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Three-Dimensional Elasticity Solution of
Single Layer Piezoelectric Panel

This research presents a semi analytical solution of finitely long, sim-

M. Shakeri * ply supported, orthotropic, piezoelectric, radially polarized, shell
Professor panel under pressure and electrostatic excitation. The general so-

lution of the governing partial differential equations are obtained by

M.R. Sedighi the method of separation of variables. The displacements and elec-

Ph.D student tric potential are expanded in appropriate trigonometric Fourier se-

ries in the circumferential and axial coordinate to satisfy the bound-
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Assistant professor edges. The governing ordinary differential equations are solved by

the Galerkin finite element method. In this procedure, the quadratic
shape function is used in each element. Numerical examples are pro-
vided for typical external pressure on outer surface of a single layer
piezoelectric panel.
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1 Introduction

The coupling effect existing between the elastic and electric fields in piezoelectric materials is
used in various engineering applications. The direct piezoeffect is used in sensors in electrome-
chanical transducers to measure the deformation from the induced electrical potential differ-
ence. The inverse piezoeffect is used in electromechanical actuators for controlling an entity
by the application of appropriate electrical potential differences. The piezoelectric materials
have enormous potential for use as distributed actuators and sensors for active control of smart
structural systems [1]. Very few exact solutions of the three-dimensional field equations are
available for coupled response of piezoelectric elements to electromechanical loading. These
analytical solutions are needed to assess the accuracy of the various two-dimensional plate and
shell theory formulations [2].

Exact analytical solutions have been presented for the direct and inverse piezoelastic prob-
lems of infinitely long, simply-supported, cylindrically orthotropic circular cylindrical panel in
cylindrical bending under pressure and electrostatic excitation. Detailed results have been pre-
sented for sinusoidal, uniform and patch loadings [2]. Ray et al. [3, 4] presented exact solution
for static analysis of a simply-supported piezoelectric flat panel and a layered intelligent flat
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panel under cylindrical bending. Three-dimensional exact analysis of simply-supported rectan-
gular plate coupled with distributed sensors and actuators have been presented by Ray et al. [5].
Mitchell and Reddy [6] have presented a power series solution for static analysis of an ax-
isymmetric problem of axial loading on a composite cylinder with surfacebonded or embedded
piezoelectric laminae. Ren [7]has presented the exact elasticity solution of simply-supported
laminated circular cylindrical panels in cylindrical bending. Exact solution of orthotropic cylin-
drical shell with piezoelectric layer under cylindrical bending have been studied by Chen et
al. [8]. Also, the piezoelastic solution of infinitely long cylindrical panel and shell structures is
presented by Kapuria et al. in [9]. Shakeri et al. have presented elasticity solution of finitely
long, simply-supported, orthotropic, piezoelectric shell panel under pressure and electrostatic
excitation [10], and elastic solution of orthotropic thick laminated cylindrical panels under dy-
namic loading [11].

In this work we present a semi analytical solution of a finitely long, simply supported, or-
thotropic, piezoelectric, radially polarized, circular cylindrical shell panel under pressure, where
panel is closed circuit. The general solution of the governing differential equations is obtained
by the method of separation of variables. The displacements and electric potential are expanded
in appropriate trigonometric Fourier series in the circumferential and axial coordinates to sat-
isfy the boundary conditions at the simply-supported circumferential and axial ends. The pre-
scribed electromechanical functions on lateral boundary are expanded in term of the trigono-
metric Fourier series along the circumferential and axial coordinate. The highly coupled partial
differential equation (P.D.E) are reduced to ordinary differential equations (O.D.E) with vari-
able coefficients by trigonometric function expansion in circumferential and axial directions.
The resulting ordinary differential equation are solved by the Galerkin finite element method.
In this method, we used quadratic element instead of the linear one.

2 Governing equations

The linear constitutive equations of a piezoelectric medium are given by

{o}=[Cl {e} — [e] {E}. (D} =I[e] {} + 0] {E} @

where the stress components {c}, the strain components {c}, the electric field vector { £} and
the electric displacement vector { D} are given in cylindrical coordinate system (r, ¢, z) by

{U} = [ Orr 009 Ozz Tz Trz Tro }Ty {E} = |: Er E@ Ez }T (2)
{5}:[57”7" €00 Ezz Yoz Vrz Vro }T’ {D}: [ Dr D9 Dz }T (3)

Here, [C], [¢], [n] denote, respectively, the matrices of elastic constants, piezoelectric constants
and dielectric constants of the piezoelastic material. The equation of equilibrium in the absence
of body force and the charge equation of equilibrium of electrostatic in cylindrical coordinate
system are

aarr + Orr — 099 187-7“9 aTrz

or r r 00 0z 0 4)
e A ey o
T%Z D% aazg;D ag;;D % B X
o trar a0 ()
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We consider a cylindrically orthotropic piezoelectric material with poling in lateral (radial)
direction . The matrices [C], [e] and [r], as given by Tiersten [12], are

Ciy Ci2 Ciz3 0 0 0
Cia Co Cy 0 0 0
o 013 023 033 0 0 0
C=1% 0o 0 cu 0 o0 ®)
0 0 0 0 Css O

0 0 0 0 0 Ce|

es3 ez e 0 0 0 ma 0 0
le] = 0 0 0 0 0 ey|, [n= 0O ma1 O
O 0 O 0 €15 0 0 0 122

Using relations (8), the constitutive equations (1) can be written as

0 = C118pr + Craggp + Cise.. — ez B,
099 = Cragry + Cxegp + Coze., — e B,
0.. = Ci3er, + Cozegp + Cs3e.. — ez B, 9)
To- = CuaYp-
T = Cs57Vr2 — €15 B,
Tr0 = Ce6ro — €24 g
and

D, = es3e, +e3269 + €316, + N33 By
Dy = €24 vre + 122 Eg (10)
Dz = €15rz + Uit Ez

Consider a finite circular cylindrical shell panel of mean radius R,,, thickness H, length L
and angular span «, as shown in Fig.1. Its longitudinal and circumferential ends are simply-
supported and electrically grounded at = = (0,L) and # = (0, «), respectively. Its lateral
surfacesatr = R, = R,, — H/2and r = R, = R,, + H/2 are subjected to electrical and
traction excitations which vary along the longitudinal (z) and circumferential () directions.

The strains are related to the radial, circumferential and axial displacement components .,
ug and u, by

ou, 1 Oug _ Ou,
Epp = (97’ ) Eop = ; <ur + %) ) Ey = 82 (11)
_%+18u2 _8u2+8uT 1 aur_ . %
Yoz = oz r 00 Trz = or 0z ' e = r \ 00 vom T or

The electric field is related to the electrical potential, ¢, of the piezoelectric medium by

o g, 10y oy
Cor 0 T a0 T 02
Using equations (9)-(12), the partial differential equations of motion (i.e. equations (4)-(7) )
can be expressed to Navier form. Thus, the Navier form of equations of motion can be written

in operator form as
Ly, Ly L1 Ly Uy
Loy Log Lo, Loy Ug
L3, Lz Lg, L3¢ Uz
L4r L49 L4z L41ZJ 1/}

E, = (12)

(13)

|
cooo
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where L;;, are given in appendix A, where: = 1,2,3,4and j = r, 0, z, .

Let the prescribed pressure and electrical potential or electrical displacement D,. to cause ac-
tuation strain at the inner and outer surfaces be p, (0, z), ©¥4(0, z) or D, (6, z) and p, (0, z), (0, 2)
or Dy(0, z), respectively. Boundary conditions at the axial ends at = = 0, L are :

up(r,0,0) = u.(r,0,L) =0
0..(r,0,0) = o0,,(r,0,L) =0 (14)
T9(r,0,0) = To(r,0,L) =0
W(r,0,0) = ¥(r,0,L) =0
Boundary conditions at the circumferential ends at ¢ = 0, « are :

ur(r,0,2) = u.(r,a,z) =0
oe9(1,0,2) = ogg(r,a,2) =0 (15)
T (r,0,2) = 7 (r,,2) =0

W(r,0,z) = Y(r,a,z) =0

In the the lateral surfaces at r = R,, R, the boundary conditions are :

0 (Ra,0,2) = —pa(6, 2), O (Rp, 0,2) = —pp(0, 2)

TTQ(RQ,0,2> :O, Tm(Rb,G,Z) =0

V(Rq,0,2) = ¥a(0,2), V(Ry, 0,2) = ¥u(0, 2) (16)
or or

D, (R.,0,2) = D,(0,z2), D, (Ry,0,z) = Dy(0,2)

3 General solution of the governing equations

The solution of the boundary value problem, satisfying the boundary conditions (14) and (15),
is taken in the following separable form:

Up = Z Z o (r) sin(by,0) sin(b,z)

ug =Y Y do(r) cos(b,0)sin(b,z)

m=1 n=1

u, = Z Z ¢.(r) sin(b,,0) cos(b,z) (17)

m=1n=1

)= Z Z Oy (1) sin(by,0) sin(b,z)
m=1 n=1
where b,, = mn/a and b, = nw/L. Using equations (13) and (17), the partial differential
equations of motion (Navier equations) will be reduced to ordinary differential equations. These
ordinary differential equations can be written in operator form as

LIT L’IKQ L;.(Z Liﬁ gbr(r) 0
Lo, Lyg Ly, Loy o (r)
L, L3 L3, L§¢ ¢(7)
Ly Ly Ly Ly Py (r)

(18)
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where L;; are given in appendix A, where i = 1,2,3,4 and j = r,0,z,1. These system of
equations are solved by the Galerkin finite element method. The quadratic shape functions N,
N; and N, are considered for ¢,,¢g, ¢. and ¢,

¢si
¢s: [Nz N] Nk’ } ¢sj ) S:T,G,Z,Q/J (19)
¢sk
where N;, N; and N, are :

oy (r=r) @r = =)

Ni(r) = (e — 7’1’)2

N(r) = e =T

(rx —14)
Ny(r) = (r—mi)(2r _Zk —7;)
(ri, — i)

After multiplying the first of Eq.(18) by N; and one time part by part integration of the second
order differential terms, the weak form of equation is obtained. By integrating this equation we
obtain an algebraic equation in the form
A1Qir + Asig + Azpiz + Asiy+ (20)
Asjr + Agpjo + Ardj. + Agdjyt+Agdrr + Arodre + A110kz + Ar12dry = Fi
By integrating the other ordinary differential equations given by Eq.(18), three equations similar
to equation (20) are obtained. Repeating the above procedure by N; and N, instead of N;, give

another eight equations. Rewriting these twelve equations in form of matrix equations, we
obtain the following finite element equilibrium equation for each non-boundary elements:

[K]e{X}e = {F}e (21)
where [K],,.,, and {F}12x; are the stiffness and force matrices, respectively, and :

(XY = {0 o bsi i Orj Do; Guj Dyj ek Do Dok Dy}

Applying the boundary conditions (16) to the first and last nodes in the medium i.e. two lateral
surfaces and using the equations (19), the displacement value of these nodes are given by:

Or1 = C1dp2 + Cagga + C30.0 + Cudyo + Cs¢r3 + Codoz + Cr¢.3 + Cdys (22)
do1 = Crya + Codgr + Cyaz + Cidbya + Cors + Cotbps + Crpas + Ciya
21 = Cf Gro + Cg@n + Cé/¢z2 + CZ Gy + Cgﬁbrs + Cé/ Go3 + C;/ Gu3 + Cs/;/¢w3

11 111 " 1 1 117 117 1"

Oyp1 = C) Ora + Cy g2 + Cy ¢.0 + Cy dyo + Cy 3 + Cy Gz + C; ¢34+ Cg Py

Gravrr = D1&r(vr—2) + Dagorr—2) + Dsd(vr—2) + Dadynr—2)
+ Dsorvrr—1) + Debovir—1) + Drdzarr—1y) + Dedyarr—1)

domr = Dl1¢r(ML—2) + Dl2¢6(ML—2) + D;,@(ML_m + D;¢¢(ML—2)
+ D;)¢T(ML—1) + Dé)’¢0(ML—1) + Dl7¢z(ML—1) + D;g¢w(ML—1)

ML = Dlllgbr(ML72) + D;QSG(MLfQ) + Dgﬁbz(ML—Q) + DZ¢¢(ML72) (23)
+ Dg¢r(ML—1) + Dg%(ML—l) + D;sz(ML—l) + Dgﬁbw(ML—l)

GypMmL = Dllucbr(ML—Q) + DIQH%(ML—Q) + D;,//%(ML—z) + DZ/¢¢(ML—2)

1" " " 1"

+ Dy ¢r(vi—1) + Dg doarr—1) + Dy dzvr—1) + Dg dyan—1)
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where Cy,...Cy , D, ...Dy are constants. By substituting equations (22) and (23) into (21), the
finite element equilibrium equations for the first and last elements become :

(K {X} = {F}, (KA X e = {F e (24)

Assembling equations (21) and (24), the global finite element equilibrium equation is obtained
as:

[K]{X} ={r} (25)

Once the finite element equilibrium is established, we can solve this set of algebric equations for
unknown { X } vector. Here, this system of equations is solved using the Linear Solve procedure
of Maple.

4 Numerical results

Here, to verify the results, consider a panel with span angle « = #/3, and L = 4R,,,(R,,
is mean radius of panel) that is polarized in radial direction and subjected to the following
electromechanical loads.

%(97 Z) = @Db(@, Z) = 07 pa(97 Z) = Oa pb(ev Z) = Do Siﬂ(ﬂ'@/a) Sin(ﬂ-z/L)

The piezoelectric material considered here is elastically orthotropic. The material properties of
piezoelectric are given in the Table (1). The numerical results are expressed in dimensionless

Modulii PZT4 Unit
011 113 GPa
022 139 GPa
Cs3 139 GPa
Cy 2.6 GPa
Css 25.6 GPa
Cés 25.6 GPa
012 74.3 GPa
Cis 74.3 GPa
Cos 77.8 GPa
e1s 12.7 C/m?
ea4 127 | C/m?
€31 -5.2 C/m?
€32 -5.2 C/m?
€33 15.1 C’/m2
M1 6.46 wk/m
733 5.62 wE/m

Table 1 Elastic, piezoelectric and dielectric properties of PZT4

form as follows :

100Y
HS4p0

|d]Y
HS*po

(ara Ug, uz) -

G (26)

(ur7u97uz)7 Q[}:
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5= (39,62
Op = —, 0¢,0,) =
Po 52200

(7-927 Trz, Tr@) (27)

(7~_9z7 7~—7"z7 7~_r9) - Spo

where Y and d denote the Young’s modulus and the piezoelectric coefficient in the radial direc-
tion, respectively, and :

S=R,/H, H=R,—R,, ; Rnu=(Roa+Ry) /2, po=1.

Here, the direct effects of piezoelectric is considered. In this case, panel is subjected to only
mechanical loading. Sinusoidal pressure loading is applied to the outer surface of the panel,
where both its lateral surfaces are held at zero potential. Since the mechanical pressure loading
is sinusoidal, only one term of the Fourier series is needed to be considered. Figures (2)-(10)
illustrate various entities at locations where they are high. The variation across the thickness
[ = (r — R,,)/H] of the displacements @, at (¢ = «/2,z = L/2)and 4y at (¢ =0,z = L/2)
are depicted in figures (2) and (3) for S = 4, respectively. These figures obviously show that
the distribution of @, across the thickness is parabolic form and variation of a4 through the
thickness is approximately linear.

The variations across the thickness of electrical potential ¢ at (¢ = «/2, z = L/2) is shown
in Fig. (4). This figure shows that electrical potential distribution through the thickness is very
close to parabola form.

The distributions across the thickness of 4., 6g9 and ., at (0 = «/2,z = L/2) are il-
lustrated in Figs. (5)-(7). In these figures we can find that distribution of &, from the inner
surface up to mean radius R, is parabolic and between R, and the outer surface is linear and
distributions of &4 and .. are linear. In all of the above figures the boundary conditions are
satisfied.

The distribution of shear stress 7y, through the thickness at (¢ = 0,z = L) is shown in Fig.
(8).This figure shows that variation through thickness of shear stress 7. is linear.

Similarly, the distribution of shear stress 7,.. through the thickness at (6 = «/2,2z = L)
is shown in Fig. (9). The distribution across the thickness of in-plane shear stress 7,4 at (60 =
0,z = L/2) is depicted in Fig. (10). These two last figure show the distribution of shear stresses
7. and 7, through the thickness are parabolic.

5 Conclusion

In this work we present a semianalytical solution of a finitely long, simply-supported, or-
thotropic, piezoelectric, radially polarized, circular cylindrical shell panel under pressure, where
panel is closed circuit. The general solution of the governing differential equations is obtained
by the method of separation of variables. The displacements and electric potential are expanded
in the appropriate trigonometric Fourier series in the circumferential and axial coordinates to
satisfy the boundary conditions at the simply-supported circumferential and axial ends. The pre-
scribed electromechanical functions on lateral boundaries are expanded in terms of the trigono-
metric Fourier series in the circumferential and axial coordinates. The highly coupled partial
differential equation (P.D.E) are reduced to ordinary differential equations (O.D.E) with vari-
able coefficients by trigonometric function expansion in circumferential and axial directions.
The resulting ordinary differential equation are solved by the Galerkin finite element method.
In this method, we used the quadratic element instead of the linear ones.

Itis always assumed in the analytical analysis (two-dimensional plate and shell theory) of the
piezoelectric structures that the electric potential in the the piezoeletric layers varied linearly and
the displacements change in the form of prescribed functions across its thickness [13]. However,
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it has been shown that the distributions of the mechanical displacement and electric potential of
piezoelectric are very complicated and cannot be treated as pure elastic structures. Therefore,
three-dimensional analysis of piezoelectric structures is recommended even for thin structures.
Since a comprehensive and exact study of active piezoelectric structure is still unavailable, the
present work provides an enhanced insight to the mechanical and electrical behavior of this type
of smart structures. Results of this paper are also useful for assessing approximate analysis.
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Nomenclature

d: piezoelectric coefficient

[e]: piezoelectric constants [C]: the matrices of elastic constants
{D}: and the electric displacement vector

D, electrical displacement

{E}: the electric field vector

Y": Young’s modulus

Greek symbols

{o}: the stress components
{e}: the strain components
[n]: dielectric constants of the piezoelastic material

Appendix

Al PD.E operator’'s

#() Cudl) Ca  Coud()

2 r Or r2 r2 002
Cos + Ces 5( ) i Ci2 + Cgs 62( )

0*( )
022

+ 055

o= T " o00r
Cis — Ca30( ) 0%( )
Ly, . % + (Ci3 + Css) 520
O*()  end( )  es3—ezd( ) 0%( )
Ly = e15 9.2 2 o002 + " o + €33 5,7
I — Cos + Ca () n Chz + Ces 0*( )
ST r 900
82( ) C166 C(66 8( ) 022 82( ) 82( )
Lo =Cua 3+ gy T2 o T Cug
Gy —Ca30( ) 82( )
La. = r 0z (i + Css) 0z0r
L2w:€1582< )—i—%az( )+633_6328( )+ 0*()

022 r2 062 T or €33 or?
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Oy +C50( )

Lar r 0z +(Cis + Cs) 0z0r
I 023 -+ 055 82( )
W 0200
L 0() | CudP() () Cs0()
Lo =Canga T2 g TCu 2 T %,
_es0() ()
Loy = r Oz + (o5 + es1) 0z0r
B (92< ) €94 82( ) 62( ) €33 + €39 8( )
Lar = ess or? + 2 962 t e 022 + T or
__%8( ) et e d*( )
Lao = r2 002 + T 000r
e d() ()
Laz = r Or (o5 + es1) 0z0r
oo mso() () med() ()
W or 7133 or? r2 002 1 022

A.2 O.D.E operator’s

() Cio() Cun Cg

S ~iYe ) w22 Ve 520 2
Ly, =Cu or? r o or 72 72 b = Css b,
. Cor+ Cig Cia+Ces , O( )
L19 - T bm o r bm or
Coz — Ci3 a( )
L, =—=—"p,—(C Css) b,—=
12 ; (Ci3+ Css) or
. o €2 5 €3 —e30() ()
Ly = —es b = 2 bin = r or +es or?
L = Ces 4; Cao by, + Ci2 + Cegs bma( )
r r or
. P() Ce  Ces0( ) O,y 5
Ly =Co gz~ "2+ gy~ 2t~ Cuily
N VP
r r
“ €24 + €32 I( )  exn
L5, = . by o + 2 by
023 + C55 8( )
Ly =——>1p,+ (C Css5) b,——=
3r " + (C13 + Css) or
N Cas Cua
30 — _T bmbn - T bmbn
. 0? Css 0 C
L3, = Css aﬁj + %—ér) - T;;“bfn — Cggb?

() | e
L: = b,—=+ —b,
30 (e15 + e31) or + .
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82( ) €94 €33 + €392 8( )
LY = ot — 222 o pE o 22 02
= OB 2 m eI nt r or
% €24 e tez, O()
40 — 5 bm - bm
r r or
€31 0( )
L, =——10b,— (e15+e3) by——=
4z r ( 15 31) or
* m33 O( ) P() | m2 . 2
L,, =—— — — b b
W r Or 1133 or? + rz M + ibn

Figure 1 geometry of pandl.
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Figure 2 Distribution of @, (c/2, L/2) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).
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-0.4 -0.2 0 0.2 0.4

Figure 3 Distribution of (0, L/2) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).
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Figure 4 Distribution of ¢(«/2, L/2) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).
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-0.4 -0.2 0 0.2 0.4

¢

Figure5 Distribution of &,..(a,/2, L/2) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).
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¢

Figure 6 Distribution of &gg(cv/2, L/2) for panel with .S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).
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-0.4 -0.2 0 0.2 0.4

¢

Figure 7 Distribution of &, («/2, L/2) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).

0.2

0z 7"

Figure 8 Distribution of 7. (0, L) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).
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Figure 9 Distribution of 7., («/2, L) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).
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Figure 10 Distribution of 7,.4(0, L/2) for panel with S = 4 and outer sinusoidal pressure versus
dimensionless thickness (¢).



