.6 0.6

h- (m) 0.01 .

h, (m) - 0.001

4.1 Convergence and comparative studies

In this section, the convergence of the present numerical solution is investigated with increasing
the number of node points for a set of mode shapes corresponding to p =0,1,2 andn =0,1,2,

computed for two different types of the edge supporting conditions CC and SS. Figure (3) shows
the convergence patterns of the plate natural frequencies for all combinations of these mode
numbers and supporting conditions.

Regarding these diagrams, it is found that:

e Irrespective to the plate supporting type, the natural frequencies of the sandwich plate
converge to a stable value as the number of grid points increases. It can be observed that
considering a number of grid points N=27, often makes sufficiently accurate results for the
natural frequencies wpn With n and p up to 2.

e For various mode numbers (p, n), different convergence rates may be observed. However,
the convergence rate for the modes of the smallest number of nodal diameters (i.e. p=0)is
faster than those of p =1,2.

e For all of the mode numbers, the plate boundary conditions play an important role in the
convergence rate of the GDQM. It may be seen that the convergence rate for the plate of SS
supporting type is faster than that of the plate of CC supporting type.

In order to verify the accuracy and capability of the present GDQM, natural frequencies of
a piezoelectric coupled annular plates of various boundary conditions including CC, SS, SC
and CS, have been obtained for three different values of nodal circles (n=0,1,2) and
nodal diameters (p =0,1,2). The numerical data have been achieved by N =35 grid points
and are tabulated in Table (2).



84 Iranian Journal of Mechanical Engineering Vol. 20, No. 1, March 2019

16000 140009
' gt B g @
14000 - 1
. 12000 .
1200y R 10000 o
310000 - e o3 ~ e oy
m N
! T 000}
= 8000 ... 4 s
3% 80004 3 ——
5000 6000 -
4000 ] 4000
2000 Ay Ve Gty Sy Gty VY VY Sy NSy G Gy Sy Sy
7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 79 11 13 15 17 19 21 23 25 27 29 31 33 35
N N
(e)
(a)
16000
16000 g———— e
g i
14000% g g g,
14000 | e @y | hd o ®
12000 - e 12000 k)
Wiy ! | e
10000 1 0000 .
S 3
R L[([1] e —— [ ————— % 8000
R éi & O T
6000 - 1 = 6000 - K
4000 - 1 4000
R RS — S— U b, 37 WY VY A A A A A N
2000 L L L L n L L n n n n n L 2000 n n n n L n il n n 1 n n n
709 11315 17 19 21 23 25 27 29 31 33 35 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35
N N
16000 . .
[ S e L DIPTSR S P T w—— 'S
14000
12000 o
Bt 3}
§ 10000 piia?)
~ -,
3 8000 T g
6000
4000
e g PR
0 ” L L L I L L L N N N N N 2000 L 1 L 1 I 1 1 1 1 L 1 L 1
7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35
N N
(© ()

Figure 3 Convergence of the first three natural frequencies (n = 0,1, 2) of the piezoelectric coupled annular plate
versus the number of grid points, a) CC, p=0;b)CC, p=1¢)CC, p=2;¢)SS, p=0;f)SS, p=1;9)SS,
p=2

In this table the results of the exact solutions performed by Duan et al. [3] and those from 3D
FE analyses by ABAQUS 6.3 [3] are also included for comparison. According to the tabulated
results, it may clearly be seen that the numerical results of the present GDQM are very close to
those of the exact and the FEM solutions reported in the reference (Duan et al. [3]). Therefore,
it can be concluded that the present GDQM provides an accurate and reliable numerical solution
formulation. Furthermore, by comparing the percentage differences given in Table (2), it is
observed that at the higher modes of vibration (modes with greater nodal circles) the difference
is more significant. Corresponding to the tabulated natural frequencies, the vibration mode
shapes of the annular plates are shown in Figure (4) just for CC and SS types of boundary
conditions.
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Table 2 Comparison of natural frequencies (rad/s) of piezoelectric coupled annular plates with different boundary
conditions for h/a=.1.

. Present Exact . FEM .
Boundary Condition P n GDQM (Duan et Diff. % (Duan et Diff. %
al. [3]) al. [3])
CcC 0 0 2797.48 2815 0.62 2812 0.52
1 7725.01 7786 0.78 7659 -0.86
2 15192.16 15306 0.74 14753 -2.98
1 0 2934.31 2952 0.60 2942 0.26
1 7967.12 8030 0.78 7882 -1.08
2 15492.16 15608 0.74 15020 -3.14
2 0 3483.88 3506 0.63 3471 -0.37
1 8772.34 8840 0.77 8635 -1.59
2 16445.89 16569 0.74 15877 -3.58
SS 0 O
1386.84 1396 0.66 1395 0.58
1 5159.67 5198 0.74 5173 0.26
2 11394.39 11489 0.82 11283 -0.99
1 0 1604.06 1613 0.55 1593 -0.69
1 5522.76 5558 0.63 5490 -0.60
2 11821.95 11918 0.81 11647 -1.50
2 0 2341.76 2355 0.56 2312 -1.29
1 6613.92 6669 0.82 6521 -1.42
2 13150.19 13225 0.57 12798 -2.75
CS 0 O 1832.22 1843 0.58 1848 0.85
1 6190.89 6220 0.47 6164 -0.44
2 13013.64 13111 0.74 12770 -1.91
1 0 1971.77 1983 0.57 1981 0.47
1 6428.74 6459 0.47 6384 -0.70
2 13311.91 13411 0.74 13038 -2.10
2 0 2518.77 2535 0.64 2511 -0.31
1 7206.40 7259 0.72 7134 -1.01
2 14262.50 14367 0.73 13903 -2.59
SC 0 O 2197.97 2216 0.81 2213 0.68
1 6552.76 6615 0.94 6544 -0.13
2 13420.94 13531 0.81 13169 -1.91
1 0 2428.72 2446 0.71 2418 -0.44
1 6919.57 6983 0.91 6865 -0.79
2 13848.46 13961 0.81 13528 -2.37
2 0 3216.69 3236 0.60 3178 -1.22
1 8051.14 8119 0.84 7902 -1.89
2 15154.08 15274 0.79 14663 -3.35

4.2 Parametric studies

In the previous subsection the convergence and accuracy of the developed generalized
differential quadrature formulation has been investigated and verified. In this subsection, by
implementing the present GDQM, the effects of a number of geometrical and material
parameters as well as mechanical boundary conditions on the natural frequencies of the
piezoelectric coupled annular plates are examined. All the numerical data presented hereafter
have been achieved by N=35 grid points.
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Figure 4 Lateral vibration mode shapes of the piezoelectric coupled annular plates with CC and SS Boundary
conditions for h/a=0.1.

In Figures (5), (6) effect of the outer/inner radius ratio (b/a) on the natural frequency is
investigated. The variations of the first three natural frequencies woo, wo1, wo2 Of the
piezoelectric coupled annular plate as functions of the outer/inner radius ratio (b/a) have been
depicted in Figures (5), (6) respectively for CC and SC edge conditions. The outer radius,
b, is varied from 0.2 to 1m in steps of 0.1 m, while the inner radius is maintained constant value
a=0.1 m.

It may be found that by increasing b/a, all the natural frequencies in the logarithmic scale are
decreased almost with the same attitude.

Figure (7) shows three first natural frequencies woo, mo1, woz2 Of the SS smart annular plate versus
the host plate thickness to inner radius ratio (h/a). The host plate thickness takes the values
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h =5,6,7,8,9,10 mm while the inner radius is maintained a constant value a=0.1 m, and the
thickness of the piezoelectric layers is assumed to be 10% of the host plate thickness. As may
be observed in Figure (7), the natural frequencies, expressed in the logarithmic scale, increase
smoothly as h/a takes larger values. Figure (8) depicts the variation in the natural frequencies
of the CC smart annular plate versus the piezoelectric to host thickness ratio (h, /h) for
n=0,1,2 and nodal diameter number p =1. The host plate thickness is assumed to be of
constant value h =0.01m, while the thickness of the piezoelectric layers varies from 0.0005 to
0.004 m in steps of 0.0005 m.
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Figure 5 Variation of the first three natural frequencies of the piezoelectric coupled annular plate versus the

outer/inner radius ratio, b/a, (CC, h/a=0.1, a=0.1m,n =0,1,2, p=0)
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Figure 6 Variation of the first three natural frequencies of the piezoelectric coupled annular plate versus the

outer/inner radius ratio, b/a, (SC, h/a=0.1, a=0.1m, n =0,1,2, p=0)
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Figure 7 Variation of the first three natural frequencies of the piezoelectric coupled annular plate versus the host
plate thickness to inner radius ratio, h/a, (SS, b/a=6, a=0.1m, n=0,1,2, p=1)
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Figure 8 Variation of the first three natural frequencies of the piezoelectric coupled annular plate with the
piezoelectric to host thickness ratio (CC, h/a=0.1, h=0.01m, n =0,1,2, p =1)

From this figure which illustrates the effect of the piezoelectric patches, it can be realized that
the natural frequencies in the logarithmic scale rise almost linearly as the piezoelectric to host

thickness ratio (h, /h) increases.

In Figure (9) the annular plate natural frequency wpo IS plotted versus the nodal diameter
number, p, for 4 different types of boundary conditions. It may be observed that higher
restraining boundary conditions such as CC and SC, cause larger natural frequencies in the
plate. However, the increasing effect of the supporting type on the amount of the natural
frequency diminishes for higher nodal diameter numbers. Comparison between the curves of
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Figure 9 Natural frequency wpo Of the piezoelectric coupled annular plate versus nodal diameter number, p, for
various boundary conditions (b/a=6, h/a=0.1).
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Figure 10 Variation of the first three natural frequencies of the piezoelectric coupled annular plate with the host
to piezoelectric modulus ratio, E*, (CC, b/a=6, h/a=0.1. p=2, n =0,1,2).

CS and SC shows that the frequencies of SC are greater than those of CS, which may be
explained by the fact that clamping the outer edge causes more rise in the plate stiffness than
doing the inner edge.

Denoting the ratio of the host plate modulus to piezoelectric modulus as E”, the variation of
three natural frequencies ®20, ®21, w22 of the CC smart annular plate with E* has been

illustrated in Figure (10) (0.1<E"=E /C} <3). For this purpose, while all other parameters
are kept fixed, the host plate modulus varied in the range 10 < E < 400 GPa.
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Figure 11 Variation of the first three natural frequencies (n = 0,1, 2) of the piezoelectric coupled annular plate
versus the host plate to piezoelectric density ratio, p*, (SS, b/a=6, h/fa=0.1. p =2).

It can be inferred from this figure that as E~ takes larger values, the natural frequencies
increase. Figure (11) provides information about the change in the first three natural frequencies

of the SS smart annular plate as the host plate to piezoelectric density ratio, p = p" / p”,

varies in the range 0.1 <p < 2, while keeping all other parameters fixed, for n=0,1,2 and
p =2. It can be inferred from this figure that the natural frequencies decline as the host plate

to piezoelectric density ratio, p , increases.

5 Concluding remarks

In the present research work, a numerical solution formulation is proposed for small amplitude
free vibrations of the open circuit piezoelectric coupled thin annular plates using the generalized
differential quadrature method (GDQM). The convergence studies were carried out to
determine the number of grid points required for an accurate solution of the problem.

It was found that to achieve a converged solution for the natural frequencies, the number of grid
points should be increased for larger mode numbers. The accuracy and validity of the present
GDQ formulation are verified through comparative studies. Moreover, implementing the
present GDQ numerical scheme, the effects of geometrical and material parameters as well as
mechanical boundary conditions on the natural frequencies are studied in detail and the
following conclusions are extracted:

By increasing the outer to inner radius ratio, b/a, while the inner radius is maintained
constant, all the natural frequencies are decreased almost with the same attitude. The natural
frequencies, expressed in the logarithmic scale, increase smoothly as the host plate thickness to
inner radius ratio, h/a, takes larger values.

Similarly, the logarithm of the natural frequencies rise almost linearly as the piezoelectric
to host thickness ratio (h, /h) increases. Also, it is observed that higher restraining boundary

conditions such as CC and SC, cause larger natural frequencies in the plate. However, the
raising effect of the supporting type on the amount of the natural frequency diminishes for
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higher nodal diameter numbers. Furthermore, as the host plate modulus to piezoelectric
modulus ratio, E ", takes larger values, the natural frequencies increase. However, as the host

plate density to piezoelectric density ratio, p , increases, the natural frequencies are declined.
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Inner radius
Outer radius

Piezoelectric moduli of elasticity under constant electric field

Components of the electric displacements
Young modulus of the host plate
Components of the electric field intensity
Piezoelectric constants

One-half of the host plate thickness
Piezoelectric layer thickness

Mass matrix

Stiffness matrix

Bending and twisting moments

Wave number in @ direction

Resultant shearing forces

Coordinates of the cylindrical coordinate system
Radial displacement

Displacement along & coordinate
Displacement along z coordinate

Amplitude of the transverse displacement

Eigen vector or the vector of node point variables
Strain components

Dielectric constants of the piezoelectric layer

Mass density of the host and piezoelectric layers resp.
Stress components in the host layer

Stress components in the piezoelectric layers

Poisson’s ratio of the host plate
Electric potential field
Amplitude of the electric potential

Natural frequency of vibrations
Superscripts h refers to the host layer

Superscripts p refers to the piezoelectric layers



