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1 Introduction 

 

Inverse heat transfer problems rely on temperature or heat flux measurements to estimate 

unknown quantities in physical problems analysis relating to Thermal Engineering. For 

example, inverse conduction problems generally relate to the estimation of unknown heat flux 

applied to a boundary with the help of temperature measurements taken below the boundary’s 

surface. Although in classic direct heat transfer problems, the cause (boundary heat flux) is 

known and the effect (temperature field) is unknown, inverse problems involve estimating the 

cause with the knowledge of the effect.   

  In spite of the fact that most of the initial researches on inverse heat transfer were related to 

pure conduction problems, the attention of interested researchers into the subject has been 

attracted to conduction-convection problems in recent years. Huang and Chen [1] came up 

with a solution to an inverse problem in a three-dimensional channel flow forced convection, 

in order to estimate the wall heat flux using conjugate gradient method. The effects of 

channel’s height, fluid’s velocity at the inlet of the channel, and measurement errors on the 

results of inverse analysis were discussed in their study. Li and Yan [2] analysed an inverse 

convection problem, in order to determine the wall heat flux in a circular channel.  
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Simultaneous Estimation of Heat Fluxes 

Applied to the Wall of a Channel with 

Turbulent Flow using Inverse Analysis 
The main purpose of this study is to estimate the step heat 

fluxes applied to the wall of a two-dimensional symmetric 

channel with turbulent flow. For inverse analysis, 

conjugate gradient method with adjoint problem is used. In 

order to calculate the flow field, 𝑆𝑆𝑇 𝑘 − 𝜔  two equation 

model is used. In this study, adjoint problem is developed 

to conduct an inverse analysis of heat transfer in a channel 

turbulent fluid flow. The primary purpose is to find 

suitable number of sensors at each half of the channel’s 

wall and an appropriate space on the wall for locating the 

sensors. The innovate aspect of the study is to find out 

ideal length of the channel’s wall on which sensors are 

located. 
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In their study, the impacts of the functional form of the wall heat flux, the number of 

measurement points, and measurement errors on inverse analysis were examined. Orlande and 

Colaco [3] addressed an inverse forced convection problem for the purpose of simultaneously 

estimating boundary heat fluxes in channels with irregular shapes. In their research, three 

different types of heat flux (1-temporally dependant 2-spatially dependant 3-temporally and 

spatially dependant) were estimated with conjugate gradient method. Prud’homme and 

Nguyen [4] solved inverse free convection problems using conjugate gradient method, in 

order to scrutinise the effects of Rayleigh number. For the purpose of determining temporally 

and spatially dependant heat flux applied to the wall of an enclosure, they placed the sensors 

needed for inverse analysis inside the flow field.  

The results of their study indicated it would be possible to find solutions for Rayleigh 

numbers much bigger than the Rayleigh numbers considered in the previous researches, if the 

sensors were replaced near to the active boundary. Kim et al. [5] analysed a nonlinear inverse 

convection problem with the help of sequential gradient method. The fluid flow between two 

parallel plates was considered to be laminar in their study. In order to estimate the heat flux 

applied to one of the plates, they used sequential gradient method and temperature 

measurements from the other insulated plate. Kim and Lee [6] determined thermophysical 

properties of laminar fluid flow inside a circular channel using an inverse method. Their 

proposed inverse method could estimate thermal conductivity and heat capacity of the fluid of 

interest. Hong and Baek [7] conducted an inverse analysis for the purpose of estimating 

transient temperature distribution at the inlet of a channel with two-phase laminar flow. In 

their research, conjugate gradient method and Tikhonov regularisation were utilised. They 

examined the effects of functional form of the inlet temperature profile, number of 

measurement points, and measurement errors on the results.  

Chen et al. [8] compared application of whole-domain and sequential function specification 

methods in an inverse problem relating to transient conjugate heat transfer in laminar forced 

convection inside a circular channel. In their study, the above-mentioned inverse methods 

were used to simultaneously estimate inlet temperature and wall heat flux profiles. The results 

of their research showed that the estimations achieved with the help of whole-domain 

specification method are slightly more accurate than those obtained by sequential function 

specification method. Lin et al. [9] analysed an inverse problem concerning transient forced 

convection in parallel plate channels. In their study, heat flux profile applied to the channel’s 

wall was determined using conjugate gradient method. Their results showed that heat flux 

estimation depends heavily upon sensor’s location and plate’s thickness. Zhao et al. [10] 

calculated heat flux profile applied to the wall of a two-dimensional enclosure with ventilation 

ports. Mixed convection inside the enclosure was considered in their study. The results of 

their research indicated that the accuracy of estimated wall heat flux is highly affected by 

Reynolds number and functional form of the heat flux.  

Furthermore, the effects of measurement errors were examined in their study. Zhao et al. [11] 

managed to estimate heat flux profiles applied to the boundary of an enclosure containing a 

conducting solid block using conjugate gradient method. In their research, the effects of 

Rayleigh number, size, and thermal conductivity of the solid block were scrutanised. Parwani 

et al. [12] calculated inlet temperature profile of a laminar parallel plate channel flow with the 

help of conjugate gradient method with adjoint problem. The results of their study showed 

good agreement between exact and estimated temperature profiles at the inlet of the channel. 

Moghadassian and Kowsary [13] analysed a boundary design inverse problem relating to the 

combination of radiation and natural convection inside a two-dimensional enclosure 

numerically. In order to carry out an inverse analysis, they used Levenberg-Marquardt method 

and for the purpose of calculating the elements of the sensitivity matrix, Broyden’s method 

was applied in their research.  
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Moreover, they utilised finite volume method to numerically solve direct problem, governing 

equations of the fluid flow, and radiation equations. The principal objective of their research 

was to obtain heaters’ strength in order to produce temperature and heat flux distributions on 

the design surface. The results of their study indicated good agreement between estimated and 

desired heat fluxes and what’s more, maximum value of root-mean-square error was less than 

1%. Zhang et al. [14] studied an inverse heat transfer problem in a rectangular enclosure 

containing a solid obstacle. Heat transfer mechanisms considered in their research were 

conduction and natural convection and also radiation between internal surfaces of the 

enclosure was neglected. Additionally, Reynolds number of the fluid flow was within laminar 

range in their study. They could obtain reasonably accurate estimations of heat flux profiles 

applied to vertical walls of the enclosure using conjugate gradient method and simulated 

temperature measurements. Min et al. [15] considered an inverse convection heat transfer in a 

two–dimensional channel mounted with square ribs in their work.  

A simplified conjugate gradient method was adopted for optimising the convection heat 

transfer. The optimal pitch ratio of the ribs was searched under the maximum heat transfer 

rate. The sensitivity and adjoint problems were not considered but a constant search step size 

was applied. The results of their work showed that the simplified conjugate gradient method 

can be used to search the optimal pitch ratio of the ribs at various initial values, but the 

constant search step size may result in the oscillation of the numerical results. Furthermore, 

the searched optimal pitch ratio in their work with the help of inverse method at one Reynolds 

number could be spread to a large range of Reynolds numbers. Bangian-Tabrizi and Jaluria 

[16] developed a method based on a search and optimisation approach to solve the 

inverse natural convection problem of a two-dimensional heat source on a vertical flat plate. 

Their inverse problem involved determination of the strength and location of the heat source, 

which was taken as a fixed-length region of the wall with an isothermal or isoflux condition, 

by employing a few selected data points downstream. This was achieved by numerical 

simulations of the region at differing source strengths and locations, thus obtaining relevant 

temperature interpolation functions of source location and strength for selected data points.  

A search based optimisation method, particle swarm optimisation (PSO), was then applied to 

find the best pair of vertical locations for input of data. The goal of their method was to 

reduce the uncertainty and approach essentially unique solutions. The error of the method was 

found to be acceptable for both source strength and location.  

Hafid and Lacroix [17] predicted the time-varying protective bank coating the internal surface 

of the refractory brick walls of a melting furnace. An inverse heat transfer procedure was 

presented for predicting simultaneously operating and thermal parameters of a melting 

furnace. These parameters were the external heat transfer coefficient, the thermal conductivity 

of the phase change material (PCM) and the time-varying heat load of the furnace. Once these 

parameters were estimated, the time-varying protective PCM bank could be predicted. The 

melting and solidification of the PCM were modeled with the enthalpy method. The inverse 

problem was handled with the Levenberg-Marquardt Method (LMM) combined to the 

Broyden method (BM). The models were validated and the effect of the position of the 

temperature sensor embedded in the furnace wall, of the data capture frequency and of the 

measurement noise, was investigated. A statistical analysis for the parameter estimation was 

also carried out. Analysis of the results yielded recommendations concerning the location of 

the embedded sensor and the data capture frequency. 

  The aforesaid review makes it clear that the main gap within the domain of inverse 

convection is the lack of sufficient studies concerning turbulent convection. There are various 

methods of solving an inverse problem, but conjugate gradient method (CGM) with adjoint 

problem is used in this study. Main advantage of the above-mentioned method is that it has no 

need of calculating sensitivity matrix which is a time-consuming process. 

https://www.sciencedirect.com/topics/engineering/natural-convection
https://www.sciencedirect.com/topics/engineering/isothermal
https://www.sciencedirect.com/topics/engineering/computer-simulation
https://www.sciencedirect.com/topics/engineering/computer-simulation
https://www.sciencedirect.com/topics/engineering/source-strength
https://www.sciencedirect.com/topics/engineering/interpolation-function
https://www.sciencedirect.com/topics/engineering/particle-swarm-optimization
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Most of the previous studies on inverse heat transfer are restricted to pure conduction or 

laminar convection. The main innovate aspect of the present study is to find out optimum 

space on the channel’s wall for locating the sensors in order to estimate the heat fluxes as 

accurate as possible.    
 

2 Physical problem and steady state flow field formulations 

 

The physical problem under consideration in this paper involves forced turbulent convection 

inside a two-dimensional symmetric channel, such as the one shown in Figure (1). Flow field 

is assumed to be in steady state for the sake of computational effort and Reynolds number at 

the inlet of the channel is within turbulent range (𝑅𝑒𝑖𝑛 = 10
4). The length of the channel is 

taken long enough to ensure fully-developed state (𝐿 = 8 𝑚). The height of the channel (2𝑟0) 

is equal to 0.1m and also the fluid is taken to be water in this paper. 

In order to validate the steady state flow field, which is calculated in this paper numerically, 

steady state temperature field is also obtained for the purpose of working out steady state 

Nusselt number in the fully-developed region of the channel using pseudo-transient approach. 

The set of governing equations to calculate steady state flow field relating to the physical 

problem depicted in Figure (1) are, 

 
𝜕

𝜕𝑥
(𝜌𝑢) +

𝜕

𝜕𝑦
(𝜌𝑣) = 0 

(1) 

𝜕

𝜕𝑥
(𝜌𝑢𝑢) +

𝜕

𝜕𝑦
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Figure 1 The physical problem under consideration. 
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Eqs. (1)-(3) are respectively called mass, 𝑥-momentum, and, 𝑦-momentum conservations in 

the Cartesian coordinates. The variable 𝜇𝑒𝑓𝑓 denotes effective viscosity which is calculated as 

follows: 

𝜇𝑒𝑓𝑓 = 𝜇𝑡 + 𝜇 (4) 

 

It should be noted that Eqs. (1)-(3) are called the Reynolds-Averaged Navier-Stocks (RANS) 

equations and 𝑢 and 𝑣 are the time-average velocity components [18]. In order to calculate the 

variables 𝑘 (turbulence kinetic energy) and 𝜇𝑡 (eddy viscosity), 𝑆𝑆𝑇 𝑘 − 𝜔 two-equation 

turbulence model is used in this paper. The reason behind the decision is the model’s high 

performance at resolving near-wall regions. The governing equations in this model are [19], 

 
𝜕

𝜕𝑥
(𝜌𝑢𝑘) +

𝜕

𝜕𝑦
(𝜌𝑣𝑘) =

𝜕

𝜕𝑥
(𝜇1

𝜕𝑘

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜇1

𝜕𝑘

𝜕𝑦
) − 𝛽∗𝜌𝜔𝑘 + 𝜏𝑚𝑛

𝜕𝑢𝑚
𝜕𝑥𝑛

 
(5) 

𝜕

𝜕𝑥
(𝜌𝑢𝜔) +

𝜕

𝜕𝑦
(𝜌𝑣𝜔)

=
𝜕

𝜕𝑥
(𝜇2

𝜕𝑘

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜇2

𝜕𝑘

𝜕𝑦
) − 𝛽𝜌𝜔2 +

𝜌𝛾

𝜇𝑡
𝜏𝑚𝑛

𝜕𝑢𝑚
𝜕𝑥𝑛

+ 2(1

−  𝐹1)𝜌𝜎𝜔2
1

𝜔

𝜕𝑘

𝜕𝑥𝑚

𝜕𝜔

𝜕𝑥𝑚
 

(6) 

 

The parameters used in Eqs. (5)-(6) could be obtained as follows [19], 

𝜏𝑚𝑛 = 𝜇𝑡 (
𝜕𝑢𝑚
𝜕𝑥𝑛

+
𝜕𝑢𝑛
𝜕𝑥𝑚

) −
2

3
𝜌𝑘𝛿𝑚𝑛 

(7) 

𝛿𝑚𝑛 = {
1   , 𝑚 = 𝑛
0   , 𝑚 ≠ 𝑛

 
(8) 

𝜇1 = 𝜇 + 𝜎𝑘𝜇𝑡                                𝜇2 = 𝜇 + 𝜎𝜔𝜇𝑡 (9) 

𝜎𝑘 = 𝐹1𝜎𝑘1 + (1 − 𝐹1)𝜎𝑘2          𝜎𝜔 = 𝐹1𝜎𝜔1 + (1 − 𝐹1)𝜎𝜔2 (10) 

𝛾 = 𝐹1𝛾1 + (1 − 𝐹1)𝛾2                𝛽 = 𝐹1𝛽1 + (1 − 𝐹1)𝛽2 (11) 

𝜎𝑘1 = 0.85     𝜎𝑘2 = 1.0     𝜎𝜔1 = 0.5     𝜎𝜔2 = 0.856    𝛽1 = 0.075     𝛽2 = 0.0828 (12) 

𝛾1 =
𝛽1
𝛽∗
−
𝜎𝜔1𝜅

2

√𝛽∗
     𝛾2 =

𝛽2
𝛽∗
−
𝜎𝜔2𝜅

2

√𝛽∗
 

(13) 

𝛽∗ = 0.09     𝜅 = 0.41 (14) 

𝐹1 = 𝑡𝑎𝑛ℎ(𝑎𝑟𝑔1
4) (15) 

𝑎𝑟𝑔1 = 𝑚𝑖𝑛 [𝑚𝑎𝑥 (
√𝑘

0.09𝜔𝑦
;
500𝜈

𝑦2𝜔
) ;
4𝜌𝜎𝜔2𝑘

𝐶𝐷𝑘𝜔𝑦
2
] 

(16) 

𝐶𝐷𝑘𝜔 = 𝑚𝑎𝑥 (2𝜌𝜎𝜔2
1

𝜔

𝜕𝑘

𝜕𝑥𝑗

𝜕𝜔

𝜕𝑥𝑗
; 10−20) 

(17) 

According to 𝑆𝑆𝑇 𝑘 − 𝜔 two-equation turbulence model, eddy viscosity is calculated by the 

following relations [19], 

 

𝜇𝑡 =
𝜌𝑎1𝑘

𝑚𝑎𝑥 (𝑎1𝜔;𝛺𝐹2)
 

(18) 

𝑎1 = 0.31 (19) 

𝛺 = √2𝛺𝑖𝑗𝛺𝑖𝑗          𝛺𝑖𝑗 =
1

2
(
𝜕𝑢𝑖
𝜕𝑥𝑗

−
𝜕𝑢𝑗
𝜕𝑥𝑖

) 
(20) 

𝐹2 = 𝑡𝑎𝑛ℎ(𝑎𝑟𝑔2
2) (21) 
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𝑎𝑟𝑔2 = 𝑚𝑎𝑥 (2
√𝑘

0.09𝜔𝑦
;
500𝜈

𝑦2𝜔
) 

(22) 

 

As mentioned earlier in the paper, pseudo-transient approach is applied to calculate steady 

state temperature field. The reason for choosing pseudo-transient approach is to make sure 

that our written CFD code is capable of solving transient equations correctly. It should be 

noted that the PDEs we will encounter in inverse analysis section are all in transient form. 

Energy equation in its transient form is written as follows, 

 
𝜕

𝜕𝑡
(𝜌𝑇) +

𝜕

𝜕𝑥
(𝜌𝑢𝑇) +

𝜕

𝜕𝑦
(𝜌𝑣𝑇) =

𝜕

𝜕𝑥
(𝛤𝑒𝑓𝑓

𝜕𝑇

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝛤𝑒𝑓𝑓

𝜕𝑇

𝜕𝑦
) 

(23) 

Eq. (23) is called time-average transport equation for scalar 𝑇 in which variable 𝛤𝑒𝑓𝑓 denotes 

effective diffusivity and is expressed as, 

 

𝛤𝑒𝑓𝑓 =
𝑘𝑡ℎ
𝑐𝑝
+
𝜇𝑡
𝜎𝑡

 
(24) 

The variable 𝜎𝑡 is called Prandtl-Schmidt dimensionless number which is assumed to be equal 

to 1.0 in most numerical procedures used in computational fluid dynamics [18]. Pseudo-

transient time step size (𝛥𝑡𝑃𝑇) can be obtained through the following expression, 

 

(1 − 𝛼𝑇)
𝑎𝑃
𝛼𝑇

=
𝜌𝛥𝑉

𝛥𝑡𝑃𝑇
 

(25) 

In Eq. (25), 𝛼𝑇, 𝑎𝑃, 𝛥𝑉, and 𝜌 are under-relaxation factor used while solving discretised 

energy equation in its steady state form, central coefficient of the discretised equation, volume 

of cells, and density of the fluid respectively. The boundary conditions for the foregoing 

partial differential equations are as follows, 

 

𝑢 = 𝑈𝑖𝑛   𝑣 = 𝑉𝑖𝑛 = 0   𝑘 = 𝑘𝑖𝑛   𝜔 = 𝜔𝑖𝑛   𝑇 = 𝑇𝑖𝑛   𝑎𝑡 𝑥 = 0 (26) 
𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑥
=
𝜕𝑘

𝜕𝑥
=
𝜕𝜔

𝜕𝑥
=
𝜕𝑇

𝜕𝑥
= 0   𝑎𝑡 𝑥 = 𝐿 

(27) 

𝑢 = 𝑣 = 0   𝑘 = 𝑘𝑤   𝜔 = 𝜔𝑤    (𝛤𝑒𝑓𝑓
𝜕𝑇

𝜕𝑦
) =

𝑞′′
𝑤
(𝑥, 𝑡)

𝑐𝑝
   𝑎𝑡 𝑦 = 0 

(28) 

𝜕𝑢

𝜕𝑦
=
𝜕𝑘

𝜕𝑦
=
𝜕𝜔

𝜕𝑦
=
𝜕𝑇

𝜕𝑦
= 0   𝑣 = 0   𝑎𝑡 𝑦 = 𝑟0 

(29) 

It should be noted that dimensional wall heat flux is defined as follows, 

 

𝑞′′
𝑤
(𝑥, 𝑡) =

{
 

 
𝑄′′𝑤1(𝜉)𝑘𝑡ℎ𝑇𝑖𝑛

𝐷
   𝑓𝑜𝑟 𝑥 ≤ 𝐿 2⁄

𝑄′′𝑤2(𝜉)𝑘𝑡ℎ𝑇𝑖𝑛

𝐷
   𝑓𝑜𝑟 𝑥 > 𝐿 2⁄

 

(30) 

In Eq. (30), 𝑄′′𝑤1(𝜉) and 𝑄′′𝑤2(𝜉) are dimensionless wall heat fluxes and 𝜉 denotes 

dimensionless time which is expressed by 

 

𝜉 =
𝑡𝑈𝑖𝑛
2𝑟0

 
(31) 

Turbulence quantities (𝑘,𝜔) can be roughly calculated at the inlet and on the wall of the 

channel through the following expressions [19,20], 
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𝑘𝑖𝑛 =
3

2
(𝑈𝑖𝑛𝐼)

2 
(32) 

𝜔𝑖𝑛 =
𝑘𝑖𝑛

1 2⁄

𝑐𝜇
1 4⁄ (0.07𝐷)

 
(33) 

𝑘𝑤 = 0          𝜔𝑤 =
60𝜈

𝛽1(𝛥𝑦𝑝)
2 

(34) 

 

In the present research, the physical domain of the problem (Figure 1) is discretised into 

quadrilateral cells. Figure (2) indicates the effect of the number of cells used in the numerical 

calculation on steady state fully-developed Nusselt number. According to Figure (2), when 

the number of cells used in the numerical procedure rises above 160000, no change is 

observed in the value of steady state fully-developed Nusselt number. Table (1) compares 

exact values of steady state fully-developed Nusselt number and wall shear stress with those 

numerically obtained in this paper. According to Table (1), the calculated quantities of interest 

obtained by the present code are in good agreement with their analytical counterparts. 

 

 

 
 

Figure 2 Grid study graph 

 

 

Table 1 Comparison of the calculated quantities of interest with other references.                                                                                                                                                                                                                  

Quantity of interest Exact value Present study Relative error 

𝑁𝑢𝑓𝑑 69.73 (Colburn formula) 69.5025 0.003262 

𝜏𝑤 (Pa) 0.0393 (Blasius formula) 0.03687223 0.06177 

 
 

Figure (3) shows the flow chart of the SIMPLE algorithm used in the present research in order to solve 

pressure-velocity coupling. 
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Figure 4 Comparison of the fully-developed velocity profile obtained through the present code  

with Gretler and Meile predictions [21] 

Figure 3 The SIMPLE algorithm used in the present paper to solve pressure-velocity coupling 
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Figure 5 u-velocity isolines at the inlet of the channel 

 
 

Figure 6 v-velocity isolines at the inlet of the channel 
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Figure 7 Eddy viscosity isolines at the inlet of the channel 

 

 

According to Figure (4), fully-developed velocity profile calculated by numerical simulation 

is in good agreement with Gretler and Meile predictions [21]. Figures (5)-(7) show u-velocity, 

v-velocity, and eddy viscosity isolines respectively at the inlet of the channel obtained 

through the paper’s CFD code. 

 

3 Inverse convection problem 

 

According to Figure (1), the purpose of the inverse analysis is to estimate the heat fluxes 

applied to the channel’s wall simultaneously with the help of temperature measurements in 

sensors’ locations on the wall. There are various methods of formulating an inverse problem, 

but conjugate gradient method (CGM) with adjoint problem is used in this study. Main 

advantage of the above-mentioned method is that it has no need of calculating sensitivity 

matrix which is a time-consuming process. The first step in formulating an inverse problem is 

to specify the objective function. In actual fact, wall heat flux estimation is conducted through 

objective function minimisation. In the inverse analysis, objective function is defined as 

follows [22], 

 

𝑆 (𝑄′′𝑤1(𝜉), 𝑄
′′
𝑤2
(𝜉))

= ∑ ∫ [𝑍𝑚(𝜉) − 𝜃(𝑋𝑚, 𝑌𝑚, 𝜉; 𝑄
′′
𝑤1
(𝜉), 𝑄′′𝑤2(𝜉))]

2
𝑑𝜉

𝜉𝑓

𝜉=𝜉0

𝑀

𝑚=1

 

(35) 
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In Eq. (35), 𝑍𝑚(𝜉), 𝜃(𝑋𝑚, 𝑌𝑚, 𝜉; 𝑄
′′
𝑤1
(𝜉), 𝑄′′𝑤2(𝜉)), and 𝑀 denote dimensionless measured 

temperature,  dimensionless estimated temperature, and total number of sensors respectively. 

In order to develop direct, sensitivity, and adjoint problems, the following dimensionless 

parameters are applied 

 

𝜃 =
𝑇

𝑇𝑖𝑛
     𝑈 =

𝑢

𝑈𝑖𝑛
     𝑉 =

𝑣

𝑈𝑖𝑛
     𝑋 =

𝑥

2𝑟0
     𝑌 =

𝑦

2𝑟0
      𝛬 =

𝛤𝑒𝑓𝑓
𝜇

 
(36) 

 

3.1 Direct problem 

 

In this research, direct problem of the inverse analysis is defined as follows, 

 

𝜕

𝜕𝜉
(𝜃) +

𝜕

𝜕𝑋
(𝑈𝜃) +

𝜕

𝜕𝑌
(𝑉𝜃) =

1

𝑅𝑒
[
𝜕

𝜕𝑋
(𝛬

𝜕𝜃

𝜕𝑋
) +

𝜕

𝜕𝑌
(𝛬

𝜕𝜃

𝜕𝑌
)] 

(37.a) 

𝜃 = 1     𝑎𝑡 𝑋 = 0 (37.b) 

𝜕𝜃

𝜕𝑌
= −𝑄′′𝑤1(𝜉)     𝑎𝑡 𝑌 = 0, 𝑓𝑜𝑟 0 ≤ 𝑋 ≤

𝐿

4𝑟0
, 𝜉 > 𝜉

0
 

(37.c) 

𝜕𝜃

𝜕𝑌
= −𝑄′′𝑤2(𝜉)     𝑎𝑡 𝑌 = 0, 𝑓𝑜𝑟 𝑋 >

𝐿

4𝑟0
, 𝜉 > 𝜉

0
 

(37.d) 

𝜕𝜃

𝜕𝑌
= 0     𝑎𝑡 𝑌 =

1

2
 

(37.e) 

𝜕𝜃

𝜕𝑋
= 0     𝑎𝑡 𝑋 =

𝐿

2𝑟0
 

(37.f) 

𝜃 = 1     𝑓𝑜𝑟 𝜉 = 𝜉
0
 (37.g) 

 

The direct problem defined by Eqs. 37 is concerned with the determination of the 

dimensionless temperature field 𝜃(𝑋, 𝑌, 𝜉), when dimensionless wall heat fluxes 

𝑄′′𝑤1(𝜉), 𝑄
′′
𝑤2
(𝜉) are known.  

 
3.2 Sensitivity problem 

 

The sensitivity function 𝛥𝜃(𝑋, 𝑌, 𝜉), solution of the sensitivity problem, is defined as the 

directional derivative of the temperature 𝜃(𝑋, 𝑌, 𝜉) in the direction of the perturbation of the 

unknown functions [22]. The sensitivity function is needed for the computation of the search 

step sizes, as will be apparent later in the paper. The sensitivity problem can be obtained by 

assuming that the temperature 𝜃(𝑋, 𝑌, 𝜉) is perturbed by an amount 𝛥𝜃(𝑋, 𝑌, 𝜉), when the 

unknown wall heat fluxes 𝑄′′𝑤1(𝜉), 𝑄
′′
𝑤2
(𝜉) are perturbed by 𝛥𝑄′′𝑤1(𝜉), 𝛥𝑄

′′
𝑤2
(𝜉) 

respectively. By replacing 𝜃(𝑋, 𝑌, 𝜉) by [𝜃(𝑋, 𝑌, 𝜉) + 𝛥𝜃(𝑋, 𝑌, 𝜉)], 𝑄′′𝑤1(𝜉) by [𝑄′′𝑤1(𝜉) +

∆𝑄′′𝑤1(𝜉)], and  𝑄′′𝑤2(𝜉) by [𝑄′′𝑤2(𝜉) + ∆𝑄
′′
𝑤2
(𝜉)] in the direct problem given by Eqs. 

(37), and then subtracting the original direct problem from the resulting expressions, the 

following sensitivity problem is obtained: 

 
𝜕

𝜕𝜉
(𝛥𝜃) +

𝜕

𝜕𝑋
(𝑈𝛥𝜃) +

𝜕

𝜕𝑌
(𝑉𝛥𝜃) =

1

𝑅𝑒
[
𝜕

𝜕𝑋
(𝛬
𝜕𝛥𝜃

𝜕𝑋
) +

𝜕

𝜕𝑌
(𝛬
𝜕𝛥𝜃

𝜕𝑌
)] 

(38.a) 

𝛥𝜃 = 0     𝑎𝑡 𝑋 = 0 (38.b) 
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𝜕𝛥𝜃

𝜕𝑌
= −∆𝑄′′𝑤1(𝜉)     𝑎𝑡 𝑌 = 0, 𝑓𝑜𝑟 0 ≤ 𝑋 ≤

𝐿

4𝑟0
, 𝜉 > 𝜉

0
 

(38.c) 

𝜕𝛥𝜃

𝜕𝑌
= −∆𝑄′′𝑤2(𝜉)     𝑎𝑡 𝑌 = 0, 𝑓𝑜𝑟 𝑋 >

𝐿

4𝑟0
, 𝜉 > 𝜉

0
 

(38.d) 

𝜕𝛥𝜃

𝜕𝑌
= 0     𝑎𝑡 𝑌 =

1

2
 

(38.e) 

𝜕𝛥𝜃

𝜕𝑋
= 0     𝑎𝑡 𝑋 =

𝐿

2𝑟0
 

(38.f) 

𝛥𝜃 = 0     𝑓𝑜𝑟 𝜉 = 𝜉
0
 (38.g) 

  

3.3 Adjoint problem 
 

A Lagrange multiplier 𝜆(𝑋, 𝑌, 𝜉) comes into picture in the minimisation of the function (35) 

because the temperature 𝜃(𝑋𝑚, 𝑌𝑚, 𝜉; 𝑄
′′
𝑤1
(𝜉), 𝑄′′𝑤2(𝜉)) appearing in such function needs to 

satisfy a constraint, which is the solution of the direct problem. Such Lagrange multiplier, 

needed for the computation of the gradient equations (as will be apparent later), is obtained 

through the solution of a problem adjoint to the sensitivity problem given by Eqs. (38).  

The boundary value problem for the Lagrange multiplier 𝜆(𝑋, 𝑌, 𝜉) is defined as follows, 

 

𝜕

𝜕𝜉
(𝜆) +

𝜕

𝜕𝑋
(𝑈𝜆) +

𝜕

𝜕𝑌
(𝑉𝜆) +

1

𝑅𝑒
[
𝜕

𝜕𝑋
(𝛬

𝜕𝜆

𝜕𝑋
) +

𝜕

𝜕𝑌
(𝛬

𝜕𝜆

𝜕𝑌
)]

+ 2 ∑ [𝜃(𝑋𝑚, 𝑌𝑚, 𝜉; 𝑄
′′
𝑤1
(𝜉), 𝑄′′𝑤2

(𝜉)) − 𝑍𝑚(𝜉)]

𝑀

𝑚=1

= 0 

(39.a) 

𝜆 = 0     𝑎𝑡 𝑋 = 0 (39.b) 
𝜕𝜆

𝜕𝑌
= 0   𝑎𝑡 𝑌 = 0 

(39.c) 

𝜕𝜆

𝜕𝑌
= 0   𝑎𝑡 𝑌 =

1

2
 

(39.d) 

𝜆 = 0   ,
𝜕𝜆

𝜕𝑋
= 0     𝑎𝑡 𝑋 =

𝐿

2𝑟0
 

(39.e) 

𝜆 = 0     𝑓𝑜𝑟 𝜉 = 𝜉
𝑓
  (39.f) 

For more information on how to derive the adjoint problem, the reader should consult 

reference [22]. It should be noted that in the adjoint problem, the condition (39.f) is the value 

of the function  𝜆(𝑋, 𝑌, 𝜉) at the final time 𝜉 = 𝜉
𝑓
. In the conventional initial value problem, 

the value of the function is specified at time  𝜉 = 𝜉
0
. However, the final value problem (39) 

can be transformed into an initial value problem by defining a new time variable given by 𝜁 =

𝜉
𝑓
− 𝜉. 

 

3.4 Gradient equations 

 

The purpose of solving the adjoint problem is to calculate gradient equations used in the 

inverse analysis. In this study, gradient equations are defined by the following relations, 
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𝛻𝑆 (𝑄′′𝑤1(𝜉)) =
1

𝑅𝑒
∫ 𝜆(𝑋, 0, 𝜉) × 𝛬(𝑋, 0)𝑑𝑋

𝐿 (4𝑟0)⁄

𝑋=0

 

(40.a) 

𝛻𝑆 (𝑄′′𝑤2(𝜉)) =
1

𝑅𝑒
∫ 𝜆(𝑋, 0, 𝜉) × 𝛬(𝑋, 0)𝑑𝑋

𝐿 (2𝑟0)⁄

𝑋=𝐿 (4𝑟0)⁄

 

(40.b) 

 

 

3.5 The iterative procedure for CGM with adjoint problem 

 

The iterative procedure of the conjugate gradient method (CGM) with adjoint problem, for the 

computation of the unknown wall heat fluxes  𝑄′′𝑤1(𝜉), 𝑄
′′
𝑤2
(𝜉), is given by the following 

equations, 

 

𝑄′′𝑤1
𝑖𝑡𝑒𝑟+1

(𝜉) = 𝑄′′𝑤1
𝑖𝑡𝑒𝑟

(𝜉) − 𝐵𝑒𝑡𝑎1
𝑖𝑡𝑒𝑟 × 𝑑𝑜𝑑1

𝑖𝑡𝑒𝑟(𝜉) (41.a) 

𝑄′′𝑤2
𝑖𝑡𝑒𝑟+1

(𝜉) = 𝑄′′𝑤2
𝑖𝑡𝑒𝑟

(𝜉) − 𝐵𝑒𝑡𝑎2
𝑖𝑡𝑒𝑟 × 𝑑𝑜𝑑2

𝑖𝑡𝑒𝑟(𝜉) (41.b) 

𝑑𝑜𝑑1
𝑖𝑡𝑒𝑟(𝜉) = 𝛻𝑆 (𝑄′′𝑤1

𝑖𝑡𝑒𝑟
(𝜉)) + 𝛶1

𝑖𝑡𝑒𝑟𝑑𝑜𝑑1
𝑖𝑡𝑒𝑟−1(𝜉) (42.a) 

𝑑𝑜𝑑2
𝑖𝑡𝑒𝑟(𝜉) = 𝛻𝑆 (𝑄′′𝑤2

𝑖𝑡𝑒𝑟
(𝜉)) + 𝛶2

𝑖𝑡𝑒𝑟𝑑𝑜𝑑2
𝑖𝑡𝑒𝑟−1(𝜉) (42.b) 

𝛶1
𝑖𝑡𝑒𝑟 =

∫ 𝛻𝑆 (𝑄′′𝑤1
𝑖𝑡𝑒𝑟

(𝜉))
𝜉𝑓

𝜉=𝜉0
{𝛻𝑆 (𝑄′′𝑤1

𝑖𝑡𝑒𝑟
(𝜉)) − 𝛻𝑆 (𝑄′′𝑤1

𝑖𝑡𝑒𝑟−1
(𝜉))} 𝑑𝜉

∫ {𝛻𝑆 (𝑄′′𝑤1
𝑖𝑡𝑒𝑟−1(𝜉))}

2𝜉𝑓

𝜉=𝜉0
𝑑𝜉

 

(43.a) 

𝛶2
𝑖𝑡𝑒𝑟 =

∫ 𝛻𝑆 (𝑄′′𝑤2
𝑖𝑡𝑒𝑟

(𝜉))
𝜉𝑓

𝜉=𝜉0
{𝛻𝑆 (𝑄′′𝑤2

𝑖𝑡𝑒𝑟
(𝜉)) − 𝛻𝑆 (𝑄′′𝑤2

𝑖𝑡𝑒𝑟−1
(𝜉))} 𝑑𝜉

∫ {𝛻𝑆 (𝑄′′𝑤2
𝑖𝑡𝑒𝑟−1(𝜉))}

2𝜉𝑓

𝜉=𝜉0
𝑑𝜉

 

(43.b) 

 

 

The search step sizes 𝐵𝑒𝑡𝑎1
𝑖𝑡𝑒𝑟 , 𝐵𝑒𝑡𝑎2

𝑖𝑡𝑒𝑟 are chosen as the ones that minimise the objective 

function (35) at each iteration [22]. The purpose of solving the sensitivity problem is to 

calculate search step sizes used in the inverse analysis. In this study, search step sizes are 

defined by the following relations, 

 

𝐵𝑒𝑡𝑎1
𝑖𝑡𝑒𝑟 =

𝐺1𝐻22 − 𝐺2𝐻12

𝐻11𝐻22 −𝐻12
2  

(44.a) 

𝐵𝑒𝑡𝑎2
𝑖𝑡𝑒𝑟 =

𝐺2𝐻11 − 𝐺1𝐻12

𝐻11𝐻22 − 𝐻12
2  

(44.b) 

 

 

Where 

𝐺1 = ∑ ∫ [𝜃(𝑋𝑚, 𝑌𝑚, 𝜉; 𝑄
′′
𝑤1

𝑖𝑡𝑒𝑟
(𝜉), 𝑄′′𝑤2

𝑖𝑡𝑒𝑟
(𝜉))

𝜉𝑓

𝜉=𝜉0

𝑀

𝑚=1

− 𝑍𝑚(𝜉)] 𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑1
𝑖𝑡𝑒𝑟(𝜉)) 𝑑𝜉 

(45.a) 
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𝐺2 = ∑ ∫ [𝜃(𝑋𝑚, 𝑌𝑚, 𝜉; 𝑄
′′
𝑤1

𝑖𝑡𝑒𝑟
(𝜉), 𝑄′′𝑤2

𝑖𝑡𝑒𝑟
(𝜉))

𝜉𝑓

𝜉=𝜉0

𝑀

𝑚=1

− 𝑍𝑚(𝜉)] 𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑2
𝑖𝑡𝑒𝑟(𝜉)) 𝑑𝜉 

(45.b) 

𝐻11 = ∑ ∫ [𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑1
𝑖𝑡𝑒𝑟(𝜉))]

2
𝑑𝜉

𝜉𝑓

𝜉=𝜉0

𝑀

𝑚=1

 

(45.c) 

𝐻22 = ∑ ∫ [𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑2
𝑖𝑡𝑒𝑟(𝜉))]

2
𝑑𝜉

𝜉𝑓

𝜉=𝜉0

𝑀

𝑚=1

 

(45.d) 

𝐻12 = ∑ ∫ [𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑1
𝑖𝑡𝑒𝑟(𝜉))] × [𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑2

𝑖𝑡𝑒𝑟(𝜉))] 𝑑𝜉

𝜉𝑓

𝜉=𝜉0

𝑀

𝑚=1

 

(45.e) 

 

 

Further details on the derivation of Eqs. (44) can be found in reference [22]. 

 

 

3.6 The stopping criterion for CGM with adjoint problem 

 

The stopping criterion for conjugate gradient method with adjoint problem is based on the 

discrepancy principle, when the standard deviation 𝜎 of the measurements is a priori known. 

It is given by 

 

𝑆 (𝑄′′𝑤1(𝜉), 𝑄
′′
𝑤2
(𝜉)) < 𝜀 

(46) 

Where  𝑆 (𝑄′′𝑤1(𝜉), 𝑄
′′
𝑤2
(𝜉)) is computed with Eq. (35). The tolerance 𝜀 is then obtained 

from Eq. (35) by assuming 

 

𝜎 ≈ |𝑍(𝜉) − 𝜃(𝜉)| (47) 

Where  𝜎 is the standard deviation of the measurement errors, which is assumed to be 

constant. Thus, the tolerance 𝜀 is determined as 

 

𝜀 = 𝑀𝜎2𝜉𝑓 (48) 

For cases involving errorless measurements, 𝜀 can be specified a priori as a sufficiently small 

number. 

 

 

3.7 The computational algorithm for CGM with adjoint problem 

 

The computational algorithm for CGM with adjoint problem can be summarised as follows, 

Step 1. Make an initial guess for the unknown wall heat fluxes. 

Step 2. Solve the direct problem (37) in order to calculate 𝜃(𝑋, 𝑌, 𝜉).  
Step 3. Check the stopping criterion (46). Continue if not satisfied. 

Step 4. Solve the adjoint problem (39) in order to compute 𝜆(𝑋, 0, 𝜉). 
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Step 5. Knowing 𝜆(𝑋, 0, 𝜉), compute gradients of the objective function from Eqs. (40). 

Step 6. Knowing the gradients, compute conjugation coefficients from Eqs. (43) and the 

directions of descent from Eqs. (42). 

Step 7. Set ∆𝑄′′𝑤1
(𝜉) = 𝑑𝑜𝑑1

𝑖𝑡𝑒𝑟(𝜉), ∆𝑄′′𝑤2
(𝜉) = 𝑑𝑜𝑑2

𝑖𝑡𝑒𝑟(𝜉) and solve the sensitivity 

problem (38) to obtain 𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑1
𝑖𝑡𝑒𝑟(𝜉)) , 𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑2

𝑖𝑡𝑒𝑟(𝜉)). 

Step 8. Knowing 𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑1
𝑖𝑡𝑒𝑟(𝜉)) , 𝛥𝜃 (𝑋𝑚, 𝑌𝑚, 𝜉; 𝑑𝑜𝑑2

𝑖𝑡𝑒𝑟(𝜉)), compute the 

search step sizes from Eqs. (44). 

Step 9. Knowing the search step sizes and the directions of descent, compute the new 

estimates from Eqs. (41), and return to step 2. 

 

 

4 Solution of the partial differential equations 

  

The foregoing partial differential equations are solved numerically using finite volume 

method with the help of first order upwind differencing scheme. SIMPLE algorithm is utilised 

to obtain steady state flow field in this study. Successive over-relaxation method is used in 

order to solve linear systems of equations. It should be noted that staggered grid is applied in 

the present numerical simulation. Furthermore, for the purpose of discretising transient terms, 

fully implicit scheme is used. The codes for both direct and inverse parts of the research have 

been written in Fortran programming language. 

 

 

5 Results 

 

According to Figure (1), for the purpose of simultaneously estimating step heat flux functions 

applied to the channel’s wall, 4 different arrangements of the sensors on the wall are 

examined. The main objective is to study the effect of sensors’ arrangement and the number 

of sensors at each half of the channel’s wall on the accuracy of estimations. Step heat flux 

functions are defined as follows, 

 

 

 

𝑄′′𝑤1
(𝜉) =

{
 
 

 
 

0             𝑖𝑓 𝜉 = 𝜉0
4   𝑖𝑓 𝜉1 ≤ 𝜉 ≤ 𝜉50
  3   𝑖𝑓 𝜉51 ≤ 𝜉 ≤ 𝜉100
  5   𝑖𝑓 𝜉101 ≤ 𝜉 ≤ 𝜉150
  1   𝑖𝑓 𝜉151 ≤ 𝜉 ≤ 𝜉200

 

(49.a) 

𝑄′′𝑤2
(𝜉) =

{
 
 

 
 

0             𝑖𝑓 𝜉 = 𝜉0
1   𝑖𝑓 𝜉1 ≤ 𝜉 ≤ 𝜉50
  3   𝑖𝑓 𝜉51 ≤ 𝜉 ≤ 𝜉100
  2   𝑖𝑓 𝜉101 ≤ 𝜉 ≤ 𝜉150
  5   𝑖𝑓 𝜉151 ≤ 𝜉 ≤ 𝜉200

 

(49.b) 
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Figure (8) indicates the flow chart of the CGM algorithm used for inverse analysis in the 

present research. 
 

Figure 8 The CGM algorithm 
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Solve discretised direct problem 
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Iranian Journal of Mechanical Engineering                    Vol. 20, No. 2, Sep. 2019 58 

5.1 Results of the first arrangement of the sensors 

 

 

 
Figure  9-a 1st arrangement of the sensors 

 

 

According to Figure (9-a), the number of sensors at the 1st and 3rd quarters of the channel’s 

wall are considered to be equal to 𝑀𝐴 and 𝑀𝐵 respectively. Spaces between the sensors at 

each quarter are taken to be equal. 

 

 

 

 
 

Figure 9-b RMS error at the 1st half of the channel's wall 
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Figure 9-c RMS error at the 2nd half of the channel's wall 

 

 

Figures (9-b) and (9-c) indicate the values of RMS error at each half of the channel for 

different number of sensors at each half. It should be noted that RMS error could be 

calculated by the following expression [22], 

 

 

(𝑅𝑀𝑆 𝑒𝑟𝑟𝑜𝑟)𝑚 =
√

1
𝑁𝑜𝑇

∑ [𝑄′′𝑤𝑒𝑠𝑡𝑚
(𝜉𝑖) − 𝑄

′′
𝑤𝑒𝑥𝑚

(𝜉𝑖)]
2

𝑁𝑜𝑇
𝑖=1

√
1
𝑁𝑜𝑇

∑ [𝑄′′𝑤𝑒𝑥𝑚
(𝜉𝑖)]

2
𝑁𝑜𝑇
𝑖=1

,   𝑓𝑜𝑟 𝑚 = 1,2 

(50) 

 

 

5.2 Results of the second arrangement of the sensors 

 
Figure 10-a 2nd arrangement of the sensors 
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According to Figure (10-a), the number of sensors at the 1st and 4th quarters of the channel’s 

wall are considered to be equal to 𝑀𝐴 and 𝑀𝐵 respectively. Spaces between the sensors at 

each quarter are taken to be equal. 

 

 

 
 

Figure 10-b RMS error at the 1st half of the channel's wall 

 

 

 
 

Figure 10-c RMS error at the 2nd half of the channel's wall 
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Figures (10-b) and (10-c) indicate the values of RMS error at each half of the channel for 

different number of sensors at each half. 

 

5.3 Results of the third arrangement of the sensors 

 

According to Figure (11-a), the number of sensors at the 2nd and 3rd quarters of the channel’s 

wall are considered to be equal to 𝑀𝐴 and 𝑀𝐵 respectively. Spaces between the sensors at 

each quarter are taken to be equal. 

 

 
Figure  11-a 3rd arrangement of the sensors 

 

 
 

Figure 11-b RMS error at the 1st half of the channel's wall 
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Figure 11-c RMS error at the 2nd half of the channel's wall 

 

 

Figures (11-b) and (11-c) indicate the values of RMS error at each half of the channel for 

different number of sensors at each half. 

 

5.4 Results of the fourth arrangement of the sensors 

 

According to Figure (12-a), the number of sensors at the 2nd and 4th quarters of the channel’s 

wall are considered to be equal to 𝑀𝐴 and 𝑀𝐵 respectively. Spaces between the sensors at 

each quarter are taken to be equal. 

 
 

 
Figure 12-a 4th arrangement of the sensors 



Simultaneous Estimation of Heat Fluxes Applied to the Wall ...    63 

 
 

Figure 12-b RMS error at the 1st half of the channel's wall 

 

 

 
 

Figure 12-c RMS error at the 2nd half of the channel's wall 

 



Iranian Journal of Mechanical Engineering                    Vol. 20, No. 2, Sep. 2019 64 

Figures (12-b) and (12-c) indicate the values of RMS error at each half of the channel for 

different number of sensors at each half. 

 

 

5.5 Deciding optimum cases from the examined ones 

 

With the help of the foregoing results indicated in sections (5.1)-(5.4), it is possible to 

determine optimum cases in terms of sensors’ arrangement and the number of sensors at each 

half of the channel’s wall. The results show that choosing the 2nd arrangement of the sensors 

and the number of sensors at the 1st and 2nd halves of the channel’s wall respectively equal to 

12 and 8, the most accurate estimations can be obtained for the step heat flux functions 

applied to the channel’s wall. Table (2) indicates 4 optimum cases based on RMS errors. 

 

 
Table 2 The most optimum cases based on RMS errors. 

# Arrangement of 

the sensors 
𝑀𝐴 𝑀𝐵 𝑅𝑀𝑆𝐴 𝑅𝑀𝑆𝐵 

1 2nd 12 8 0.1259 0.1544 

2 1st 12 13 0.1610 0.1367 

3 2nd 3 5 0.1785 0.1254 

4 1st 2 4 0.1874 0.1281 

 

 
 

Figure 13-a Comparison of the exact and estimated heat fluxes at the 1st half of the channel's wall 
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Figure 13-b Comparison of the exact and estimated heat fluxes at the 2nd half of the channel's wall 

 

 

 

Figures (13-a) and (13-b) compare the exact heat flux with the estimated ones at the 1st and 

2nd halves of the channel’s wall respectively. Cases (1)-(4) indicated in Figures (13-a) and 

(13-b) are relating to the above-mentioned cases in Table (2). Figures (14-a) and (14-b) 

compare the exact temperature profile with the estimated ones at the 1st and 2nd halves of the 

channel’s wall respectively. Figure (15) shows convergence history for case (1) in Table (2). 

It should be mentioned that the foregoing results are related to errorless data used in the 

inverse analysis. In order to conduct an inverse analysis using noisy data, the following 

expression is used to produce noisy data [22], 

 

𝑍𝑛𝑜𝑖𝑠𝑦(𝜉𝑖) = 𝑍(𝜉𝑖) + 𝛹𝜎 (51) 

 

In Eq. (51), 𝑍𝑛𝑜𝑖𝑠𝑦(𝜉𝑖), 𝑍(𝜉𝑖), 𝜎, and 𝛹 are called noisy temperature of the sensors, errorless 

temperature of the sensors, standard deviation of the measurement errors, and random 

variable with normal distribution respectively. For the 99% confidence level, one should 

consider −2.576 < 𝛹 < 2.576 [22]. 
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Figure 14-a Comparison of the exact and estimated temperature profiles at the 1st half of the channel's wall 

 

 

 
 

Figure 14-b Comparison of the exact and estimated temperature profiles at the 2nd half of the channel's wall 
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Figure 15 Convergence history for case (1) in Table (2) 

 

 

 
 

Figure 16-a Comparison of the exact and estimated heat fluxes at the 1st half of the channel's wall (noisy data) 
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Figure 16-b Comparison of the exact and estimated heat fluxes at the 2nd half of the channel's wall (noisy data) 

 

 

Figures (16-a) and (16-b) compare the exact heat flux with the estimated ones at the 1st and 

2nd halves of the channel’s wall respectively using noisy data. Cases (1)-(4) indicated in 

Figures (16-a) and (16-b) are relating to the above-mentioned cases in Table (2).  

Figures (17-a) and (17-b) compare the exact temperature profile with the estimated ones at the 

1st and 2nd halves of the channel’s wall respectively using the noisy data for the case (1) 

indicated in Table (2). Figure (18) shows convergence history of the inverse analysis for case 

(1) in Table (2) using noisy data. 

 
Figure 17-a Comparison of the exact and estimated temperature profiles at the 1st half of the channel's wall 

(noisy data) 
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Figure 17-b Comparison of the exact and estimated temperature profiles at the 2nd half of the channel's wall  

(noisy data) 

 

 

 
 

Figure 18 Convergence history for case (1) in Table (2) (noisy data) 
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6   Discussion and conclusion 

 

In this study, step heat fluxes applied to the wall of a two-dimensional symmetric channel 

with turbulent flow were estimated simultaneously using conjugate gradient method with 

adjoint problem. 𝑆𝑆𝑇 𝑘 − 𝜔 turbulence model was used for simulating steady state flow field. 

In order to validate the numerically obtained flow field, wall shear stress, fully-developed 

velocity profile, and steady state nusselt number were compared with their counterparts 

available in the literature. For inverse analysis, temperature simulated measurements were 

taken from the sensors placed on the channel’s wall. The main objective was to examine the 

effect of the number of sensors and their arrangement on the wall upon the accuracy of the 

estimations. The results indicated that the most optimum case based on RMS errors could be 

obtained by applying the 2nd arrangement of the sensors.  The most suitable number of sensors 

at the 1st and 2nd halves of the wall was decided to be equal to 12 and 8 respectively. With the 

help of errorless data for the inverse analysis, RMS errors at the 1st and 2nd halves of the wall 

became equal to 0.1259 and 0.1544 respectively. On the other hand, if noisy data were used 

for the inverse analysis, RMS errors at the 1st and 2nd halves of the wall would be equal to 

0.1854 and 0.2037 respectively. For both errorless and noisy cases, the results of the inverse 

analysis were validated by comparing exact and estimated functions. It should be noted that 

according to the validations, the proposed inverse method has been capable of simultaneously 

estimating the unknown wall heat fluxes with acceptable accuracy. 

The developed methodology for simultaneously estimating the unknown wall heat fluxes in a 

turbulent channel flow is general and could be applied to other inverse turbulent forced 

convection problem in identifying boundary conditions. Furthermore, the main innovate 

aspect of the present study was to find out ideal length of the channel’s wall on which sensors 

are located. 
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Nomenclature 

𝑐𝑝 Specific heat capacity (
𝐽

𝑘𝑔.𝐾
) 

𝑑𝑜𝑑 Direction of descent 

𝐷 Height of the channel (𝑚) 
𝐼 Turbulence intensity 
𝑘 

Kinetic turbulence energy (
𝑚2

𝑠2
) 

𝑘𝑡ℎ Thermal conductivity (
𝑊

𝑚.𝐾
) 

𝐿 Length of the channel (𝑚) 
𝑀 Number of sensors 
𝑁𝑜𝑇 Number of time steps 

𝑁𝑢𝑓𝑑 Nusselt number 

𝑝 Pressure (𝑃𝑎) 
𝑞′′

𝑤
 Wall heat flux (

𝑊

𝑚2) 

𝑄′′𝑤 Dimensionless wall heat flux 
𝑅𝑀𝑆 Root-mean-square error 
𝑅𝑒 Reynolds number 
𝑟0 Half of the channel’s height (𝑚) 
𝑆 Objective function 
𝑇 Temperature (𝐾) 
𝑡 Time (𝑠) 
𝑢, 𝑣 Velocity components (

𝑚

𝑠
) 

𝑥, 𝑦 Cartesian coordinates (𝑚) 
𝑍 Dimensionless measurement 
 

Greek symbols 

 

𝛽𝑒𝑡𝑎 Search step size 

Δ𝜃 Sensitivity function 

Δ𝑄′′𝑤 Perturbed wall heat flux 

Δ𝑦𝑝 Distance to the next point away from the wall (𝑚) 
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𝜆 Lagrange multiplier 

𝜎 Standard deviation 

Υ Conjugation coefficient 

𝛹 Random variable 

𝜔 Turbulence frequency (
1

𝑠
) 

Ω Mean vorticity (
1

𝑠
) 

Subscripts  

𝐴 1st half of the channel’s wall 

𝐵 2nd half of the channel’s wall 

𝑒𝑠𝑡 Estimated 

𝑒𝑥 Exact 

𝑓 Final time 

𝑖𝑛 Inlet of the channel 

𝑤 Wall of the channel 

0 Initial time 

 

Superscripts 

 

𝑖𝑡𝑒𝑟 Iteration number 

 


