
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
Keywords: Saint-Venant torsion, Orthotropic circular bar, Magnetic coating, Stress intensity 
factor, Multiple cracks 
 
1 Introduction 
 
Application of smart materials and structures has been grown recently. Sensors and actuators 
are examples of active components made of smart materials which were used widely in smart 
structures. These components are widely subjected to mechanical loading. Specially, the 
torsion analysis of those is of special interest. The torsion problem of intact bars or beams 
made of smart materials was treated by a few researchers [1-6]. Whereas the torsion problem 
of cracked smart bars or cracked isotropic bars with smart material coating was not 
considered by other investigators. Because of the lack of such studies, the review is only 
allocated to the articles relating to intact bars or beams under torsion. Ecsedi and Baksa [1, 2] 
presented a direct and a variational formulation for the torsional problem of elastoelectric 
beams or homogeneous, linear piezoelectric monoclinic beams. It has been done by a 
generalization of the Saint-Venant’s torsion theory of elastic beams to piezoelastic beams. 
The problem was formulated in terms of Prandtl’s stress function and electric displacement 
potential function which construct the coupled Dirichlet problem in the cross-sectional 
domain. As the case studies, the torsional problem of thin-walled piezoelastic beams with 
closed cross-section such as rectangular box, and the torsion of hollow circular cylinders 
made of orthotropic piezoelectric material were investigated [1].  
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Crack Analysis of an Orthotropic Circular 
Bars Reinforced by a Magnetic Coating under 
Saint-Venant Torsion 
This paper presents an analytical solution for an orthotropic 
circular cross section bar with a magnetic coating weakened 
by multiple arbitrary oriented cracks under Saint-Venant 
torsion by means of the distributed dislocation technique. At 
first, the solution of the orthotropic bar with a magnetic 
coating weakened by a Volterra-type screw dislocation is 
achieved with the aid of the finite Fourier sine transform. 
Next, the problem is then reduced to a set of singular integral 
equations with a Cauchy type singularity. Unknown 
dislocation density is achieved by numerical solution of these 
integral equations. Finally, several examples are solved and 
numerical results are discussed to reveal the effect of the 
magnetic layer on the reduction of the mechanical stress 
intensity factor in the bar. 
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Also, exact solutions for solid elliptical and hollow circular cross-sections were presented [2]. 
The analytical formulations were given for torsion problem of monoclinic piezoelectric 
hollow bars with uniform thickness by Talebanpour and Hematiyan [3]. The cross-section 
was composed of some straight and curved segments. Similar to references [1, 2] the 
governing equations were based on Prandtl's stress and electric displacement potential 
functions. A variational method was used to analyze the problem. Some examples including 
the piezoelectric rounded square, flattened and rounded triangular tubes were studied. Using 
the theory of elasticity, exact analytical and numerical solutions for static torsion problem of a 
piezoelectric rod were found by Maleki et al. [4]. The range of valid region for assumption of 
linear distribution of electric potential through the cross section and shape-effects on induced 
piezoelectric deformation were studied. In other study, Maleki et al. [5] presented the exact 
solution for torsion of multilayer piezoelectric bars with rectangular cross section. In this new 
study, multilayer piezoelectric materials with different properties were considered while the 
axis of torsion and the polarization axes of each layer make different orientations with respect 
to each other. Zehetner [6] investigated the compensation of the angle of twist caused by 
external torsional moments in rods based on the Saint-Venant’s theory of uniform torsion. It 
was accomplished by use of the thin integrated piezoelectric actuator layers. To this end, a 
laminated orthotropic rod with homogenous layers was considered. This compensation was 
done by distributing of the piezoelectric strains or Eigen-strains. An analytic solution for the 
actuating moment in an example of a rectangular cross section was given.  
In the present work torsion analysis of a cracked isotropic bar subjected to torsion is studied. 
An outer magneto-elastic coating layer was employed as an actuator which the bar and its 
coating are under both mechanical and magnetic loading. The loadings are including a 
torsional torque around the bar axis and a magnetic induction on the outer surface of the 
coating layer.  The cracks are only in the isotropic bar. The main scope of the present paper is 
to find a proper value of a non-dimensional parameter presenting the effect of magnetic 
loading and the coating thickness on the stress intensity factor of the crack tip. The magneto-
elastic actuation is used in order to completely compensate the torsion due to external torque 
and remove the mechanical stress intensity factor on the crack tips. According to the above 
review, the torsion problem of the cracked bars of circular cross-section with a magneto-
elastic coating is an interesting problem. The previous studies were limited only to torsion of 
the intact bars. To the authors’ knowledge, no solution has been reported yet on the torsion 
compensation analysis of a cracked bar of circular cross-section with the multiple arbitrary 
oriented curved cracks. In the sections to follow, the analytical solution to stress field is first 
carried out for an isotropic coated bar with a circular cross-section weakened by one screw 
dislocation. The bar was under both torsion and the actuation of a magneto-elastic coating 
layer (Section 2.1). Formula for evaluation of the torsional rigidity of the cracked circular bars 
is presented (Section 2.2). Section 3 presents the distributed dislocation for these solutions to 
formulate and solve the Cauchy-type singular integral equations for the domain weakened by 
several axisymmetric cracks. The numerical examples will be presented to validate the results 
of the paper and to understand the effect of the problem parameters on the ensuing stress 
intensity factors at the crack tips (Section 4). Finally, section 5 offers concluding remarks. 
 
2 Problem formulation 
 
2.1 Dislocation solution 
 
Consider an isotropic circular bar with a magnetic coating as shown in Fig. (1). The circular 
cylindrical coordinate selected such that the z-axis is along the longitudinal direction and the 
origin is located at the center of the cross-section.  
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Figure 1 Circular cross-section of a bar with a magnetic coating containing a screw dislocation 

 
In Fig. (1), ܴଵ is the radius of the circular shaft and the thickness of the coating is assumed to 
be ܴଶ െ ܴଵ. A screw dislocation, which has a Burgers vector whose magnitude is ܾ௭, is 
situated at ݎ ൌ ܽ which the dislocation cut is a radial outward cut on the line of ߠ ൌ 0, ܽ ൑
ݎ ൑ ܴଵ.  As such, the cross-section consists of three regions, ݎ ൑ ܽ, ܽ ൑ ݎ ൑ ܴଵ and ܴଵ ൑
ݎ ൑ ܴଶ, which are attached together along the circles ݎ ൌ ܽ and ݎ ൌ ܴଵ, respectively. 
With the aid of the analytical solution of the generalized Saint–Venant’s torsion theorem, [2] 
we have 

ݑ ൌ െݖݕߙ 
ݒ ൌ  ݖݔߙ

ݓ ൌ ,ݔሺ߱ߙ  ሻݕ
߮ ൌ ,ݔሺ߶ߙ  ሻ          (1)ݕ

In which, ݒ ,ݑ and ݓ are the displacement components in ݕ ,ݔ and ݖ directions, respectively, 
,ݔis the angle of twist per unit length of the bar, ߱ሺ ߙ  ሻ is the torsional warping function andݕ
߮ሺݔ,  ሻ is the magnetic potential function. Eqs. (1) are valid in the whole domain (both of barݕ
and its coating) with same value of ߙ, but the magnetic potential function is the zero in the 
bar. By transformation of the cylindrical coordinates to the Cartesian coordinates, Eqs (1) can 
be rewritten as 

௥ݑ ൌ 0, ఏݑ ൌ ,ݖݎߙ ݓ ൌ ,ݎሺ߱ߙ ,ሻߠ ߮ ൌ ,ݎሺ߶ߙ  ሻ   (2)ߠ
First, we analyze the domain, specifying the bar cross section, i.e. the regions 1 and 2. 
The nonzero strains are only two shear strains, that is,	ߝ௥௭ and ߝఏ௭, which those strains are 
related to the warping function as 

௥௭ߝ ൌ
1
௥௭ܩ

߬௥௭ ൌ ߙ
߲߱ሺݎ, ሻߠ

ݎ߲
 

ఏ௭ߝ ൌ
ଵ

ீഇ೥
߬ఏ௭ ൌ ሺଵߙ

௥

డఠሺ௥,ఏሻ

డఏ
൅  ሻ        (3)ݎ

where ܩ௥௭,  ఏ௭ are the shear modulus of the orthotropic bar. After calculating correspondingܩ

stress field and substituting the result into the equilibrium equation	 డ
డ௥
ሺ߬ݎ௥௭ሻ ൅

డఛഇ೥
డఏ

ൌ 0, in 

the absence of body forces, a governing equation in terms of  ߱ሺݎ,  :ሻ is obtainedߠ

ଶݎ డ
మఠሺ௥,ఏሻ

డ௥మ
൅ ݎ డఠ

ሺ௥,ఏሻ

డ௥
൅ ଶܩ డ

మఠሺ௥,ఏሻ

డఏమ
ൌ 0    (4) 

R1

R2
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θ
r

θ΄r΄

M

Magnetic Coating
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here ܩ ൌ ඥܩఏ௭ ⁄௥௭ܩ  is defined as the orthotropic ratio in the coating.. It is necessary to use the 
finite Fourier sine transform with respect to the variable ߠ, that is 

௦ሺ݊ሻܨ ൌ ׬ ݂ሺߠሻ ሻߠሺ݊݊݅ݏ ߠ݀
గ
଴      (5) 

The inverse of the finite Fourier sine transform is expressed by 

݂ሺߠሻ ൌ ଶ

గ
∑ ௦ሺ݊ሻܨ ሻஶߠሺ݊݊݅ݏ
௡ୀଵ      (6) 

It is also important to mention that the torque ܯ is first applied on the bar with its coating and 
then the dislocation cut is made. Therefore, the generalized Saint–Venant’s torsion theorem, 
i.e., Eqs. (1) is valid to solve the dislocation problem. 
Boundary and continuity conditions of dislocation cut in the bar may be stated as follows 

߱ሺݎ, 0ାሻ െ ߱ሺݎ, 0ିሻ ൌ
ܾ௭
	ߙ
ሾܪሺݎ െ ܽሻ െ ݎሺܪ െ ܴଵሻሿ 

డఠ൫௥,଴శ൯

డఏ
ൌ డఠሺ௥,଴షሻ

డఏ
     (7) 

where ܪሺ. ሻ is the Heaviside step function. It is worth mentioning that the first condition of (7) 
is a jump condition in displacement and the second one is the condition for continuity of the 
stress component ߬ఏ௭ on the dislocation cut. Because the problem is anti-symmetric with 
respect to the diameter of domain, ߠ ൌ 0, we can consider the dislocation solution for the 
region 0 ൑ ߠ ൑  as ߨ

߱ሺݎ, 0ାሻ ൌ
ܾ௭
ߙ2

ሾܪሺݎ െ ܽሻ െ ݎሺܪ െ ܴଵሻሿ 

߱ሺݎ, ሻߨ ൌ 0      (8) 
Applying the integral transform (5) to Eq. (4) yields 

ଶݎ డ
మఠഥ

డ௥మ
൅ ݎ డఠ

ഥ

డ௥
െ ଶ݊ଶܩ ഥ߱ሺݎ, ݊ሻ ൌ െ݊ ௕೥

ଶఈ
ሾܪሺݎ െ ܽሻ െ ݎሺܪ െ ܴଵሻሿ  (9) 

Solution of the last differential equation (9), in the regions 1 and 2, can be put in the form 

߱ሺݎ, ሻߠ ൌ
2
ߨ
෍ܣଵ௡ݎ௡ீ݊݅ݏሺ݊ߠሻ
ஶ

௡ୀଵ

, 0 ൑ ݎ ൑ ܽ 

߱ ൌ ଶ

గ
∑ ሺܣଶ௡ீݎ௡ ൅ ௡ீିݎଶ௡ܤ ൅

௕೥
ଶ௡ఈ

ሻ݊݅ݏሺ݊ߠሻஶ
௡ୀଵ , ܽ ൑ ݎ ൑ ܴଵ  (10) 

The solution of the problem can also be represented in the form of exponential functions but 
in order to easy compare the resulting stress field in the special case i.e. ܩ ൌ 1 with those in 
the literature we state the solution in the presented form. Now, we try to find stress field in the 
magnetic layer. In the region 3, The constitutive equation in the polar coordinates is given as 
[11]  

൦

߬ఏ௭
߬௥௭
ఏܤ
௥ܤ

൪ ൌ ൦

ସସܥ 0 െ݄ଵହ 0
0 ସସܥ 0 െ݄ଵହ
݄ଵହ 0 ଵଵߛ 0
0 ݄ଵହ 0 ଵଵߛ

൪ ൦

ఏ௭ߝ
௥௭ߝ
ఏܪ
௥ܪ

൪   (11) 

where ߬ఏ௭, ߬௥௭ and ߝఏ௭, ,௥ܤ .௥௭ are the mechanical shear stresses and strains, respectivelyߝ  ఏܤ
are the magnetic inductions and ܪ௥,ܪఏ are the magnetic fields. Also ܥସସ is the elastic shear 
stiffness constant of the magnetic coating, ݄ଵହ and ߛଵଵ are the piezomagnetic coefficient and 
magnetic permeability, respectively. The magnetic field components can be expressed in 
terms of an magnetic potential ߮ሺݎ,  ሻ, asߠ

௥ܪ ൌ െ
߲߮
ݎ߲

ൌ െߙ
߲߶
ݎ߲

 

ఏܪ ൌ െଵ

௥

డఝ

డఏ
ൌ െఈ

௥

డథ

డఏ
     (12) 
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The nonzero mechanical strain can be calculated with help of Eq. (3) equilibrium equations 
for the stresses and the magnetic inductions are 

߲
ݎ߲
ሺ߬ݎ௥௭ሻ ൅

߲߬ఏ௭
ߠ߲

ൌ 0 
డ

డ௥
ሺܤݎ௥ሻ ൅

డ஻ഇ
డఏ

ൌ 0          (13) 

Upon substituting Eqs. (3) and (12) into above equations and substituting the ensuing 
equations into Eqs. (13), we arrive at 

ଶ߱ߘସସܥ ൅ ݄ଵହߘଶ߶ ൌ 0 
݄ଵହߘଶ߱ െ ߶ଶߘଵଵߛ ൌ 0     (14) 

Since the determinant of the matrix ൬
ସସܥ ݄ଵହ
݄ଵହ െߛଵଵ

൰ is the nonzero number, the condition for the 

existence of nontrivial solutions for the above equations in terms of variables ߘଶ߱ and ߘଶ߶ 
implies that 

ଶ߱ߘ ൌ 0 
߶ଶߘ ൌ 0      (15) 

The solution to the equations ߘଶ߱ ൌ 0, is similar to that of given in the second equation of 
(10) but with different coefficients, that is 

߱ሺݎ, ሻߠ ൌ ଶ

గ
∑ ሺܣଷ௡ݎ௡ ൅ ሻஶߠሺ݊݊݅ݏ௡ሻିݎଷ௡ܤ
௡ୀଵ , ܴଵ ൑ ݎ ൑ ܴଶ  (16) 

We also propose the similar solution form to equation ߘଶ߶ ൌ 0 as follows  

߶ሺݎ, ሻߠ ൌ ଶ

గ
∑ ሺܥ௡ݎ௡ ൅ ሻஶߠሺ݊݊݅ݏ௡ሻିݎ௡ܦ
௡ୀଵ , ܴଵ ൑ ݎ ൑ ܴଶ  (17) 

The unknown coefficient of Eqs. (10), (16) and (17) must be determined by following 
boundary and continuity conditions 

߱ሺܽି, ሻߠ ൌ ߱ሺܽା,  ሻߠ
߬௥௭ሺܽି, ሻߠ ൌ ߬௥௭ሺܽା,  ሻߠ

߬௥௭ሺܴଶ, ሻߠ ൌ 0 
,ሺܴଶ	௥ܤ ሻݖ ൌ  ଴ܤ
,ሺܴଵ	௥ܤ ሻݖ ൌ 0 

߬௥௭ሺܴଵ
ି, ሻߠ ൌ ߬௥௭ሺܴଵ

ା,  ሻߠ
߱ሺܴଵ

ି, ሻߠ ൌ ߱ሺܴଵ
ା,  ሻ     (18)ߠ

where ܤ଴ is magnetic induction in the outer radii of the magnetic layer. As we will explain in 
the following, the magnetic layer will play role of an actuator and thus its outer radii can be 
imposed to the magnetic induction. Required coefficients are solved to yield 

ଵ௡ܣ ൌ ܽି௡߁௡ሼ
ܾ௭
ߙ4݊

ሾ2ሺߩ௡ߢ௡ଶ െ ௡ሻߩ ൅ ൫ܥ௘௤ െ 1൯ሺߢ௡ଶ െ ௡ଶሻߩ ൅ ሺ1 ൅ ௘௤ሻሺ1ܥ െ  ௡ଶሻሿߢ௡ଶߩ

൅2ܤ଴ܴଶߢ௡
݄ଵହܥ௘௤
ଵଵߛܩ

௡ߩ
1 െ ሺെ1ሻ௡

݊ଶߙ
ሽ 

ଶ௡ܣ ൌ ܴଵ
ି௡߁௡ሼെ

ܾ௭
ߙ4݊

ሾ2 ൅ ሺܥ௘௤ െ 1ሻߩ௡ െ ௡ଶߢ2 ൅ ሺܥ௘௤ ൅ 1ሻߩ௡ߢ௡ଶሿ 

൅2ܤ଴ܴଶߢ௡
݄ଵହܥ௘௤
ଵଵߛܩ

1 െ ሺെ1ሻ௡

݊ଶߙ
ሽ 

ଶ௡ܤ ൌ െ ௕೥
ସ௡ఈ

ܽ௡     (19) 

in which 

௡ߢ ൌ ሺ
ܴଵ
ܴଶ
ሻ௡ 

௡ߩ ൌ ሺ
ܽ
ܴଵ
ሻ௡ 
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௘௤ܥ ൌ
௥௭ܩଵଵߛܩ

݄ଵହ
ଶ ൅ ସସܥଵଵߛ

 

௡߁ ൌ ሺ ଵ

஼೐೜ାଵ
ሻ ଵ

ଵିఎ఑೙
మ           (20) 

wherein ߟ ൌ
ଵି஼೐೜
ଵା஼೐೜

. We did not bring the coefficients ܣଷ௡, ,ଷ௡ܤ  ௡ here because in thisܦ ௡ andܥ

article we assume that the cracks to be only in the isotropic bar not in the coting. Therefore, 
the stress field inside the coating will not use directly and the related coefficients are given in 
appendix A. Substituting the coefficients (19) into Eqs. (10) and inserting the ensuing 
equations into Eqs. (3), the shear stress components for the bar are given by 

߬௥௭ ൌ
ߙܩ2
ݎߨ

෍݊ሺ
ݎ
ܽ
ሻ௡߁௡ሼ

ܾ௭
ߙ4݊

ሾ2ሺߩ௡ߢ௡ଶ െ ௡ሻߩ ൅ ൫ܥ௘௤ െ 1൯ሺߢ௡ଶ െ ௡ଶሻߩ ൅ ሺ1 ൅ ௘௤ሻܥ

ஶ

௡ୀଵ

 

ሺ1 െ ௡ଶሻሿߢ௡ଶߩ ൅ ௡ߩ௡ߢ଴ܴଶܤ2
1 െ ሺെ1ሻ௡

݊ଶߙ
݄ଵହܥ௘௤
ଵଵߛܩ

ሽ݊݅ݏሺ݊ߠሻ 

, 0 ൑ ݎ ൑ ܽ 

߬௥௭ ൌ
ߙܩ2
ݎߨ

෍݊ሼ߁௡ሼെ
ܾ௭
ߙ4݊

ሾ2 ൅ ሺܥ௘௤ െ 1ሻߩ௡ െ ௡ଶߢ2 ൅ ሺܥ௘௤ ൅ 1ሻߩ௡ߢ௡ଶሿ
ஶ

௡ୀଵ

 

൅2ܤ଴ܴଶߢ௡
1 െ ሺെ1ሻ௡

݊ଶߙ
݄ଵହܥ௘௤
ଵଵߛܩ

ሽሺ
ݎ
ܴଵ
ሻ௡ 

൅
ܾ௭
ߙ4݊

ሺ
ܽ
ݎ
ሻ௡ሽ݊݅ݏሺ݊ߠሻ, ܽ ൑ ݎ ൑ ܴଵ 

߬ఏ௭ ൌ
ߙܩ2
ݎߨ

෍݊ሺ
ݎ
ܽ
ሻ௡߁௡ሼ

ܾ௭
ߙ4݊

ሾ2ሺߩ௡ߢ௡ଶ െ ௡ሻߩ ൅ ൫ܥ௘௤ െ 1൯ሺߢ௡ଶ െ ௡ଶሻߩ ൅ ሺ1 ൅ ௘௤ሻܥ

ஶ

௡ୀଵ

 

ሺ1 െ ௡ଶሻሿߢ௡ଶߩ ൅ ௡ߩ௡ߢ଴ܴଶܤ2
1 െ ሺെ1ሻ௡

݊ଶߙ
݄ଵହܥ௘௤
ଵଵߛܩ

ሽܿݏ݋ሺ݊ߠሻ 

൅,ߙܩݎ				0 ൑ ݎ ൑ ܽ 

߬ఏ௭ ൌ െ
ܾ௭ܩ
ݎߨ2

൅
ߙܩ2
ݎߨ

෍݊ሼ߁௡ሼെ
ܾ௭
ߙ4݊

ሾ2 ൅ ሺܥ௘௤ െ 1ሻߩ௡ െ ௡ଶߢ2 ൅ ሺܥ௘௤ ൅ 1ሻߩ௡ߢ௡ଶሿ
ஶ

௡ୀଵ

 

൅2ܤ଴ܴଶߢ௡
1 െ ሺെ1ሻ௡

݊ଶߙ
݄ଵହܥ௘௤
ଵଵߛܩ

ሽሺ
ݎ
ܴଵ
ሻ௡ 

െ ௕೥
ସ௡ఈ

ሺ௔
௥
ሻ௡ሽܿݏ݋ሺ݊ߠሻ ൅ ܽ							,ߙܩݎ ൑ ݎ ൑ ܴଵ   (21) 

Knowing ߢߟ௡ଶ ൏ 1, we write a MacLaurin expansion for ߁௡, in the  following  form 

௡߁ ൌ
ଵ

஼೐೜ାଵ
∑ ௡ଶ௠ஶߢ௠ߟ
௠ୀ଴                                              (22) 

Using Eq. (22) and doing some manipulations, Eqs. (21) are rewritten in the term of four new 
functions ܧ௠, ,௠ܨ  ௠ as followsܪ ௠ andܩ

߬௥௭ ൌ
2݄ଵହܥ௘௤

௘௤ܥଵଵ൫ߛݎߨ ൅ 1൯
,ݎሺߖ ሻߠ ൅

௥௭ܾ௭ܩ
ݎߨ4

1
1 ൅ ௘௤ܥ

෍ ௠ሺܧ௠ሾ2ሺߟ
ଵܴݎ
ܴଶ
ଶ , ሻߠ

ஶ

௠ୀ଴

 

െܧ௠ሺ
ݎ
ܴଵ
, ሻሻߠ ൅ ൫ܥ௘௤ െ 1൯ሺܧ௠ሺ

ଵܴݎ
ଶ

ܴܽଶ
ଶ , ሻߠ െ ௠ሺܧ

ݎܽ
ܴଵ
ଶ ,  ሻሻߠ

൅ሺ1 ൅ ௠ሺܧ௘௤ሻሺܥ
ݎ
ܽ
, ሻߠ െ ௠ሺܧ

ݎܽ
ܴଶ
ଶ , ሻሻሿ,0ߠ ൑ ݎ ൑ ܽ 

߬௥௭ ൌ
2݄ଵହܥ௘௤

௘௤ܥଵଵሺߛݎߨ ൅ 1ሻ
,ݎሺߖ ሻߠ ൅

ݖܾݖݎܩ
ݎߨ4

1

ݍ݁ܥ ൅ 1
ሼሺܥ௘௤ ൅ 1ሻ0ܧሺ

ܽ

ݎ
, ሻߠ െ෍ ݉ߟ

∞

݉ൌ0
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ሾ2ܧ௠ሺ
ݎ
ܴଵ
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, ܽ ൑ ݎ ൑ ܴଵ                                                                   (23) 
where  

Ψሺݎ, ሻߠ ൌ ଴ܴଶܤ2 ෍ ௠ߟ
ஶ

௠ୀ଴

௠ሺܩ
ݎ
ܴଶ
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௠ୀ଴ ௠ሺܪ

௥

ோమ
,  ሻ                                      (24)ߠ

and the above-mentioned new functions are introduced as 

,ݔ௠ሺܧ ሻߠ ൌ 2෍ሺߢ௠ଶ ሻߠሺ݊݊݅ݏሻ௡ݔ
ஶ

௡ୀଵ
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௡
ஶ
௡ୀଵ ሺߢ௠ଶ  ሻ                                 (25)ߠሺ݊ݏ݋ሻ௡ܿݔ

With the help of the summation formula given in the appendix of the reference [12] for the 
series ∑ ݇௡݊݅ݏሺ݊ߠሻஶ

௡ୀଵ  and ∑ ݇௡ܿݏ݋ሺ݊ߠሻஶ
௡ୀଵ , |݇| ൏ 1, and also the summation formula 

extracted from the reference [12] for ∑ ௞మ೙షభ

ଶேିଵ
ሺሺ2݊݊݅ݏ െ 1ሻߠሻஶ

௡ୀଵ  and      

∑ ௞మ೙షభ

ଶேିଵ
ሺሺ2݊ݏ݋ܿ െ 1ሻߠሻஶ

௡ୀଵ  we arrive at 

,ݔ௠ሺܧ ሻߠ ൌ
݊݅ݏ ߠ

௠ଶߢݔሺ݈݊ሺ݄ݏ݋ܿ ሻሻ െ ݏ݋ܿ ߠ
 

,ݔ௠ሺܨ ሻߠ ൌ
௠ଶߢݔሺ݈݊ሺ݄݊݅ݏ ሻሻ

௠ଶߢݔሺ݈݊ሺ݄ݏ݋ܿ ሻሻ െ ݏ݋ܿ ߠ
 

,ݔ௠ሺܩ ሻߠ ൌ
1
4
ଵሺି݊ܽݐ

௠ଶߢ2 ݔ
1 െ ௠ସߢ ଶݔ

 ሻߠ݊݅ݏ

,ݔ௠ሺܪ ሻߠ ൌ
ଵ

ସ
ଵሺି݄ݐ݋ܿ ଶ఑೘మ ௫

ଵା఑೘
ర ௫మ

 ሻ              (26)ߠ݊݅ݏ

If the coating thickness to be vanished (ܤ଴ ൌ 0, ܴଵ ൌ ܴଶሻ, the stress fields (23) are simplified 
as 
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௔
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The above stress field can be validated by reference [8]. There may be two reasons to rewrite 
stress component (21) in the form of Eqs. (23). First, since the series including pre-defined 
functions ܧ௠and ܧ௠  rapidly converge with increasing index ݉. Also for special case, ܤ଴ ൌ
0, ܴଵ ൌ ܴଶ (the bar without the coating), the stress components are simplified as the closed 
form relations. 
Also type of the singularity of the stress fields near the dislocation location i.e. ݎ ൌ ܽ is the 
Cauchy type, namely 1 ⁄ᇱݎ  where ݎᇱ is the distance from the dislocation position, Fig. (1). The 
existence of this kind of singularity has been proved in the reference [8]. 
For minimization of the mechanical stress intensity factors, we must decrease the resultant 
external loading on the surfaces of the crack. Therefore, magnetic induction is considered on 
the outer radius of the coating. 
 
2.2 Torsional rigidity 
 
Considering a torque	ܯ applying to the bar, relation between the torsional rigidity ܬ and the 
shear stress component ߬ఏ௭ takes the following form [13] 

ܯ ൌ ߙܬ ൌ ׬ ׬ ݎଶ߬ఏ௭݀ݎ
ோమ
଴ ߠ݀

ଶగ
଴      (28) 

By substituting the Eq. (3) and (11) in the above equation, we get 

ܬ ൌ ଴ܬ െ
ଵ

ଶ
ሺܴଵܩ

ଶ െ ܽଶሻ ௕೥
ఈ

     (29) 

where  

଴ܬ ൌ
ଵ

ଶ
ଵܴܩ൫ߨ

ସ ൅ ସସሺܴଶܥ
ସ െ ܴଵ

ସሻ൯    (30) 

It is noteworthy that, the torsional rigidity in Eq. (29) has depending on the dislocation 
density ܾ௭ and the torsional rigidity takes the form of Eq. (30) in the intact bar. 
 
 
 
3 Analysis with multiple cracks 
 
Now, the dislocation distributed method is employed to analyze the defined problem which is 
a coated bar weakened by the multiple cracks.  
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Figure 2 Circular cross-section of the bar with a magnetic coating containing a smooth  
embedded crack 

 
Herein, we define a local coordinate system ሺ݊ െ  ሻ on each crack to give normal andݐ
tangential stress on the crack surfaces. 
 

߬௧௭ሺݎ, ሻߠ ൌ ߬ఏ௭ሺݎ, ௜߮݊݅ݏሻߠ ൅ ߬௥௭ሺݎ,  ௜߮ݏ݋ሻܿߠ
߬௡௭ሺݎ, ሻߠ ൌ ߬ఏ௭ሺݎ, ௜߮ݏ݋ሻܿߠ െ ߬௥௭ሺݎ,  ௜      (31)߮݊݅ݏሻߠ

 
where ߮௜	is the angle between the tangent to each point of the i-th crack and the radial 
position vector of that point. We drive the stress field of the bar by use of the distributed 
dislocation technique. The stress fields also satisfy equilibrium requirements and boundary 
conditions. For a circular cross-section bar weakened by multiple cracks, governing equation 
and outer boundary conditions remain unchanged. Only, the surfaces of the cracks should be 
traction-free. The parameter ܾ௭ is a controlling that is set such that the traction-free condition 
on the surfaces of the cracks to be satisfied. 
Now, we distribute the dislocations with unknown density ܾ௭ on the infinitesimal segment ݀ߣ௝ 
situated at the point ሺݎ௜,  ௜ሻ of the surface of the j-th crack. The tractions on the surfaces of theߠ
cracks are achieved by substituting from Eq. (23) into Eq. (31) .Since the dislocation cut has 
located at ߠ ൌ 0, we must replace ߠ by ߠ௜ െ  ௝ to derive the traction on the surface of the i-thߠ
crack. Therefore we arrive at 
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 (32)
With regard to ߙ ൌ ܯ ⁄ܦ , the above relations are integrated on non-dimensional crack length 
to find traction on the surface of the crack. Since the crack surface is traction-free, the 
established integral is zero. If the terms without ܾ௭ to be budged to the other side of the 
equality, an integral equation is established as following form 

ܳ௜൫ݎ௜ሺݏሻ, ሻ൯ݏ௜ሺߠ ൌ෍න ݇௜௝ሺݏ, ݐሻ݀ݐሻܾ௭௝ሺݐ
ଵ

ିଵ

ே

௝ୀଵ

, െ1 ൑ ݏ ൑ 1, ݅ ൌ 1,2, … , ܰ 

(33) 
In which kernels ݇௜௝ሺݏ, ,ሻݏ௜ሺݎሻ and ܳ௜൫ݐ   .ሻ൯ are given in the Appendix Bݏ௜ሺߠ
The considerations of single-valuedness displacement require that [8] 

න ටሾݎ௝
ᇱሺݐሻሿଶ ൅ ሾݎ௝ሺݐሻߠ௝

ᇱሺݐሻሿଶܾ௭௝ሺݐሻ݀ݐ
ଵ

ିଵ
ൌ 0 

(34) 

where ݀ߣ௝ ൌ ටሾݎ௝
ᇱሺݐሻሿଶ ൅ ሾݎ௝ሺݐሻߠ௝

ᇱሺݐሻሿଶ݀ݐ is the infinitesimal segment on the jth crack. The 

Eqs. (33) and (34) are in terms of dislocations density and must be solved simultaneously. If 
the crack is an embedded crack, the solution for ܾ௭௝ሺݐሻ is of the following form 

ܾ௭௝ሺݐሻ ൌ
݃௭௝ሺݐሻ

√1 െ ଶݐ
		 , െ1 ൑ ݐ ൑ 1 

            (35) 
By distributing a set of dislocation densities along the borders of the cracks and substituting 
ߙ ൌ  as well as viewing the Eq. (30), the torsional rigidity in the cracked bar is achieved ܬ/ܯ
as follows 
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            (36) 
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In which ܰ is the number of the cracks. The evaluation of the torsional rigidity can be done 
by discretizing the integral appeared in Eq. (36) at specific discrete points [8]. The domain of 

the integral is discretized at ݉ collocation points ݐ௞ ൌ cos ቀ
ሺଶ௞ିଵሻగ

ଶ௠
ቁ. Therefore, the torsional 

rigidity is of the following form 

ܬ ൌ ଴/ሾ1ܬ ൅
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ே

௝ୀଵ

ሿ 

            (37) 
After evaluating ݃௭௝ሺݐሻ, the mechanical stress intensity factors at the crack tips may be 
defined and obtained as below [8]  
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√π
2
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ᇱሺെ1ሻሿଶ ൅ ሾr୨ሺെ1ሻθ୨
ᇱሺെ1ሻሿଶ൧

భ
ర	g୸୨ሺെ1ሻ 

k୍୍୍ୖ୧ ൌ
√஠

ଶ
Gൣሾr୨

ᇱሺ1ሻሿଶ ൅ ሾr୨ሺ1ሻθ୨
ᇱሺ1ሻሿଶ൧

భ
ర	g୸୨ሺ1ሻ   (38) 

 
4 Numerical Examples 
 

For numerical results, ߣ ൌ 10ିଵ଴ ௛భఱ஻బ
ఊభభ஼రర

 is the non-dimensional parameter presenting the effect 

of the magnetic induction loading on the stress intensity factor. Assume that the magnetic 
layer has the properties as: ܥସସ ൌ 4.5 ൈ 10ଵ଴ሾܰ/݉ଶሿ, ݄ଵହ ൌ 550ሾܰ/ܣ	݉ሿ, ଵଵߛ ൌ 157 ൈ
10ି଺ሾܰ	ܵଶ/ܥଶሿ. Also, we have ܩ௥௭ ൌ 80 ൈ 10ଽሾܰ ݉ଶ⁄ ሿ. In the all example orthotropic ration 
is considered to be 0.8. 
 
Example 1 
 
For the first example, we consider an isotropic bar weakened by a straight radial crack. So we 
set ܩ ൌ 1. Firstly, by taking this problem as a bar without any magnetic coating, i.e. ܤ଴ ൌ 0 
and ܴଵ ൌ ܴଶ, the numerical solution will be compared with existing results to illustrate the 
efficiency and accuracy of the dislocation method. The center of the radial crack is situated at 
଴ݎ ൌ 0.3ܴ. The results of dislocation method are compared with the results of the reference 
[14] in which ݇଴ ൌ ݈ߨ√ଵܴܯܩ ଴ൗܬ . The results show negligible difference between the results 
of the present work and those obtained by [13]. The indexes ݅ and ݋ designate to the inner and 
outer tips of the crack. We consider a magnetic layer with ܴଶ ൌ 1.1ܴଵ which the coating is 
acted as an actuator. The isotropic bar has a radial crack with length ݈ ൌ 0.4ܴଵ wherein the 
center of the crack is located in the radius of ݎ଴ ൌ 0.5ܴଵ. The magnetic induction on the outer 
radius of the coating layer is set to be ܤ଴. The effect of the magnetic induction (dimensionless 
form of ܤ଴ or ߣ) on the stress intensity factor of the crack is shown in Fig. (3).  
 

Table 1 Comparison of calculated results with the results of reference [14] for a straight embedded crack. 

଴ܬ/ܬ ܴ/݈ ݇ூூூ௜/݇଴ ݇ூூூ௢/݇଴ 
Present study Reference 

[14] 
Present study Reference 

[14] 
Present study Reference 

[14] 
0.1 0.9982 0.9981 0.2522 0.2518 0.3525 0.3519 
0.2 0.9922 0.9922 0.2087 0.2070 0.4113 0.4081 
0.3 0.9808 0.9808 0.1695 0.1660 0.4796 0.4703 
0.4 0.9612 0.9612 0.1352 0.1295 0.5650 0.5427 
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We can find that the stress intensity factors subjected to the magnetic effect can be much 
smaller than that of when the elastic bar is only under torsion. The external loading on the 
crack surfaces is a function of torsional loading and magnetic induction, therefore by 
appropriate selection of the magnetic induction, external loading on the crack surfaces can be 
nearly vanished and stress intensity factors of the crack tips can be vanished. As it can be 
seen, there is a minimum value for the nondimensional stress intensity factor of each crack 
tip. This minimum can be reached at different values of ߣ	for each crack tip. Therefore, as a 
rule of thumb, by minimizing the value of the average dimensionless stress intensity factors of 
both crack tips, we may reach the relatively less value for the stress intensity factor of each 
crack tip.  We plot the graph of average dimensionless stress intensity factors of both tips 

versus ߣ. By choosing ߣ ൎ െ0.95 we arrive at 
௞಺಺಺೔ା௞಺಺಺೚

ଶ௞బ
ൎ 0.16 which is representative for 

௞಺಺಺೔
௞బ

ൎ 0.16  and 
௞಺಺಺೚
௞బ

ൎ 0.16	. Generally speaking, the intersection of the graphs of 
௞಺಺಺ಽ
௞బ

 and 
௞಺಺಺ೃ
௞బ

 versus ߣ in which ݇ூூூ௅ ൌ ݇ூூூோ can specifies a suitable value for ߣ. In this value of ߣ, the 

average dimensionless stress intensity factors of both tips are almost minimum. 
The stress intensity factors must be decreased by adding the stiffer coating. But for magnetic 
coating, the elastic shear stiffness constant ሺܥସସሻ is less than that of orthotropic bar ሺܩ௥௭ሻ. 
Therefore, in lack of the magnetic field, increasing the weaker magnetic coating thickness 
increases the stress intensity factors providing that the outer radius of the coating to be 
constant. On the other hand, the stress intensity factors are under the influence of both of the 
magnetic fields and the coating thickness. To illustrate this, by setting	ߣ ൌ 0.01 or ߣ ൌ 0.03, 
the variations of the stress intensity factor as a function of the relative magnetic coating 
thickness ሺܴଶ െ ܴଵሻ/ܴଶ are plotted in Fig. (4). As it can be seen for	ߣ ൌ 0.03 increasing of 
the stress intensity factor with enlarging the coating thickness ݐ ൌ ܴଶ െ ܴଵ  is more 
considerable in comparison with ߣ ൌ 0.01.  
  

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

λ

k I
II k 0

 

 

ki /k
0

ko /k
0

(ki + ko )/2k
0 R1

R2

M

O oi

l l

 
Figure 3 Graph of the dimensionless stress intensity factor versus λ for a straight crack  
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Figure 4 Variation of the normalized stress intensity factor versus the coating thickness for  

two different values of the ߣ  
 

 
Fig. (5) shows the variations of normalized stress intensity factor versus the normalized crack 
length ݈/ܴଵ for each the crack tip. The coating thickness is set to be ݐ ൌ 0.1ܴଵ and the 
dimensionless magnetic induction is chosen as ߣ ൌ 0.01. The stress intensity factor at the outer 
crack tip increases with the growth of the crack length. But for the inner crack tip, the stress 
intensity factor slightly decreases initially because of approaching it to the center of the bar 
wherein the stress components are least. Finally, we absorb that the growth of the crack length 
is dominant factor in increasing of the stress intensity factor. It is also obvious that torsional 
rigidity will decrease with the increase of the crack length. In Fig. (6), we illustrate the 
variation of the normalized torsional rigidity ܬ/ܬ଴ versus the crack length. 
 
 
Example 2 
 
As the second example, consider the torsional problem of an isotropic bar weakened by an 
eccentric circular crack with radius ܽ ൌ 0.5ܴଵ as shown in Fig. (7). Because of lack of an 
example for cracked bar with magnetic coating, we validate the work with a cracked coatless 
bar under torsion. In this example, the numerical results was compared with the ref [15] by 
setting ܤ଴ ൌ 0 and ܴଵ ൌ ܴଶ ൌ ܴ. Based on the data shown in Fig. (7) and Fig (8), in which 
݇଴ ൌ ܽߠ√ଵܴܯ௥௭ܩ ଴ൗܬ , there is a relatively good agreement between the results of the 
dislocation method and the results reported by Wang and Lu in the ref [15]. 
 



Iranian Journal of Mechanical Engineering                    Vol. 20, No. 2, Sep. 2019  
 

 

100

0.1 0.15 0.2 0.25 0.3 0.35 0.4
0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

l
R 1

k I
II k 0

 

 

ki /k
0

ko /k
0

 
 

Figure 5 Variation of the normalized stress intensity factor versus the normalized crack length 
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Figure 6 Variation of the normalized torsional rigidity versus the normalized crack length 
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Figure 7 Variation of stress intensity factors with ߠ for a circular crack 
 

 
 

Figure 8 Variation of normalized torsional rigidity with ߠ for a circular crack 
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In continuation of this example, we consider an orthotropic bar with the magnetic coating 
with thickness 0.1ܴଵ. The circular crack in the orthotropic bar is considered as a quarter of an 
eccentric circle with radius ܽ ൌ 0.5ܴଵ. On Fig. (9) we have represented the dependence of the 
magnitude of stress intensity factor on ߣ. In fact, stress intensity factor can be vanished by 
considering the effect of coating layer. Again, the intersection of the graphs of the stress 
intensity factors of both crack tips versus ߣ can specify a good candidate for ߣ which almost 
minimizes both the stress intensity factors of the crack tips. 

 
Figure 9 Variation of the stress intensity factors with ߣ for an eccentric circular crack 

 
 

Figure 10 Comparison of the normalized stress intensity factor versus the relative coating thickness  
for  two different values of the ߣ 
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The variation of non-dimensional stress intensity factor with relative coating thickness is 
plotted in Fig. (10). As it can be seen, for different values of ߣ, the graphs of stress intensity 
factors versus the relative coating thickness have same trends as the coating thickness is 
increased. For ߣ ൌ 0.04  increasing of the coating thickness magnifies the stress intensity 
factors of the crack tips more than that of ߣ ൌ 0.02. In what follows, the effect of crack length 
on the stress intensity factor and torsional rigidity for two different crack eccentricities is 
illustrated in Figs. (11) and (12) respectively. For the crack with small eccentricity, ߣ ൌ 0.02 
provide the smaller stress intensity factor in comparison with ߣ ൌ 0.04. A similar trend as the 
crack with big eccentricity can be realized. Viewing the Fig. (11), it is known that for 
ߣ ൌ 0.02, the normalized the torsional rigidity will be decreased with growing the crack length. 

 
Figure 11 Graphs of the normalized stress intensity factor versus the length of the crack for a circular crack 

 

 
Figure 12 Graphs of the normalized torsional rigidity versus length of the circular crack 
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Example 3 
 
In the following examples, we consider an orthotropic bar with a magnetic coating weakened 
by one embedded crack perpendicular to the radial direction as shown in Fig. (13). The crack 
radial distance is ݀ ൌ 0.2ܴଵ where the crack length 2݈ ൌ 0.2ܴଵ and the layer thickness 0.1ܴଵ 
are constants. Variations of normalized stress intensity factor at the crack tip, ݇ூூூ/݇଴ in which 
݇଴ ൌ ݈ߨ√ଵܴܯ௥௭ܩ ଴ൗܬ  , as a function of the normalized parameter ߣ are plotted in Fig. (13). It 
is obvious that the stress intensity factors can be vanished by setting ߣ to a suitable value. We 
recall that the stress intensity factors for both tips are identical because of the symmetry of the 
problem. In the next graph of this example, by assuming 2݈ ൌ 0.2ܴଵ and ߣ ൌ 0.4 or ߣ ൌ 0.7, 
the effect of the relative coating thickness on the stress intensity factor is studied, as shown in 
Fig. (14). As it can be seen decreasing of ߣ from 0.7 to 0.4 attenuates the stress intensity 
factors of the crack tip while the stress intensity factors are increased by enlarging the relative 
coating thickness. 
Figs. (15) and (16) display the variations of the normalized stress intensity factor and 
torsional rigidity versus the normalized crack length for ߣ ൌ 0.4 and ߣ ൌ 0.7. The coating 
thickness is set to be ݐ ൌ 0.1ܴଵ. By increasing the dimensionless crack length ݈ ܴଵ⁄ , the crack 
tips approach to the outer boundary of the bar which corresponds to portions of the bar cross-
section with higher levels of the stress field. As one expected, the normalized stress intensity 
factor of the crack tips should be generally increased by the growth of the crack length. 
Although by choosing other values of ߣ, it is possible to decrease the normalized stress 
intensity factor with enlargement of the crack length. Also the normalized torsional rigidity 
must be decreased by growing the crack length since this makes the cross-section to be 
weaker and weaker.  

 
 

 
Figure 13 Normalized stress intensity factor as a function of the non-dimensional parameter ߣ for  

an embedded crack 
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Figure 14 Variation of the normalized stress intensity factor versus coating thickness for  
an embedded crack 

 

 
 

Figure 15 Variation of the normalized stress intensity factor versus length of the crack for 
 an embedded crack 
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Figure 16 Variation of the normalized torsional rigidity versus length of the crack for an embedded crack 
 
Example 4 
 
In the last example, we analyze the orthotropic bar weakened by two embedded straight 
cracks with constant length 2݈ ൌ 0.1ܴଵ, as shown in Fig. (17). The lengths of the cracks are 
equal and one tip of the each crack is fixed and located on a circle with radius ܽ ൌ 0.75ܴ1. In 
other words, each crack is apart the cord with central angle 45 degrees.   
The plots of the normalized stress intensity factor as a function of the ߣ for each of the tips 
and also the averaged stress intensity factors are illustrated in Fig. (17). For ߣ ൎ 0.75 the 
stress intensity factors of the both crack tips are simultaneously the smallest.  

 

Figure 17 Graphs of the normalized stress intensity factors versus  ߣ for two symmetric cracks  
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Figure 18 Graphs of the normalized stress intensity factors versus the coating thickness for 

 two symmetric cracks  
 

In the next graph of this section, we can observe the variation of the normalized stress 
intensity factors versus the relative coating thickness by assuming ߣ ൌ 0.02 and 2݈ ൌ 0.2ܴଵ 
in Fig. (18). As it can be seen, the normalized stress intensity factors are increased by the 
extension of the coating thickness. In the following, the result of the normalized stress 
intensity factors and torsional rigidity are depicted in terms of the dimensionless crack length 
in Fig. (19) and Fig. (20) respectively. The results are evaluated for ߣ ൌ 0.02. It can be seen 
that for each of the crack tips, when the length of the cracks grow, the value of the normalized 
stress intensity factor approaches a maximum value. Reversely as expected, the computed 
normalized torsional rigidity is decreased with the crack growth.  

 
Figure 19 Graphs of the normalized stress intensity factors versus the length of the cracks  
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Figure 20 Graphs of the normalized torsional rigidity versus the length of the cracks for two symmetric cracks 
 
 
 
5 Conclusion 
  
In the present paper, a torsion problem of an orthotropic bar reinforced by a magnetic layer is 
studied using the dislocation distributed technique.   
Numerical results are also presented and it can be found that:  
1. Stress field around the crack tip depends on the magnetic induction on the outer surface of 
the coating and an appropriate value of the magnetic induction should be determined to 
minimize the stress intensity factor.  
2. Thickness of the coating accompanying with the magnetic induction plays a significant rule 
in the reduction or magnification of the stress intensity factors.  
3. By increasing of the crack length, the stress intensity factors go up and the torsional rigidity 
deceases. 
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Nomenclatures  

r Radial coordinate 
Rଵ Radius of the isotropic bar 
Rଶ Outer radius of the isotropic bar 
θ Angular coordinate 
α Angle of twist per unit length 
ω Torsional warping function 
ϕ Magnetic potential function 

τ୰୸, τ஘୸ Stress component in the radial and angular directions 
G୰୸, G஘୸ Shear modulus in the radial and angular directions of the bar 
Hሺ. ሻ Heaviside step function 
b୸ Dislocation density 

ωഥሺ. , . ሻ Finite Fourier sine transform of torsional warping function 
Cସସ Elastic shear stiffness constant of the magnetic coating 
hଵହ Piezomagnetic coefficient 
γଵଵ Magnetic permeability 

H୰, H஘ Magnetic fields in the radial and angular directions 
B଴ Magnetic induction 
J Torsional rigidity 
M Applied torque  

kሺ. , . ሻ Kernel of integral equation 
k୍୍୍ Stress intensity factor 
 

Appndix A: 
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Appendix B: 
 
Kernels of the integral equations are: 
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, θ୧‐θ୨ሻሻ ൅ ൫Cୣ୯‐1൯ሺE୫ሺ

R1
2r୧
R2
2r୨

, θ୧‐θ୨ሻ‐E୫ሺ
r୧r୨
Rଵ
ଶ , θ୧‐θ୨ሻሻ 

൅ሺ1 ൅ Cୣ୯ሻሺE୫ሺ
r୧
r୨
, θ୧‐θ୨ሻ‐E୫ሺ

r୧r୨
Rଶ
ଶ , θ୧‐θ୨ሻሻሿsinφ୧ሽሽ,0 ൑ r୧ ൑ r୨ 

k୧୨ሺs, tሻ ൌ Gටሺr୨'ሻଶ ൅ ൫r୨θ୨
'൯
ଶ
ሼ
G
2J଴

൫Rଵ
ଶ‐r୨

ଶ൯r୧cosφ୧ 

൅
1

4πr୧

1
Cୣ୯ ൅ 1

ሼ൫Cୣ୯ ൅ 1൯ሾF଴ሺ
r୨
r୧
, θ୧‐θ୨ሻcosφ୧‐E0ሺ

r୨
r୧
, θ୧‐θ୨ሻsinφ୧ሿ 

‐ ෍ η୫
ஶ

୫ୀ଴

ሾ2F୫ሺ
Rଵr୧
Rଶ
ଶ , θ୧‐θ୨ሻ‐2F୫ሺ

r୧
Rଵ

, θ୧‐θ୨ሻ 

‐ሺCୣ୯‐1ሻF୫ሺ
r୨r୧
Rଵ
ଶ , θ୧‐θ୨ሻ‐ሺCୣ୯ ൅ 1ሻF୫ሺ

r୨r୧
Rଶ
ଶ , θ୧‐θ୨ሻሿcosφ୧ 

൅෍ηm
∞

mൌ0

ሾ2Emሺ
r୧
Rଵ

, θ୧‐θ୨ሻ ൅ ሺCeq‐1ሻEmሺ
r୨r୧
Rଵ
ଶ , θ୧‐θ୨ሻ 

‐2E୫ሺ
R1ri
R2
2 , θi‐θjሻ ൅ ሺCୣ୯ ൅ 1ሻE୫ሺ

rjri
R2
2 , θi‐θjሻሿsinφiሽ , rj ൑ ri ൑ R1 

(B1)

The left side of the integral equation (33) is 

Q୧ሺsሻ ൌ ‐
2hଵହCୣ୯

πr୧γଵଵ൫Cୣ୯ ൅ 1൯
෍න ሾΦሺr୧, θ୧‐θ୨ሻcosφ୧‐Ψሺr୧, θ୧‐θ୨ሻsinφ୧ሿ

ଵ

‐ଵ
dt

୒

୨ୀଵ

 

‐
G஘୸M
J଴

r୧	cosφ୧ 

(B2)

where all the parameters with index i are functions of s and those with index j are functions of 
t. 
 
 


