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Kinematically nonlinear coupled thermoelasticity of the FGM
cylindrical shell resting on elastic foundations is investigated under
heat shock. The energy and equations of motion are solved
simultaneously as a system of equations for an FG cylindrical shell.
It is assumed that the shell is resting on the nonlinear Winkler
Majid Shahgholit elastic foundation. The classical theory of coupled thermoelasticity
Associate Professor il @long with the first order shear deformation shell theory are used to
solve the problem. The finite element method is employed to
numerically solve the problem in the space domain and the
Mohammad Rezall Newmark method in time domain. Temperature distribution across
Eslami$@ the shell thickness is considered to be linear. The radial
Professor i displacement distributions for different values of the power law

index and the Winkler coefficients are plotted in terms of time.
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1 Introduction

This paper presents an investigation on coupled thermoelasticity of functionallygraded
cylindrical shell resting on elastic foundation. Shell structures under thermal shock loads are
frequently encountered in the structural design problems. Free vibrations of a cylindrical shell
partially resting on elastic foundation is reported in [1]. Paliwal[2] presented the free
vibrations of a cylindrical shell on an elastic foundation. These articles deal with the effect of
elastic foundation on the vibration behavior of the cylindrical shells.
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Sofiev[3] presented large amplitude vibrations of FGM orthotropic cylindrical shells
interacting with the nonlinear Winkler elastic foundation. The study intends to investigate the
large amplitude vibration of functionally graded material cylindrical shells interacting with
the nonlinear Winkler elastic foundation in the framework of Donnell’s shell theory.

For extremely small thermal shock load periods, the coupled thermoelasticity theory is
recommended to be considered [4]. Coupled thermoelasticity of cylindrical shells made of
homogeneous, functionally graded materials, and composite materials based on the classical
coupled thermoelasticity theory are reported in [5-10]. Coupled thermoelasticity of circular
plates made of functionally graded materials under lateral thermal shock load is reported by
Jafarinezhad and Eslami [11].

The generalized thermoelasticity of orthotropic cylindrical shells using the perturbation
method is reported by Wu et al [12]. Eliasi and Eslami presented coupled thermoelasticity of
FGM truncated conical shells [13]. Free vibration analysis of FGM cylindrical shells
surrounded by Pasternak elastic foundation in thermal environment, considering fluid-
structure interaction, is reported in [14]. Alibeigloo [15] has studied the coupled
thermoelasticity of carbon nano tube reinforced composite rectangular plate under thermal
shock load.

The present article deals with the nonlinear classical thermoelasticity problem of a Titanium—
Zirconia functionally graded thin cylindrical shell resting on elastic foundation under
impulsive thermal shock load, where the kinematical relations are assumed to be nonlinear.
The material properties are graded across the thickness direction according to a volume
fraction power law distribution. The governing equations are based on the Sanders theory for
nonlinear strain-displacement relations. The Galerkin finite element method is used to solve
the nonlinear governing equations. The Newmark method for the nonlinear equations is used
to obtain the solution in time domain. The solution is verified with the known data in
literature for the linear coupled thermoelasticity of thin cylindrical shells and nonlinear
coupled thermoelasticity of thin cylindrical shell. The effect of elastic foundation on lateral
displacement of cylindrical shell is investigated in this article. The numerical results are
obtained for the lateral displacement component under several types of thermal shocks and
several power law indices.

2 Analysis

The material properties of the functionally graded shell, such as Young’s modules E(z),
thermal expansion coefficient a(z), thermal conduction coefficient k(z), specific heat
conduction c(z), and density p(z) are described across the shell thickness using the power

law distribution, where z is the thickness coordinate (—% <z< g) and h is thickness of the

shell. We assume that the functionally graded shell is made of metal-phase and ceramic-
phase. It is assume that V,,, and V. represent the volumes of metal and ceramic phases,
respectively, and the volume fraction of each constituent material is denoted by

Ve W .

fm+fe=1 )
The volume fraction is assumed to follow a power law function as
2z + h\* ]

m=< 2h>' fo=1—fo 020 €)
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where i represents the power law index and its variation represents the material variation
through the shell thickness. When value of i equals to zero, it represents a fully metal and
when infinity it represents a fully ceramic shell. It is assumed that Poisson’s ratio is constant
across the shell thickness due to its small variations for the constituent materials.

E(z) =E.+ Epcfm

a(z) = ac + Omefm

K(z) = k¢ + kmefm 4)
p(z) = pc + Pmecfm

c(z) = c. + cmefm

where
Emec = Em — E.
Ome = A — Q¢
Kme = Km — K¢ %)
Pmc = Pm — Pc

Cmec = Cm — C¢
In this article, the FG cylindrical shell resting on the nonlinear Winkler elastic foundation is
considered. The reaction—deflection relation of mechanical model for elastic foundation is
assumed to be
Ny = Liwo + Ky w;g (6)
where N,, is the density of reaction force of the elastic foundation, K; and K, are the linear

and nonlinear Winkler elastic foundation coefficients, respectively, and w is the displacement
components in the z-direction.

2.1 Strain-displacement relations
Consider a thin FGM cylindrical shell with length L, thickness h, and mid-thickness radius R.

The cylindrical coordinates (x, 6, z) are considered along the axial, circumferential, and radial
directions, respectively, as shown in Fig. (1).

Z, Wi

Figure 1 Cylindrical shell resting on elastic foundation with displacement fields
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It is assumed that the thermal shock load is axisymmetric. Considering the first-order shear
deformation theory, the displacement components in terms of the mid-plane displacements are

u(x,z,t) = ug(x, t) + ze,(x,t)
_ ()
w(x,z,t) = wy(x,t)

Where u, and w, present the displacement components of the middle surface of the
shell and ¢, is the rotation of tangent line to the middle plane about the x-axis.

Normal and shear strains at any point across the thickness of the cylindrical shell at a distance
z away from the middle plane according to the nonlinear Sanders assumption are

du, dp, 1 6W0>2
 Ox tz 0x +2(

x|
_Wo
€9 = (8)
aWO
Vxz = P« W

2.2 Stress-strain relations

According to Hooke’s law, the stress-strain relationship is

Ox Q11 Q12 0 J(&x —adT
{09} = [Q12 Qz O ]{56 - aAT} )
Txz 0 0 @ss Vxz
where
E(2) VvE(2) E(z)
O =0Q=7_">3 12 =752 55 30+ v) (10)

Using Egs. (8) through (9a) the force and bending moment resultants are

(Ouy 1 /0wy\2)
_0+_(ﬂ>
dx 2\ dx

Nyx [A11 Az By Bz O 1 Wy NT
Ngg |A12 A2z Biz Baz 0| R NT
Myx p =|B11 Biz D11 Dz O j< 0@y r—AMT (11)
Mgg By, By; D1z Dy O Ox MT
kaZ) 0 0 0 0 Ass 0 k 0 J
adw,

L 5 T )

where A;;, B;j, and D;; are defined in the Appendix. The thermal force and bending moment
resultants are defined as

h
2

NT = f %L\sz (12)

2
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h
2

MT = f%zwzdz

2

Substituting the strain-displacement and stress-strain relations in the above relations, provides
the force and bending moment resultants in terms of the displacement components and
temperature for the cylindrical shell.

2.3 Equations of motion and boundary conditions

The Hamilton principle is used to obtain the equations of motion of a thin cylindrical shell
resting on elastic foundation. According to Hamilton’s principle, the equations of motion are
derived through the following variational equation. The kinetic and potential energies and the
density of reaction force of the elastic foundation are placed in Hamilton’s relation

t
j (6K — 8H + SW)dt = 0 (13)
0

where K, H, and W are the Kinetic energy, strain energy, and the work done by the applied
loads of the FG cylindrical shell, including the work done by foundation reaction.

The nonlinear equations of motion of the assumed thin cylindrical shell resting on elastic
foundation are then derived as

Nxx,x — L, — ¢, =0

Ngg .
Nxx,x(WO,x) - Nxx(WO,xx) + T - sz,x —Liwy — K hwy — KNLhW03 =0 (14)
Mxx,x + Qxz — L, — I3¢, =0

where
L = [ p(2)dz
L = [ p(2)zdz (15)
I = [ p(2)z%dz

Using Hamilton’s principle, the force and kinematical natural boundaryconditions are derived
as

Nxx(auo) = Nxxoruo = Uy
\ (5W0) = @x + Nxle—/O’xOTWO = Wy (16)

Mxx(agox) = MxxorQDx = @y

The barred symbols here represent the known values of the parameters. Using the force and
bending moment resultants and substituting into the equations of motion, the equations are
obtained in terms of the displacement components as
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First equation of motion

02 U owg 02wy 10w, 0%¢, oT,
B T e e ) A
daT; dug 0,
+(R2+R22)6 I1at2 232 =0
Second equation of motion
0%u, (6W0> (6w0>2 02w, 1 (awo)z
1 9x2 \ ox 1\ ox 0x? 120\ ax
029, \ (0w, ow,
_B“'<ax2)(a )+(R1+R12) (0x)
ow, oug [(0%w,
TR+ RZZ) ( dx ) ~Au W( d0x?
(awo) 92w, 4 1 2w,
12\ ax dx? 123 Wo{ 2 (18)
02wy [0, 2w,
- By, ( — )( 22+ Ry + Ria)T, ( —
2w, 1duo 11 /0wg\>
+ (Rz + Rp2)Ty %2 +Agp ax T Arz 73 <W>
1 1 /90, 1 1
+ Ay 5wy + Bia~ (S) = Ry + Rip) =Ty = (Ry + Ry) =T
0*w, 0@ 0%w,
- A55.< axzo + axx> 11 a 20 KLhWO - KNLhW03 =0
Third equation of motion
0%ug 0%wy\ /0wy\ By, /0w, 0%, oT,
B By [ — ) (==2) - 22 (=2) - R, +R )
1 9x2 11<0x2><6x) r(@x) Ox? T (R + 22)<6x (19)

0T, adw, 0%u, 0%,
H Ry + Rp) (F2) +Ass (St 0 ) - L S22 = 152 = 0

2.4 Energy equations
The classical theory of coupled thermoelasticity for the FG cylindrical shell is considered as [4]
peeT + pToéy = (KT,), (20)

Where p is the mass density, c, is the specific heat at constant strain, § = (34 + 2u), T, is
the reference temperature, k is the heat conduction coefficient. This equation may be written
in expanded form for the assumed conditions. We move all terms of the equation to the left
side of the equation and calling it the residue R(T). The resulting residue R(T) is made
orthogonal with respect to 1 and z. This yields two independent equations for T, and Ty, as it
is made orthogonal with respect to 1 and z for T, and T; . Temperature distribution may be
considered linear across the shell thickness as

T(x,0,z,t) — T, =Ty(x,0,t) + zT,(x,6,t) (21)
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The assumed temperature distribution is substituted into the energy equation [22] and the
resulting residue Re(T,z) is made orthogonal with respect to 1 and z. This yields two

independent equations for T, and T; as

[Re.dz=0
[Re.z.dz=0

The boundary conditions for energy equation are considered as

h
W= 7=
2
9 h
kg = z=3
kaT| =0 =0
ox ' *=
L =1
oxl *=

(22)

(23)

(24)

(25)

(26)

where L is the cylinder length and Q; and @, are the heat flux applied to the inside and outside
shell surfaces, respectively. The two energy equations in terms of the displacement

components are written as follow. The coefficients are given in the Appendix.

First:
[T (R, + R) ( aa;t)] +2 [T+ R (5)] (w0’
62
+ [Ta(Rl + Ri2) = ( )] wo + IT (R2 + R32) (6 m)l
62 0 0?
[ ) o )0
Second: _

[T (Rz + Ry3) (aazat)l Ug + 1 [Ta(Rz + Ry2) (i)] (Wo,x)2

62
+ [Ta(Rz + Ry2) = ( )] wo + IT (R3 + R32) (6 m)l Px
d 02 d 02
+ sz.(a)_Kz.ﬁ T0+ 633 <a>_K3.ﬁ+K]‘ T1

h
= E(Qo + Ql)

(27)

(28)
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The resulting energy equations, as given by Eqs, [26] and [27], are nonlinear due to the
assumed nonlinear kinematical relation.

The simultaneous solution of the nonlinear equations of motion and nonlinear energy
equations provide a system of equations to be used to determine the vibrations of the shell
under the applied thermal shock load and with elastic foundation. This system of equations
involves five unknown functions u,, wy, @, Ty, and T; as functions of time for the coupled
thermoelasticity problem of functionally graded cylindrical shell.

A numerical technique is used to solve the governing equations in time domain and the
Galerkin finite element method employed to obtain the solution in the space domain. Before
solving the problem, the governing equations are made dimensionless. For this purpose, the
following dimensionless parameters are defined [4]

dimensionless length:

% =" (29)
=1
dimensionless time:
£ = % F= % (30)
dimensionless temperature:
_ T-T,. To- LTy
AT = =—T, =— 31
== (31)
dimensionless displacement field:
— (Am + Z.Um)uo — (Am + Zﬂm)WO _ (Am + Z.Um)(px
Uy = , Wy = , o Oy = (32)
LymT, Ly T, YmTa
dimensionless stress:
_ Oij
O'. . = 33
7 ¥mTa 39
Where
k
=—=2 (34)
PmCmCy
2
c, = Am + 2 (35)
Pm

and Yp, A Ums Pms Cmo km, @nd v are the metal physical constants.
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2.5 Finite Element Method

The dimensionless equations of motion and energy are solved with the Galerkin method in
space domain and Newmark method in time domain. The linear shape function is employed to
model the finite element equations. Proper explanations for the accuracy and convergence of
this model is provide by Hetnarski and Eslami in reference.

Due to the assumed symmetric thermal loading condition, only the longitudinal element is

required. Calling the element function ¢(© along the longitudinal direction, the variation in
the base element (e) is

¢ = N;p; + N;¢; (36)

and the shape functions in terms of the local coordinate ¢ are

1
(N 5(1—5)
{N}—{N,.}— e
2

The variations of the unknown functions involved in the governing equations in the base
element (e) are

Uoi
Uo(x, t) =< Ny; Nqu > {Ugjgg}

_ Woi(t)
Wo (x, t) =< Nyo; Nyoj > {Wol(t)

|
@x(x,t) =< Ny, Ny, {g;%g}
|

Troi (t)
) T. (t)
Ti(x,t) =< Nr,; NTl] > {T;Ll (t)}

The dimensionless nonlinear equations of motion and energy, employing the assumed shape
functions given above and proper weak formulations for the coupled problem [22], are written as

( 2414 Ny aNuOU ) + 2YmTaA11 ONyg ONyy
(Am + 2pup)L 08 9 °° (A + 2u)%L 0§ 0¢
-1

A12 aNuOl 2Bll aNuOl aN(,ox
N, oW, (t t
¥ Gt 2y 08 oot e ae o O
(37)
(R1 + Rq2) 0Ny, (Rz + Ry2) 0Ny
- "y 38 NroTro(t) — 12 PR NrqTrq(t)

_h 0?Uo®) I 0%, () ]
zme NuOl uo at—z +2me2 NuOlN(px axz ) E = NuOlex|£1

Wo(t) 232wy )

f

+
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1
f ( A1z ONy,01 4YmTaA11 9Ny 0Ny

N. W, dN,,
G+ 22 ag Nuolo(8) + () =20y (6)

(A + 2p)?L 0 0% ¢

2VmTaAlZ anOl

+(/1m+2llm)27’x PY; WOWO() af =2 Wo (8)
i Sy e g MO )

e i—A;;m)L 61;:;0[ ag? Wo(®) +2(/1 izzzL m)erW“NWWO(t)

A 2

(‘;mlfg";ma))%a’;g“ "’;V;O W) ag 0 1y (1) Lo S Wo(®

Tt B ot g O GENO)
o™ fiﬂm)f';”g"llvwcpxu)m f;zm) — Nuor aé = ()
- mlz;l/_—mli:lZ)NwolNToTTo ) - %NW(”N“T”(Q
—zplewol woazgvfoz(t) L2 ¥ 21 NyworNwoWo (t)

L2y,,2T,%h

— Ky, ———————= N, N N, N,
ML+ 2 )3 ol woWo (€)Nyyo W (£) w0Wo(t)> d¢

1 2V T, AN,,0 1
= _NWOIQ xl_1 - (ﬁ) NwOl 66 Wo(t) N~ xx 3
7 2B ON,.,; ON.
f 11 . xpl u0 Uo(t)
A + 2up)L? 0§ 08

+ ZVmTaBll aNq)xl anO
(Am + 2um)?L* 0§ 08
+ B12 aNq)xl
(A + 2 Lr 0

2D dN,,; ON, A
11 ; pxl px ¢x(t) + 55 N(pxl
(/1 +2um)L? 9§ 0% 2(Am + 2um)L
(R, 4 Ry5) 0N,y (Rs + R3,) 0N,
- Zy LZZZ a(gx NroTro(t) — 3}/ L332 a(gx Ny Tr(£)
m m

I, CRING) I3 az¢x(t)> de

Wo (t) = Wo ()

6
Ass N0
Ay + 2um)L O 0¢

N(pxd)x (t)

Ny oWy (t) + Wo( )

(39)

T op 2 Vel —gm— T o s NoulNor —5

- <ple _xxl_l
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1
(Ry + Ry2)T, 0Ny, AU, (1)
A + 2, L% 70 08 0F
-1

(Ry + R12)2T, "V 0Ny, Ny AW, (t)
O 22z o W) 557

(Ry + R1p)T, IWo(t)  (Ry+ Ry)T, 0Ny 0, (1)

A + 2)2r O8O 38 T A + 20, L2 T 08 ot

Ci1 1 N dTro(t)  Cpp 1 dTr,(t) (40)
+y_ﬁ TOl TOT Eﬁ TOl TlT

m

T.
T2 a9t ag W T e e
1

Trq(t))dé

Y Tl2C, f

-1

L T |
Nroi(Qo — Qi)zdf + Nro; <f K(z)a—édz) )

-1

1

f (Rz + Ry)T, ONyo U, (t)
(A + 2u)2 ™ 0& ot

-1

(Ry 4+ Rp2)2T, %Y . 0Ny 0N,y OW, (1)
272 V1l Wo(t) 53

(L + 2p4)2L FH 98 ot

(R + Ry)T, oW, (t)
(A + 2p) 2L THWO5E

(R3 + R3)T, ONyx 0, (1) + %LN 0Tro(t)
A + 203 T 98 9F oy, 202 THTO HE (41)
Caq 1 9T (t 2K, ONp, ON

33 Tl( ) 2 T1l TO TT()(t)

Y 213 T gE Ty L2 9 0

o _2Ks ONpy 9Ny
YmCiL® 0§ ¢

L Try(8))dE

1

 YmTLI2C, J

-1

hL aT '
Nryp.(Qp — Qi)Tdf + Ny <f K(Z)Zﬁdz) _1>

where 1 = I,j. Note that in the above equations the following matrix notations are considered.
Here, Q; and Q, are the inner and outer non-dimension applied heat flux and K, and Ky, are
winkler coefficients.

0o® = {0}
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and
Nawoy =< Nwoiy  Npwojy >
Nwoy =< Nwoiy  Nwojy >
Ny =< N3 Nip,j} > (42)
Ny =< Nroy  Niry3 >
Ny =< N,y Ny >

The set of equations given by Egs. [37] to [41] for the base element \left(e\right) with nodes
i and j are assembled for all elements in the solution domain to receive at the following
general nonlinear finite element equation.

[MIEX} + [CCONX} + [KCOIX} = {F(©)} (43)

It is noted that due to the nonlinear nature of the governing finite element equations,
capacitance, and stiffness matrices [C], and [K] are variable dependent

2.6 Numerical method

Due to the nonlinearity of the governing equations and coupling of the displacement terms
and their derivatives in these equations, an incremental solution method is adopted to check
the thermal stability of the shell.

The nonlinear finite element equation (43) is solved by time marching method assuming that

the initial conditionsX,and X, are given [23, 24]. The force function {F} is the assumed

thermal shock load known in terms of time and is given at any step time. The numerical

solution is accomplished through the following steps [25].

e Step 1. The cylindrical shell is discretized into a number of elements along the axial
direction with axisymmetric assumption.

e Step 2. The initial values of the middle surface displacement components, rotation, and
temperatures T, and T, in the unknown matrix {X,} are set to zero. The initial first time
rate of these functions, X,,, are also set equal to zero.

e Step 3. The mass, stiffness, and capacitance matrices are calculated using the initial values
of mid-plane displacement components give in step 2.

e Step 4. The matrix {X,} is calculated from Eq. (43) using the mass, stiffness, and
capacitance matrices with the given {X,} and X,.

[MI{X} + [CCON{X} + [KXONUX = {F(D)} (44)

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 25, No. 2, Sep. 2024
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e Step 5. Time is incremented. Choosing Atand calculating tg,.,3 = At + t,,, where n is the
step time counter.
e Step 6. Calculating the Newmark integration constants according to the following

equations. Two parameters y and S are selected. The parameter y = %ensures second order
accuracy and 8 =% makes the algorithm implicit and equivalent to the trapezoidal rule
[22].

o = [M] [c]
1= saez TV gar

: _%+</%_1) lc] (45)
s = (%— 1) [M] + At (%— 1) [C]
[K] = K]+

e Step 7. Calculating the equivalent stiffness and force matrices ]K] and ]F] and predicting
with assumption {X}g413 = {X}5.

ai{x}
{Fhner = Flnpr +ag x X}, + a; X @ + az X { } (46)

ot T (ae?)
K] ., =Kpsgy + a1 (47)
e Step 8. Calculate the residual vector
(R}, = Floss = [KKns )X i1 — az X (X} (48)

e Step 9. Solve the term A{X} from the equation

{§n+1}

[k]n+1

e Step 10. If |A{X}| < {n}, {n} being the convergence parameter vector, calculate the
velocity and acceleration vectors from the next step.

e Step 11. Calculate the nodes velocity {X} and acceleration {X}from the following
equations and enter them into the next time step.

A{x} = (49)

d{X}n11 X — {X}n Y\ d{X}n Y\ d* (X}
T * (1 B E) ac A (1 - ﬁ) dt? (46)
d* X1 X =X 1 diX, Y\ ¥ { X
ez~ BAt? BA dt T at (1 a ﬁ) dt? 47)
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Step 12. If|A{X}| > {n}, we consider A{X}™ instead ofA{X}, where m is the iteration
counter and

AXY™ = (N — (X

{n+1}

e Step 13. Calculate {X}%K’f}} from the above equation, where {X}g‘l +1} at the first iteration is

equal to {X}%n +13 OF {X}{n+1) predicted in step 7.

o Step 14. Recalculate {R}gn4qy and [K]  with xyimel).

o Step 15. Calculate A{X} with new {R} and [K] _and check the convergence. If
converged, go to step 11 otherwise go to step 12 for the next iteration m.

3 Results

The formulations and method of solution derived in this research are validated with those
reported byBahtui and Eslami. For the comparison with this reference, the displacement fields
are calculated based on the linear coupled thermoelasticity of the FG cylindrical shell by
eliminating the nonlinear terms in the strain-displacement relations. The dimensions of the
cylindrical shell, material, boundary conditions, thermal shock, and dimensionless methods
are selected similar to those used in Behtui and Eslamiarticle.

The radial displacement versus time at the middle length of the functionally graded cylindrical
shell is presented in Fig. (2) The material is Ti6Al4V/ZrO, and the power law index is
selected equal to zero. Similar to reference, the clamped cylindrical shell under inside
impulsive thermal shock load is considered. The ratio of length of shell to radius is equal to 5

and the ratio % is 10, where h and R are the thickness and radius of the shell, respectively. The
equation of thermal shock similar to reference is:

T(t) = 2201.85 x qTe{~13100bt} 4 298 15

wherea and b are selected such that the impulsive shock period becomes {10}{~¢ s and T(t)
is the time dependent temperature. This equation generates a convective heat flux equal to

hiinp\timesW . .-
2201.85 x {}\1:1—2 in 0.5\mus. The thermal boundary conditions at the ends of the shell
are assumed to be insulated. The coefficient of thermal convection of the ceramic-rich inside
surface is (hg,y = 10,000 % K) and that of the metal rich outside surface is (hg,,¢ = 200 %

K). The comparison shown in Fig. (2) is well justified.

Bahtui

-

= = = « Presant

Radial displacement (Nano meter)

0a av 74 111 148 185 222 259 296 333 370 400
Time (Micro second)

Figure 2 Comparison between the radial displacement of middle length of the shell versus time with that
reported in [5].

The Iranian Journal of Mechanical Engineering Transactions of ISME Vol. 25, No. 2, Sep. 2024



20 Hossein Eliasi et al.

Table 1 Material properties of FGM

Metal Ceramics
E(Gpa) 66.2 E 117
v 0.327 v 0.327
a(1/K) 7.11 * {10}{-6} a 18.48 * {10}1-¢}
p(kg/m?) 8.9 x {10}3 P 2.37 x {10}3
K(W/mK) 6.08 K 1.775
¢ (J/kgK) 625 c 529

The aim of this research is to check the effect of elastic foundation around shells under an
applied thermal shock load and check the vibrations of shell with several thickness to radius
ratios and length to shell diameter ratios.

Now, consider a simply supported functionally graded cylindrical shell under the outside
impulsive thermal shock. The ratio of the length to cylinder diameter is assumed to be 2, and

the ratio % is considered to be 15. The functionally graded shell is assumed to be made of

combination of metal (Ti-6Al-4V) and ceramic (ZrO2), at the initial temperature 298.15 K,
with the material properties given in Table (1) . The shell is ceramic-rich in inside and metal-
rich at outside surfaces, respectively. The same boundary conditions at both ends of the
cylindrical shell are considered.

Consider the linear and nonlinear winkleer elastic foundation coefficients K, and Ky,,. Here,
the dimensionless coefficients are K;and Ky, . The functionally graded shell is studied for the
power law indices of i = 0 and i=10, for a metal or almost pure ceramic shell. The plots of
radial displacement versus time for different values of the Winkler coefficients are presented
in the following figures. The response of the shell for thermal shock condition with several
thickness to radius ratios and length to shell diameter ratios are studied. The thermal shock
load is considered in form of Q = At3e~B¢ heat flux applied to the outside surface of the
shell, where A and B are some constant parameters. The thermal shock load, calling Q, is
selected with values A=960 and B=0.55. The time period of Q is less than the lowest natural
frequency of the shell.

Figure (3) shows the radial displacement of middle length of the shell versus time (150
dimensionless time) with several Winkler coefficients under the shock load Q, when the
power law index (i) is equal to 10 with the assumption of nonlinear strain-displacement
relations. Radial response of the shell is stable, vibratory, with small time periods, and follows
a long range vibrations as time advances.

na 2 £ 3]
(=] (=1 = [

Dimansionless Radial Displacement
=

=]

(=2

20 40 60 B0 100 120 140 160 180 200
Dimensionlass time

Figure 3 Radial displacement of middle length of the shell versus time with several Winkler coefficients,
considering the nonlinear strain-displacement relations and i =10.
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Dimensionless Radial Displacement

0 20 40 60 80 100 120 140 160 180 200
Dimensionless time
Figure 4 Radial displacement of middle length of the shell versus time under the shock Q and power law
indices 0 and 10, considering the nonlinear strain-displacement relations

The amplitudes for lower Winkler coefficients is larger compared to larger coefficients, where
Kg1y =Ky =0, Kpp =2%107 N/m3, Ky, =7.5%x 10" N/m®, and K3 =2X
108 N/m3, Ky,53 = 7.5 X 10'2 N/m>. Here the power law index is equal to i = 10 which
shows that the shell is almost pure ceramic. When the Winkler coefficient increases, the
stiffness of the foundation increases and the shell becomes more resistant to deformations. In
the first curve, the linear and nonlinear Winkler coefficients are considered to be zero (Ky; =
Kyi1 = 0). In the second curve, non-zero Winkler coefficients are considered, and are
assumed to be Ky3/Ky, = Kyi3/Kni2 = 10. In the third curve, the Winkler coefficients are
considered 10 times larger than the second case.

Figure (4) shows the radial displacement of middle length of the shell versus time (150
dimensionless time) under the shock load Q, when the power law index (i)is equal to zero and
10 with the assumption of nonlinear strain-displacement relations, where the Winkler
coefficients are equal to K, = 2 x 107 N\/m3and Ky, = 7.5 X 10'* N/m® . The problem is
solved with these coefficients and is shown in the second curve of Figure (3). Radial response
of the shell is stable, vibratory, with small time periods and follow a long-range vibration as
time advances. The amplitudes for the power law index i = 0 is larger compared to i = 10, as
the power law index i = 0 represents pure metal with lower modulus of elasticity compared to
the ceramic for larger power law indices of the FGM shell. As the power law index increases,
the material changes from metal state to a combination of ceramic and metal.
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Figure 5 Radial displacement of middle length of the shell versus time for different R/h ratios and i=10.
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Figure 6 Radial displacement of middle length of the shell versus time for different L/D ratios and i=10.

In this condition and under the same thermal shock load, the amplitude of vibrations decrease
and the frequency of vibrations increase with the increase of the power law index. Here, the
radius to thickness of shell ratio is equal to 15 and length to diameter ratio is equal to 2.

Figure (5) shows the radial displacement of middle length of the shell versus time under the
thermal shock load. This figure shows the radial displacement for different ratios of radius to
shell thickness. The figure indicates that when ratio of radius to shell thickness increases the
amplitude of vibrations increase too for different Winkler coefficients. This figure shows that
there is a possibility of buckling as a result of reducing the thickness to radius ratio.

Figure (6) shows the radial displacement of middle length of the shell versus time under the
thermal shock load. This figure shows the radial displacement for different ratios of shell
length to shell thickness. The figure indicates that when ratio of shell length to shell diameter
increases the amplitude of vibrations increase too for different Winkler coefficients. This
figure shows that there is a possibility of buckling too as a result of increasing the shell length
to shell diameter.

4 Conclusion

The coupled thermoelasticity theory is formulated employing the nonlinear strain-
displacement relations. When the coupled assumption is considered, all the governing
equations, including the energy equation, become nonlinear where the solution of which is
complicated. The analysis presented in this article provides a method to handle the
mathematical complexity of the problem.

The article presents the analysis of cylindrical shell resting on elastic foundation under
impulsive thermal shock load. When the Winkler coefficients increase, the radial
displacement of cylindrical shell decreases. In this condition, the stiffness of shell increases.
Here, a comparison is made between the results of the several shell geometrical dimensions.
The amplitude of vibrations decrease and the frequency of vibrations increase with the
increase of the power law index. The amplitude of vibrations increase with the increase of
shell length to shell diameter ratios. The amplitude of vibrations increase with the decrease of
shell thickness to shell radius ratios too. How about the Winkler effectthe main issue in this
paper is the effect of elastic foundation
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Appendix

Ap =4y = fE(Z)dZ

A, = [E+(2)vdz

__JE®
2(1+v)dz

Bi1 =By = fE(Z)ZdZ

By, = [ E(2)zvdz

Dy = Dizpy = fE(Z)ZZdZ

Dip = fE(Z)ZZUdZ

R, = [ E(@)a(z)dz

Ry, = [ E(@)a(z)vdz

R, = [ E(2)a(2)zdz

Ry, = [ E(2)a(2)zvdz

R; = [ E(2)a(z)z?%

R3; = fE(Z)“(Z)szdZ

C11 = [ p(2)c(2)dz

Coz = [ p(2)c(2)zdz

C33 = [ p(2)c(2)z*%

K, = [ K(2)dz

K, = [ K(2)zdz

K; = [ K(z)z%dz

A55
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