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This paper is dealing with the Elastoplastic analysis of rotating disks
of variable thickness made of functionally graded materials based on
Tresca's yield criterion. To do so, the governing equations of rotating
annular disks are established based on the elasticity theory. Then,
using Tresca's yield criterion and the elastic-perfectly plastic flow law,
the displacement equations and stresses are obtained in the plastic
region. In order to find the effects of the shape of the disk profile on
its stress distribution, the thickness of the disk cross-section is
supposed to vary as an exponential function of the radius. In addition,
considering different places at which the yielding starts, the process
of expanding the plastic flow is investigated. The obtained results are
validated against those reported for homogeneous as well as constant
thickness FGM disks, showing good agreement. The findings also
demonstrate that taking the variable thickness for the disk cross-
section into account has a significant effect on the stress distribution
and prediction of the place where the yielding initiate.
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1 Introduction

In most engineering designs and analyzes; the equivalent stress is not allowed to exceed the
elastic limit and applying the safety factor makes the situation worse, so that one cannot use the
full capacity of a structure to withstand the applied loads. It means that the weight of the
structure, costs construction, and in some cases fuel consumption would increase.

Rotating equipment, such as rotating disks, play a key role in various industries, i.e., aerospace,
automotive, and marine, so that it is necessary to accomplish research on its various aspects.
Recently, the applications of functionally graded materials in manufacturing the rotating disks
have attracted great attention. These materials show gradual and continuous changes of
composition, structure and properties in different directions of the piece.
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In 1925, Laszlé studied the elastoplastic behavior of a rotating disk and since then, this subject
attracted the attention of other researchers [1]. However, more serious efforts in the field of
elastoplastic is attributed to Gamer. He published four papers on the deformation and
distribution of the elastoplastic stresses in a rotating disk with different boundary conditions
using the Tresca's yield criterion and flow law. Gamer supposed a constant value for the disk
density and thickness [1-4]. Glven investigated the effect of density on the elastoplastic stresses
of a rotating annular disk of variable thickness [5] and under external pressure [6], considering
Tresca's yield criterion and flow law. Rees compared the stress distribution of rotating disks on
the basis of both Von Mises and Tresca's yield criterions and obtained a significant difference
between these two [7]. You and Zhang presented a solution for elastoplastic of a solid-state disk
using Von Mises yield criteria [8]. You et al., presented a numerical solution, based on Runge-
Kutta numerical method, for a variable thickness and density rotating disk with a nonlinear
hardness [9]. Eraslan and Orcan analyzed an elastoplastic tension of solid-state rotating disk of
exponentially variable thickness and linear stiffness [10]. They presented an analytical solution
using the Tresca's yield criterion, the linear flow, and linear strain hardening rule for
elastoplastic deformation of a solid-state rotating disk [11]. In another work, they investigated
the point at which the yielding initiates in a variable thickness annular disk [12]. Vullo and
Vivio solved the equations of a rotating elastoplastic disk of variable-thickness and nonlinear
strain hardening [13]. Toussi and Farimani analyzed the deformation in a rotating elastoplastic
disk for velocities more than yielding limit. They investigated the effects of different
parameters, including cross-sectional profiles and material properties, on the critical velocities
of the disk [14]. Haghpanah et al., presented a numerical solution for the elastoplastic analysis
of a rotating disk made of functionally graded materials of linear hardening [15]. Zamani Nejad
et al., presented an accurate analytical elastoplastic solution for a constant thickness rotating
disk made of functionally graded material [16]. Lomakin et al. analyzed the elastoplastic strain
fields of an annular rotating disk using the Von Mises' yield criterion in conjunction with the
flow law [17]. Thawait et al. presented an elastic analysis of functionally graded variable
thickness rotating disk by element-based material grading [18]. The results of that work showed
that there is a significant reduction of stresses in functionally graded material disks as compared
to homogeneous disks and the disks modeled by power law functionally graded material have
better strength. A finite-difference method is used to obtain the thermal elastic-plastic stresses
and strains for a rotating annular disk by Sharma and Sanehlata [19]. In that work, the disk was
made of functionally graded materials whose thickness decreases exponentially and density
increases exponentially with non-linear strain hardening behavior. An analysis of propagation
of elastic-plastic front of functionally graded rotating disk under centrifugal and thermal load
in post-elastic regime has been done by Nayak et al. [20]. In that work the modeling of
functionally graded materials has been done using power law variation of volume fraction.
Semka et al. analyzed the use of various piecewise linear and smooth plasticity functions and
flow theory to solve the rotating disk problem and to compare the determined displacement and
deformation fields for the selected plasticity functions [21]. In that work, it has been proved that
the Tresca yield condition can be employed to solve problems similar to the rotating disk
problem. Sharma et al. studied thermoelastic characteristics in the functionally graded material
rotating disk with the help of a finite element method under exponentially and linearly varying
material properties along radius of disk [22]. Kholdi et al. presented a thermo-elasto-plastic
analysis of a rotating disk made of functionally graded materials using successive
approximation method [23]. They have investigated effects of angular speed, percentage of
ceramic particles, particle reinforcement power, and boundary conditions on radial and
tangential thermo-elasto-plastic strains, stresses, and equivalent stresses.

To the best of the authors’ knowledge, there is a lack of comprehensive study of the elastoplastic
response of variable thickness functionally graded annular disks.
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In the present paper, this deficiency is tried to be fulfilled. To do so, variable thickness
functionally graded circular annular disks are taken into account in conjunction with Tresca’s
yield criterion in order to study the elastoplastic response. Figure (1) shows a schematic
representation of the problem under consideration, and the geometrical and loading main
parameters. In this figure, a and b are respectively the inner and outer radius, and w the angular
velocity.

2 Governing equations

As shown in figure (1), there is a circular annular rotating disk at an angular velocity of w with
the internal radius of a and external radius of b made of functionally graded materials that is
sufficiently thin and large. According to the geometry of the problem, formulation and review
of results in a cylindrical coordination is performed and presented. The thickness of the disk
cross section, the elastic modulus, the density, and the yielding tension are assumed to be in the
form of power-law functions of the radial coordinate, as presented by equation (1).

Stn

h() = ho (7)
Tr
E(r) = E, (E
o 1)
p(r) = po (%)6
Sgn

0v(r) = oy, (7)

in which hy, Ey, po and oy, are the thickness, modulus of elasticity, density, and yield stress at
the outer radius, r = b, respectively.d, 6g, 6, and &, denote some constant values, and n is the
power parameter. If the properties presented by equation (1) are generally denoted by P and its
value in the outer radius by P,, the variation of the dimensionless property, i.e., P = P/PO’ can

be depicted as a function of dimensionless radius, ¥ = r /b, as shown in figure (2).

SN

Figure 1 Schematic representation of a FGM disk and its main parameters
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Figure 2 Variation of an arbitrary dimensionless geometrical or material property P, as a function of the
dimensionless radius r

2.1 Elastic Behavior Analysis

The equilibrium equation of the rotating disk considering the thickness effect is given by
equation (2):

d
p (hro,) — hog + hpw?r? =0 (2)

in which a,- and oy are the components of radial and circumferential stresses. It should be noted
that body force due to the weight (pg) is neglected. The radial and peripheral displacements are
considered as u and v, respectively. Regarding axisymmetric assumption, there is no
circumferential change so that v = 0. Therefore, the strain-displacement relations in the
cylindrical coordinates are equal to:

_du
= ar

_u 3)
&g _T
Yro =0

in which &, is the radial strain, &4 the circumferential strain, and y, the shear strain. Using
Hooke's law for the plane stress state and substitution of strain-displacement relations presented
in equation (3), the stress relationship in term of radial displacement is given by:
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_ E(@) (du u
or=1(gr+7)

4)
O0g =

Lr) (u du)

1—v2\r dr

where v is the Poisson ratio. Using the stress components presented by equation (2), the
equilibrium equation of the disk might be expressed by equation (5):

,d?u du
oz + (ng +n, + 1)ra + ((ng + ny)v—1u

Q)

1 —v?
Ey

pobnE—npwzr(np—nE+3)

Hereafter, the parameters n, = §;n, ng = dgn, n, = §,n, and n, = §,n are used in order to
simplify the derived equations. The analytic solution of the second-order differential equation
of (5), in term of displacement, has the generalized form as:

u=—Ar"™4+Cir'™ 4 C,r™2 (6)

Where C; and C, denote integration constants., and A, m;, m,, and m; parameters can be
formulated as follows:

_ a2
(1 E % )pobnE—nPwZ
0

=np(np+6)+(v—np—3)nE+(np—nE+3+v)nt+8

—(ng+n) + \/("E +n)2 —4((ng +ny)v—-1)
My = 2 (7

—(ng +n) — \/(nE +n)2—4((ng +nyv—1)
m, = 5

mg=n,—ng+3

By substituting equation (6) into (4), the radial and circumferential stresses can be obtained
using the following equation:

E(r)
T

[—A(m; +v)r™s D4 (my +v)Cr™~ + (my + v)Cor™2Y
(8)

E(r
( )2 [—A(m3v + D)r"™ 1+ (myv + 1)Cr™ 1 + (myv + 1)Cr™21

Og = ———
71 —v
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Constants C; and C, can be obtained from the specified boundary conditions. For an annular
disk, radial stress at the inner radius (o,),-, and outer one (a,),-p iS zero. Consequently,
applying the boundary conditions for an annular disk, the constants C; and C, are obtained as:

(amzb(3) — gM3p™2 +nE—np)R

L7 (my +v)(@™2b™ — gmipm2)

9)
(am3—1bnE—nP+m1—1 _ aml_lb(z))R
2= (m, + V)(amz_lbml_l _ aml_lme_l)
where R denotes a constant parameter which can be expresses by equation (10).

" ny(n, +6)+(v—n,—3)ng + (n, —ng +3+v)n, +8

In order to obtain a general solution, the following dimensionless parameters are taken into
account:

_ Uk, % r
u= _| L F=—
Jyob Q [O_Y J bw b
_ O, _ O
%= fﬁ a:% (11)
~ CEb™" =~ C,Eb™"
17 C,
Oy, Oy

2.2 Investigation of yielding initiation

To obtain the angular velocity corresponding to the yield threshold and investigation of the
yield conditions, the Tresca's yield criterion has been used. To do so, the principal stresses must
be obtained. On the other hand, the order of the main tensions (o, and oy in this problem)
depends on the numerical value of the exponential parameters n., ng, n,, n, and the ratio of
radii (T/b). Therefore, referring to reference [16], to monitor the start of yielding, the

dimensionless variable ¥ has been used. This variable is based on Tresca's criterion and is
defined as:

Y (7) = 7" Max{(G5 — 6,), (G5), (6,)} (12)

The above criterion states that yield starts at a point at which W has its highest value, i.e., ¥=1.
To analyze the behavior of a rotating disk made of functionally graded materials, depending on
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the value of power parameters, the yield may start from inner radius, outer radius,
simultaneously at inner and outer radius or somewhere in between.

2.2.1 Initiation of the yielding from the inner radius
Yield begins from the inner radius when ¥ (a) = 1 and function ¥ at the inner radius is of the

highest absolute value. Using the stresses expressed by equation (8) and the boundary condition
as (6,)7=g = 0, the non-dimensional critical angular velocity, €., is obtained as:

Np1 ={S[-(my +v)(Mm, +v)(mzv + 1) (@™ — am)ams) 4 (myv
+ 1)(m; +v)(m;
+v)(@m: — am)am™ (13)

+(myv + 1)(my +v)(m3 +v) (@™ — a™)a™m=]"1}%5

where S and H are constant parameters presented by equations (14) and (15), respectively:

(A =vH(my +v)(m, +v)(@™m —a™)

S H(a)nlg—na—l

(14)

(1-v?)

H =
np(np+6)+(v—np—3)nE+(np—nE+3+v)nt+8

(15)

2.2.2 Initiation of the yielding from outer radius

In this case, the yield begins at the outer radius where the function ¥ has the highest absolute
value, i.e., ¥(1) = 1. Using the stress components and the specified boundary condition as
(6,)7=p = 0, the non-dimensional critical angular velocity, Q.,, is obtained as presented by
equation (16):

Q,, ={S, [~(m, +v)(m, +v)(m3v+1)(z§mz —E”‘l)+(rrllv+1)(m2 +v)(m3+v)(§m2 —amS)

m mm 70105 (16)
++(my+1) (m, +v)(m, +v)(a™ -a™ )]
where the constant S, is defined as:
5, = (1 —v»)(m; +v)(m, +v)(@™ — a™) (17)

H
2.2.3 Simultaneous yield at the inner and outer radius

In this case, the yield starts simultaneously at the inner and outer radius, where the function ¥
is of its highest value, i.e., ¥(a) = 1 and ¥ (1) = 1. Regarding the boundary conditions of
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the disk and using relations (13) and (16), the critical dimensionless angular velocity of the
rotating disk, Q.,., and the critical power parameter, n,., are obtained by solving equation (18):

[ Qe = {Sa[=(my +v)(my +v) (mgv + (@™ — a™)a™
+|K(m§|1v + 1)(m2 + V)(mS + V)(C_lmz — C_lm3)ﬁm1

+(m2v + 1)(m1 + v)(m3 + V)(ﬁm3 _ C_lml)c_lmz]_l}o's =0

< (18)

e = {Sp[=(m1 + V)(my +v)(mv + D (@™2 —a™)

+(mv + 1) (my, +v)(mg +v)(@™2 — a™s)

& +(myv + D)(my +v)(my +v)(@™ms — a—ml)]—l}o.s =0

2.2.4 Initiation of yielding at some place between inner and outer radius
Considering ,, as the radial position of the points at which the initiation of yielding occurs,
the following relations are valid.

l‘U(fep) =1
d¥
dr

(19)

F=Tep

For a power parameter n, the required rotational angular velocity to start the plastic flow and
the starting point of the yield is calculated by equation (19).

2.3 Analysis of Plastic Behavior
In this section, the stresses are always considered to be arranged in such a way that gy > o, >

g, = 0. Accordingly based on the Tresca's criterion, o = oy is considered. Substituting oy
into the equilibrium equation (2) implies the following differential equation:

d
— (hro,b) = hayo(%)"ﬂ — hpw?r?

dr (20)
Solving the first-order linear differential equation (20) yields:
p n rhe n 2 T‘(np"'z) (Cne-1) (21)
= b_ a (—) — b— p S C —ng—
or = o ng +n, +1 Po w(nt+np+3)+ 3"

In this relation, C; denotes the integrating constant that can be calculated according to the
boundary conditions. Dimensionless shapes of stresses in the plastic region, 67 and &,.*, are as:

G5 = ()"
N\ Mo 2
6rP — ( (T') ) _ ( Q )f(np"'z) n 5317(_nt_1) (22)
ng+ng+1 ng +n,+3
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where C; is defined as:

_ Cs
Cy=———
7 gy bnett (23)

According to the plastic flow law and the stress state (oy > 0, > g, = 0), &, = 0 s considered.
Taking the constant volume law in the plastic region into account, i.e., £ + 5 + &£ = 0, one

would have e§ = —&f. The total strain in any direction is the sum of elastic strain and plastic
strain in that direction:

& =¢&f
24
e (24)
gg = gg t &

where superscripts e and p respectively denote the elastic and plastic part of the strain. Using
the strain-displacement relations, the Navier equation in the plastic region is obtained as:

r(np+2)

nt+np+3)

du 1 (r)‘"E "o ( 1 > =T 2
dr  Ey\b Gyo(b) ng +n, + 1 V)~ Po w™(

25
raroc) e

Solving equation (25), the displacement in the plastic region implies:

1 oy.b e nE+1 1
up:_Y_o(_) (—_v)
EyIng—ng+1\b ng+ns+1

B poa)sz (Z)np—nE+3 C3bnE
(ne +n, + 3)(n,—ng +3) \b

(26)

7 .(-ng—ng)
Tr
(—ng—ng) l

+ Cy

where C, is a constant of integration. The dimensionless form of displacement in the plastic
region might be expressed as:

1 1
ﬁp — —r—ng—n5+1 (— _ V)
ng—ng +1 ng+ns+1
5 _
_ Q 7~ ME+3 | LF(—W—“E)] (27)
(ne + n, + 3)(np—nE +3) (—ne—ng)
+C,
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Where

Ch=—F7+— (28)

3 Results

In this section, the results obtained from the analysis of yield threshold of a rotating annular
disk of variable thickness made of functionally graded materials are presented. In this research
changes in the Poisson ratio are considered to be negligible so that a constant value of 0.3 is
supposed throughout the paper. Radial ratio is considered to be a = 0.5. Before investigating
the effect of various parameters on the onset of yielding of a rotating disk, the proposed
approach is validated. To do so, first the radial stress, &,., as well as circumferential stress, ay,
corresponding to the critical angular velocity of a homogeneous annular disk with a constant
thickness is investigated and the obtained results are compared with those reported in [12]. As
shown in Fig. 3, it can be concluded the accuracy of the results of the analysis. It is worthwhile
noting that for a homogeneous constant thickness rotating disk, the yielding always starts at the
inner radius. In figure (4), the critical angular velocity at which yielding starts at the inner and
outer radius is depicted with respect to a. Referring to this figure, 2., > 2., for all values of
a . As aresult, for a homogeneous constant thickness annular disk the onset of yielding occurs
at the inner radius.

Figure (5) shows the critical angular velocity at which a homogeneous variable thickness disk
yields at its inner and outer radius with respect to the dimensionless radius a. The power
parameter n, = -1 is considered. As shown in figure (5), for all values of the dimensionless
radius, a, one has 0., > ,,. Table (1) compares the critical angular velocities at the
dimensionless inner radius of @ = 0.5.

1 I I T I I I I T
 ng=n,=n,=n,=0 —— Present
o Ref[12]

0.8 1§

0.6

041

0.2

0 | | | | | | | |
0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

r
Figure 3 Dimensionless stress components of a constant thickness rotating disk as a function of dimensionless

radius at the elastic limit angular velocity of 2 = 1.094351
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Figure 4 The variation of the critical angular velocity for the onset of yielding at inner and outer radius versus
the dimensionless inner radius @, for a constant-thickness homogeneous disk

1.7 T T T T T T | T |
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Figure 5 The variation of the critical angular velocity for the onset of yielding at inner and outer radius versus
the dimensionless inner radius @, for a variable-thickness homogeneous disk.

Table 1 Dimensionless terminal rotational speed £2 in inner radius @ = 0.5

power parameter n; critical angular velocity 2., critical angular velocity 2.,
n,=0 1.0729 1.6196
n, = —0.5 1.1037 1.6678
n,=—1 1.1418 1.7180
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In the next step, the radial stress, a,, the circumferential stress, ag, and the dimensionless
function, ¥, with respect to the dimensionless radius, 7, of a rotating annular disk made of
functionally graded materials for the fixed thickness state are reviewed. As shown in figure (6),
the results are compared with those reported in [16]. Referring to this figure, the power
parameter of n = 0.7424, critical angular velocity of Q = 1.27165, the dimensionless inner radius
of @=0.5, and ¥ =1 are taken into account, so that the yielding starts at the inner radius. The
power constants are supposed to be as 6; =0 and 6z = 6, = 26, = 2. As shown in figure (6),
the obtained results are consistent with the results reported in [16].

1.2 T T T T T T T T T
Present

Ref [16]

10 o

0.8

O_GCM- |

®

0.4 -
0.2 - — -
O-T‘
0 1 1 1 1 1 1 | 1 1
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
r

Figure 6 Variation of the radial stress, @,., circumferential stress, @, and dimensionless function, ¥, as a
function of dimensionless radius, 7. The critical angular velocity of 2,; = 1.27165 and the power parameter of
n = 0.7424 are supposed.

1.9 T T T T T T T
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Figure 7 variation of the critical angular velocity versus the power parameter.
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Figure (7) shows the effect of power parameter, n, on the non-dimensional angular velocity, ,
at different thickness variations. As shown in this figure, increasing the value of &;, increases
the critical angular velocity due to the reduction of the stresses. Table (2) shows the critical
values of n and Q for different values of §, which are obtained using figure (7). As might be
seen, the value of the critical power, n.., slightly decreases when the thickness variation
increases.

In order to determine the onset of yielding, some necessary and sufficient conditions must be
satisfied. Table (3) summarizes the sufficient condition for the onset of yielding. The sufficient
condition for the initiation of yielding is that the function ¥ takes the highest value at the
starting point of yielding, otherwise, the plastic flow gets started at somewhere between the
inner and outer radius.

The various modes of yielding initiation of a rotating annular disk of variable thickness made
of functionally graded materials are considered. To provide numerical results, the constant
values of the power, §;, are supposed to be as §p = 6, = 26, = 2 and 6, = —0.5. Figure (8)
shows the variation of the stresses and function ¥ as a function of dimensionless radius for
power parameter of n = 0.9 and a critical angular velocity of 2 = 1.3532. As can be seen, at the
inner radius (a = 0.5), the ¥ function has its highest value, i.e., 1, so that the yielding starts at
the inner radius of the disk.

In order to start yielding at the outer radius, the power parameter value of n = 1.8 and the critical
angular velocity of 2 = 1.4055 are taken into account. As shown in figure (9), at the outer
radius (7 = 1), the value of ¥ =1 is achieved, so that the yielding begins at the outer radius.
For emphasizing the importance of the sufficient condition, the variation of the dimensionless
function ¥ in terms of dimensionless radius 7 for n = n.. and 2 = . is depicted in figure
(10). Referring to this figure, at the inner and outer radius, the value of ¥ = 1 is reached.
However, the highest value of the function is at a point between the inner and outer radius,
which means the yielding happens at some place in between.

As already shown, the starting point of yielding is determined according to the values of the
power parameter and the critical angular velocity. When the angular velocity increases to the
values higher than the critical one, the region where the plastic deformation occurs would
extend. As previously shown, a homogeneous disk starts to yield at its inner radius. Regarding
the continuity of the disk, the displacement as well as stresses must be equal at the elastoplastic
boundary. Accordingly, the following boundary conditions might be applied in order to obtain
the unknown constants of the elastic and plastic regions as well as the radius of the elastoplastic
region 7,,,:

( Or (fep) = 5rp (fep)

T4 (fep) =Gy (fep)
i

u® (fep) =uP (fep) (30)
laﬁ(n =0
al@=0

Table 2 Critical values of non-dimensional angular velocity, £, and power parameter, n, for different values of
;.

d¢ Ner Qe

0 1.2109 1.4236
-0.5 1.2055 1.4669
-1 1.1995 1.5141
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Table 3 The necessary conditions for onset yield
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place of getting started to yielding

power parameter n

rotational speed 2

inside radius n<ng Ny <N,y
outside radius n> ng 0o > 0y,
simultaneously from inside radius and
: n="nNeg Doy = Ny,
outside
1-2 I T T T T T T T T
n=09
1 @ . = 13532 _
0.8 .
o O
0.6 - -
0.4 -
0.2 g, -
0 | 1 1 1 | 1 1 1 |
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
r

Figure 8 Variation of Radial stress @,., circumferential stress @ and dimensionless function, ¥ as a function of
dimensionless radius 7 for the critical angular velocity of 2., = 1.3532 and the power parameter of n = 0.9.

1.2 T T T T T T T T T
n=1.8

Q,, = 1.4055

0 1 | 1 1 1 1 1 1
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

r

Figure 9 Variation of Radial stress @, circumferential stress @, and dimensionless function, ¥ as a function of
dimensionless radius 7 for the critical angular velocity of 2., = 14055 and the power parameter of n = 1.8.
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1.05 I 1 1 1 I T 1 I I
n = 1.2055 y
2 =1.4669
1.04 .
o 1.03 - -
1.02 .
1.01 .
1 | 1 1 1 1 1 1 | 1
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
T

Figure 10 Variation of dimensionless function, ¥ as a function of dimensionless radius, 7, for the critical speed
of 2. = 1.4669 and the power parameter of n = 1.2055.

1.2 T I I I I I T I
Ng=n,=MNg=n=0 —— Present analysis

o Ref [7]

0 & 1 1 1 1 1 1 1 B

1 1.5 2 25 3 5 35 B 4.5 5 5.5
/ ep

Figure 11 Variation of the radial stress, @,., and circumferential stress, @, as a function of dimensionless
radius, 7, for the angular velocity of @ = 1.44

ep
Figure (11) shows the progression of the plastic region of a homogeneous disk, for v=0.28 and
the inner dimensionless radius @ = 0.2. As can be seen, at a critical angular velocity of 2 =
1.44, the boundary of the plastic region extends to the dimensionless radius of r,, = 2.7375.
The results are also consistent with those reported in [18].

As shown in figure (12), the progression of the plastic region for a rotating disk made of
functionally graded materials with a fixed thickness (n, = 0), is investigated., and the obtained
results are compared with those reported in [16]. For power parameter of n = 0.7424 and angular
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velocity of 0 =1.34, the boundary of the plastic region extends from inner radius to the
dimensionless radius of 7., = 0.735. As can be seen, the results are in geed agreement with
those reported in [16].

Figure (13) shows the progression of the plastic region for a rotating disk made of functionally
graded materials with variable thickness. For the power parameter n = 0.9 and the angular
velocity of 2 =1.39, the boundary of the plastic region extends from the inner radius to the
dimensionless radius of 7, = 0.7313. Table (4) shows the unknown constants, C;, obtained in

the elastic and plastic regions as well as the radius of the elastoplastic region 7,,,.

1 I T I I I T I I I

P Uy , :
- 2! & Ue
of |
— Present analysis _
: o Ref. [16]
|
0.2 : .
=P : ag
Jg & 5]
I
oc 1 1 1 1 . | 1 1 | 1
0.5 0.55 0.6 0.65 0.7 _0.75 0.8 0.85 0.9 0.95

r
Figure 12 Variation of the radial stress, @,., and circumferential stress, @y, as a function of dimensionless
radius, 7, for the angular velocity of Q = 1.34 and the power parameter of n = 0.7424.

1—-—.____|___| T T T — T T T T

0.4 @‘: 65 = 6‘0 = 260- .
i 8, = —0.5
|
0.2 B p : &e 7
o7 i o
I
|
0 1 Il 1 1 H 1 1 1 1 1
0.5 0.55 0.6 0.65 0.7 _0.75 0.8 0.85 0.9 0.95
T

Figure 13 Variation of the radial stress, @,., and circumferential stress, @y, as a function of dimensionless
radius, 7, for the angular velocity of @ = 1.39 and the power parameter of n = 0.9.
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Table 4 unknown constants C; and radius of the elastoplastic region r, for the data presented in figure (13)
C C, Cs C, Tep
0.9178 0.0934 -0.2306 -3.0529 0.7313

1.4 T T T I

1.2

o
1} 0
™~
(]
|=0.8 Il
N &
1~} I
0.6 ;
!
!
I
0.4 |
!
I
02T i _p _
. g
=€ | %)
g,
9 I
0 1 1 1 1- 1 1 1 1
0.5 0.55 0.6 0.65 0.7 ?0.75 0.8 0.85 0.9 0.95 1

Figure 14 Variation of the radial stress, @,., and circumferential stress, @y, as a function of dimensionless
radius, 7, for the angular velocity of Q = 1.46 and the power parameter of n = 18.

Table 5 unknown constants C; and radius of the elastoplastic region r.,, for the data presented in figure (14)
Cl Cz C3 C4, rep

1.2233 0.0227 -0.1524 1.4874 0.7552

Figure (14) shows the progression of the plastic region for a rotating annular disk from the outer
radius. As can be seen, for the power parameter of n = 1.8 and angular velocity of 2 =1.46, the
boundary of the plastic region extends from the outer radius to the dimensionless radius of 7,
= 0.7552. Table (5) shows the unknown constants, C;, in the elastic and plastic regions, as well
as the radius of the elastoplastic region 7,,.

4 Conclusion

In this paper, in order to investigate the effects of different parameters on the initiation of
yielding of a variable-thickness rotating disk made of functionally graded materials, an
elastoplastic analytical study based on Tresca's criterion has been carried out. The thickness of
the disk cross section, modulus of elasticity, density, and yield stress, are assumed to be
exponential functions of radial coordinate. An elastic-perfectly-plastic model has also been
used, ignoring strain hardening. The obtained results clearly show the importance of taking
variation of the thickness into account. In addition, realizing the fact that the yield point of a
homogeneous disk always starts at the inner radius, different states of yielding initiation and
the process of expanding the flow of plastic into the rotating disk were researched.
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Nomenclature

T
ab

85,8y, 84, O;
ng,Np, Ny, Ny
E(Eo)

C;

u(u)

h(ho)

1,0,z

Greek symbols

p(Po)
a(ay)
O'y0
v
w($2)
4
&
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Radially dimensionless coordinate

Inner-outer radius of the disk (m)

Physically and geometrically dimensionless constants

Materially and geometrically dimensionless parameters

Young's modulus (Young's external radius) (Pa)

Integrating constants

Radial displacement (radially dimensionless displacement) (m)
Cross-section thickness (Cross-section thickness of outer radius) (m)
Coordinates in cylindrical coordinates system

Density (density in the outer radius) kgm™

The component of stress (dimensionless stress component) (Pa)
Yielding stress component in external radius

Poisson's ratio

Angular velocity (dimensionless angular velocity) (r / s)
Dimensionless variable depending on Tresca's criterion

Strain components
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